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PREFACE. 



The ptopositions contained in the following 
compilation are either obvious deductions 
fixMO those of Euclid, or such as exhibit 
s^me remarkable properties of lines, angles, 
or figures, which are not to be found in 
Euclid'^ work; or^ lastly, they are the geo-' 
metrical solutions of many well-known pro« 
bletaa in the* different branches of Natural 
PhUoso'pby. But although the propositions, 
which have here- been collected for the use 
of ttie academical student, are of these three 
kindly it has -not been thought advisable to 
cl|u»^ them according to that threefold di- 
vision. Designed as a supplement to the 
Elements of Euclid, they have been disposed 
according to Euchdfs arrangement. And 
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not only have those which constitute the 
first book been made to depend upon the 
first book of the Elements, and so on ; but 
the propositions in ' each separate book will 
also be found to follow the order of the 
propositions of the corresponding book of 
Euclid. There is no necessity, therefore,* 
for the student to wait until he has go&e. 

» 

through Euclid's Elements, before he enters 
upon the perusal of this Supplemen^ti It 
will, perhaps, be more to his advantage ta 
read the original ^ox)l and this, which is 
principally intended to supply its deficien- 
cies, together; especially if he has the assist^ 
ance of a tutor, who will point out to him 
those propositions which may be considered 
as best deserving his attention. Some regard 
has, indeed, been paid to the probability of 
such a plan being thought worthy of . adop- 
tion, in the distribution of the matter of this 
present publication. An endeavour has been 
made to offer sbmethiDg to the notice of the 
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reader, after almost every one of the most 
important propositions, in each of the books 
,of Euclid's Elements: so that, supposing him 
not. to advance beyond the first book, or 
beyond the first four books, of Euclid, a , 
field, more or less contracted, is still open to 
his research, for the exploring of which he 
tvill find himself already suflSciently furnished 
with previous knowledge. With this view, 
especially, many of 'the following theorems 
and problem^, which might undoubtedly 
have been demonstrated more concisely, if 
they had been put after Euclid's fifth book, 
have had ^ place assigned to them hearer to 
the beginning. For thus is the learner shewn 
how extensive an application may be made 
of some of the easiest propositions of Geo- 
metry ; and thus is a scope afibrded to the 
Btudy of those, who cannot at first encounter, 
without reluctance, the somewhat abstruse, 
reasonings, upon which the ancients, with sd 
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much aputeness and solidity ^ of judgment^ 
have founded the doctrine of proportionality. 
In order to facilitate the execution of the 
plan here recommended, an index has be^i 
constructed, by means of which the Geo- 
metry of this Supplement may be inc6r- 
porated, as it were, with that of Euclid, and 
the reading of both the treatises may be 
made to go on together. 

In the demonstrations of the propositiona 
recourse /has been had to symbols. But 
these symbols are merely the representative^ 
of certain words and phrases, which may be 
substituted for them at pleasure, so as to 
render the language employed strictiy con-* 
formable to that of ancient Geometry. ThcT 
consequent diminution of the bulk of the 

■ 

whole book is the least ' advantage which 
results from this use of symbols. For the 
demonstrations themselves are sooner read 
and more easily comprehended by means 
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of these useful abbreviations, which will, ia 
a short time, become familiar to the reader, 
if he is not already perfectly well acquainted 
with them. 

It appeared to be unnecessary to print the 
formal and logical conclusion which belongs 
to every geometrical demonstration, and 
which consists in repeating the enuntiation 
of the proposition which was to be proved, 
and in asserting that it has been proved* 
This last step, is, therefore, left for the 

reader in all cases mentally to supply. And 

« 

if some omissions of a weightier kind, and 
some errors, be discoverable in the following 
pages, it is hoped that they will be found 
neither too great,. nor too many to be for- 
given, if the general plan of the work meet 
with the Approbation of those who are com- 
petent to decide upon it. 

Tfimty College f 
April Vlthf 1819. 
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AN EXPLANATION 

or THE mmOLR employed in this TRSA^tSB; 

AS ABBILEVUTION& 

II 4 
' , ' . I 

== deanotea is equal to or equal to. 
> .^...s**** is greater than. 

< . is less than. 

+ together wi^. 

— diminished by. 

X «••• perpendicular. 

L ......... angle. 

H ••«••««•« angles. 

Afi, or AB a straight Une^ qf which the points 

denoted hy A and B are. the 
extremities. 

AB a circular arch^ qf which the 

points denoted hy A and B, are 
the extremities. 

AB* .♦ a square^ having K& for one qf 

its sides. 
ABXCD a rectangle^ qf which AB and 

' CD are adjacent sides. 

2AB,&c the double,^. qfA^. 

A denotes a triangle. ^ 

Zbk • triangles. 

O '. a parallelogram. 

ID parallelograms. 

A:B .>... the ratio qfA to B. 

_ __ I 

A:B::C:D ... the ratio qf AtoB is equivalent 

to the ratio qfC to D. 
.• therefore. 
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BOOK I. 



Prof. I. 

■ 

1. Probi^em. , A GIVEN plane rectilineal angle h^ng 
divided hUo any number (^ equal angles^ to divide 
the half qf it i^^ ^ ^^me number qf angles^ att 
equal to one another. 

Bisect (£.* 9. 1.) the given angle: And, firat, 
if it be divided into an ocU number of equal parts, 
it is evident that the middle part is thereby bi- 
sected. Bisect, therefore, each of the remaining 



* In this and the foUowing references, the letter £ it used 
to indicate Eudid^s Elements; the letter S, in like manner, 
refers to this Supplement $ the former of the subsequent num- 
bers points out die PrapoMoMf and the latter the Boot, in- 
tiended to be quoted. 
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equal parts, on either side of that middle part, 
and the half of the given angle will, manifestly, 
be divided into as many equal parts as the given 
angle itself. 

Again, if thb given atigle be divided into an 
even number of equal parts, it is plain that the 
straight line which biKCts - it, will have the half 
of that number of equal parts, on each side of it. 
Bisect,: Ifie^efcre, eaeh of the eqital ^aitSy on 
either side of that line ; and the half of the given 
angle will thereby be divided, as before, into as 
many equal parts as the^given angle itself. 



Prop. IL 

2. Problem. From the verlex of a given scalene 
triangkj to drtrw^ to the base, a straight Une 
which shaU exceed the less of the two sides^ as 
much a^ U is^ itseff' exceeded bg the greater. 



Let ABC he the given scalene triangle, and let 
AB be greater than AC : It ts required to draw. 
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from the vertex A, to the base BC, a straight line 
which shall exceed AC, as much as it is exceeded 
by AB. 

From AB cut off (E. 8. 1.) AD = AC; bisect 
(£. 10. 1.) DB in £ ; from the centre A, at the 
distance AE, describe (E. 9w Post.) the circle EF 
cutting BC in F; and join (E. 1. Post.) A, F: 
Then is AF the straight line which was to be 
drawn. ■ 

For, (E. 15. def. 1.) AFracAEj and (conth-.) 
AD=ACj .-. AF-AC = AE^ ADrsDB. 

Also, AB- AE 3= BE ) . i. e. AB - AF = BE : 
and (constr.) BE= DE. 

.•.AF-AC=AB-^AF. 



Paop. III. 

5. PaoBLSJU* In a straight line given in position^ 
but indefinite in lengthy tojind a pointy ttVWcft 
shall be equidistant from each of two given fdintf^ 
either on contrary sidesy or both on the s^me tide 
(^ the given lin^^ and in the same plane m^ it; 
but not situated in a perpendicular to it. 

• 

Let XY be a given straight line indefinite n 
length, and A, B» two given points witfaoat it) 
Bot situated in a perpendicular to XY: It is 
required to find a point in XY that shall be 
equidistant from A and B. 

Firsts let A^ B be both oq the same side of X Y : 

B 2 
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Join A, B ; bisect (E. 10. l.) AB in C ; from C 
draw (E. 11. 1.) CD i to AB, meeting XY in D. 
The point D is equidistant from A, B* 

For, join A,D and B,D. Then, since (constr.) 
AC=BC, and CD is common to the two^ ACD, 
BCD, and that (constr. and E. 10. def. 1,) z ACD 
= z BCD, .•• (E. 4. 1.) AD = BDi i.e. D is 
equidistant from A and B. 

But, if the two given points, A and B, are on 
contrary sides of XY, let them be joined, as be* 
fore, and let the straight line which joins them 
be bisected. 

Then, if the point of bisection be in XY^ that, 
which was required, has been done. But, if that 
point be not in XY, draw from it, as before, a 
perpendicular to AB, and it may be shown, as in 
the first case, that the point, in which the per- 
pendicular meets XY, is that which was required 
to be found. 

4. CoR. 1. By the help of this problem, it is 
manifest that a circle may be described, which 
•hall have its centre in a given straight line, and 
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which shall pass through two given pohits withcrat 
that line. 

5. CoR. 2. It is evident from the demonstra- 
tioRy that any point in an^ indefinite straight line 
DZ, which bisects the given finite straight line AB» 
at right angles, is equidistant from the e^remi. 
ties A and B, of that given finite line : And, any 
point whith is not in that indefinite tine DZ,..ia 
not equidistant firom the two extremities A and B 
of the given finite line. 

For, ]et P be any point, not in DZ, which bi- 
sects AB at right ZL in C ; and, if it be possible, 
let P be equidistant from A and B : Join P, A 
and P,C and P,B ; and since {hyp^ AC=CB, and 
CP is common to tlie two tb^ ACP, BCP, and that 
{hyp.) PAr=PB, .-. (R 8. 1.) the z ACP= L 
BCP, and .-. (E. la def, l.) the L ACP is a 
right L ; but Qiyp^ the c ACD is a right L \ •% 
the L ACP is equal to the L ACD, the less > to 
the greater, which is impossible; .\ the point P is 
not equidistant from A and B. 

6. Cor* 3. Hence, an indefinite number of cir- 
cles may be described all of them passing through 
two given points : And if any number of circles 
pass, all of them, through the same two giveu 
points, their centres are all in the straight line 
that bisects at right angles the straight line join- 
ing the two given points. 

7. Cor. 4. Hence, also, a circle may be de- 
scribed which shall pass through two given points^ 
atid which shall have its semi-diameter equal to 
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my g»ye«i finite stfaighit !i»e» that exceeds the 
half of the straight line joining the two giren 
pomta« 

For, let A, B be the two given points ; and joia 
A» B ; and let CD be drawn bisecting AB at 
rt^t ^ ; from A^ as a centre* at a distance equal 
to the given finite straight line, describe a circle, 
and let it cut CD in D ; /.' (Cor. 2.) D is equidi*^ 
slant from A and B i and «*• a circle described 
from D, as a centre, at the distance DA, whicli 
{€&nstr* K }5* def. K) is equal to the given semi- 
diameter, will pass through B. 



Prop. IV. 

8» TirsQ&£M« Jfthe three' sides qf a given triangki 

be tdseeted^ the perpendiculars drawn to the sides, 
J^om the three several bisections^ shalt aU meet in 
Ike same point .-^ And that point is eqmdistantjrom 
^ ^ee anguUr points of the given triangle^ 

. Let ABC be a given A , of which the tfare« sides 




AB, ACj a^d CB are bisected in the points D, E 
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and F, respectively/. The perpendiculars drawn 
to the several sides from D, £, F, shall all meet in 
a point that is equidiistaHt from A, B and C. 

For, draw (If. 11. U) t>G±to AB, and EGi 
to AC, and let them meet fp G: Join G,-F. 
Then, (constr. and S. 3. I. Cor. 2t ,•.) BG = AG, 
and AG = CG; .•.CG = BG. 

. Again, since {hj/p*) BF=CP* [constr.) andjFG 
is common to the two ^ BFG, CFG, atid that 
BG = CG-AthezBFG= l CFG(E. 8. i.)m.^. 
(IS. 10. def! 1.) GFis 1 toBC: And thefe cannot 
(E. 10. def. 1.) he drawn from F jiiore than one 
straight line X to BC. It is pTajn, therefor^, that 
the perpendiculars drawn to the sides, from D,'£ 
and F, all meet in the same point G : And, sintfe 
it has been shown that AG==BG=GG, thepoitjt 
G is equidistant from A, B and C. 



Prop. V. 

9. Problem. To find a pointy in' a given plmk^ 
"which shalll)€ equidistant from three given points 
in the plane^ that are not alt in the same straight 
line. , 



« I 



' \jei A, B, C. be three givien pdiflts, bot «dl 
of them iti the same straight line : UiVreiquired 
totind a point, that shall be equidktant A-om 
A, Band C. :.; • . 

jGin A, B, and-B, 0, and C, A ; fc46ect.(E; 10. U) 
AiBIn D; and -AC'in E; drair (E. ii. i.) itoa^JD 
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C 

and E, DGito AB, and EG i to AC, and let 
them meet in G. 

Then, (S. S. l • Cor. 2.) the point G is equidi- 
stant from A^ B, and C. 

10. Cor. By the help of this problem a circle 
may be described about a given triangle ; or so as 
that its circumference shall pass through any 
three given points that are not in the same straight ' 
line. 



Paop. VI. 

11, Theobem. There cannot he drawn more than 
two equal straight lines, to another straight line, 
Jrom a given point without it. 

Let A be a given point» without the given 
straight line BC ; There cannot be drawn more 
than two equal straight lines, from A t o BC. 

For, if it be possible, let AB=:AG=AC } .\ 
(E.5. !•) iiACB=zAGC: Also zACB=z 
ABC J ••. L AGC= z ABC ; i. e. the exterior is 
equal to the interior opposite jl , when the side 
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B G G 

B6, of the A AGE, is produced: which (E. 16. 1.) 
is absurd. 

IS. Cor. a circle cannot cut a straight line 
in more points than two. 

Pbop. VII. 

« 

13. Theorem. The perpendicular letfaU Jrom 
the obUise angle of an ohtuse-angled triangle^ or 
from any angle qfan acute-angled triangle^ upon 
the opposite side^ Jails within that side : But the 
perpendicidar drccam to either qf the sides con» 
taining the obtuse angle qf an obtuse-angled tri^ 
onglCf from the angle opposite^ falls without thai 
side^ 

Let ABC be an obtuse«angled A , obtuse-angled 
at By and let ABD be an acute-angled A : The 
perpendicular drawn from B to AC falls within 
AC ; the perpendicular drawn from any other z. A, 
of. the A ABC, to the opposite side BC, fidls 
without BC i and the perpendicular drawn from 
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any Z.A, ,of the.AABD, to the opposite side 
BD, falls within BD. 

For, first, if it be possible, let AG^ drawn 
(E. 12. 1.) from A 1 to BD, meet DB, produced, 

in G : Then, since (%jp.) the L ABD is acute, 
the L ABD is (E. 13. 1.) obtuse; and (constr.) 
the L AGB is a right angle : Wherefore the two a 
ABG, AGB of the A ABG aie not less than two 
right angles J which (E. 17. l^)}& absurd. There- 
fore, the perpendicular drawn from A on BD 
cannot fall without BD. And, in the same man- 
ner, it may be shewn, that the perpendicular 
drawn from B on the opposite side AC, of the ob- 
tuse-angled A ABC, cannot fall without AC, and 
also that the perpendicular drawn from A, on the 
opposite side BC, of that A, cannot fall within 
BC. 



Prop, VIII, 

l«k Truoai&m. If if straight line ^ mining Pieo 
other straight Knes^ makes the two interior angles 
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Off Ab same side of it . mt lets tiumibso right 
angles^ these lines sJiall never meet on that side^ ^ 
produced ever so far. 

t 
For, if it be possible, let two straight lines meet, 
which make, with another straight line, the two 
interior angles, on the same side, not less than 
two right IL : Then it is plain, that the three 
straight lilies will thus include a A^ two n of 
which a#e not less than two right angles ; which 
(E«^ 17. 1.) is absurd. Wherefore, the two straight 
lines cannot meet, on that side of the straight line, 
on whkb liiey make the two interior n not less 
than two right ^ • 

15. CoR. Two straight lines, which are both 
perpendicular to the same straight line, are parallel 
to each other. 



Peop. IX. 

1 6. Theorem. The three sides of a triangle taken 
togeiher, eaveed the double of any one side^ and 
are less than the dotd)le qfantf fyoo sides. 

\ 

For, since (£. 20. l.)any two sides of a A are 
> the third, if the third side be added both to 
those two and to itself; it is ev^ideiit that the three 
sides are, together, > the double qf the third. 

Again, since (E. 20. 1.) an^r sidf of a A is < 
tfae other two, if the other two l^e added both to 
that side, and to themselves, it is evident, that the 
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three sides are, together; < than the double of 
the other two. 



Prop. X* 

17. Th«or£H. An;y side of a trimgU is greater 
ifum the difference between the other txoo, sides. 

. Iff the A be equilateral, or isosceles, the propo- 
flfition is manifestly true« . But let it be a scalene' 
A: Then, since (E.20. 1.) any two sides .of the 
A are > the third, if either of those two be taken 
from that third side, it is plain that the refio^ining 
side is greater than the difference of the other 
two* 



Prop. XI. 

1 8. Theorem. Any one side qfa rectiUneal Jigure 
is less than the aggregate of the remaining sides. 

Let ABCD be a given rectilineal figure : Any 




C 

one side, as BC, is less than the aggregate of 
the remaining sides. ' 
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For, first, let the figure be ijuadriktefal ; ^nd 
joinB,D: Theii(E.aa 1.) BD + DC >BC jand, 
.BA + AD>BD}.>BA + AD+DC>BD+DC; 
much more; then, is B A + AD + DC > BC. 

And the proposition may, in the saqie manner, 
be proved to be true, when the figure has more 
than four sides. 



Prop. XIL 

19. Theorem. The two sides qf a triangle are 
together^ greater than the double of Ae straight 
line which joins the vertex and the bisection qfthe 
base. 



Let ABC be any given A, and let AD be the 




straight line joining the vertex A, and the bisec* 
tion, D, of the base BC : AB + AC > 2AD. Fro- 
doce.AD to E, and cut aff(E. S. l.) DEi= AD; 
also, join B, E. 

Then since {hyp.) BD=DC, and {cofMkr.) 
AD=DE, the two sides BD, D£, of the A HDS, 
are equal to the two aides AD, DC of the A ADC ; 
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and (E. 15* l.) the I BDE= £ ADC> ••. (R 4. 
U) BE=:AC. But (£• 20. lO AB + BE > AE ; 
but AC has been proved to be e^uad to B£» aiod 
AE is {cM9br^ the doubly of AD ; •*« AB + AC > 
2 AD. 



Pttop. XIII. 

20. Theorem. The two sides of a triangle are^ 
together J greater dvan the double of the straight 
line drawn from the vertex to the buse^ Hsecting 
the vertical angle. 




B DEC 

Let ABC be any given A , and let AD be drawn 
from the vertex A, to the base BC, bisecting the 
vertical z BAG: Then, AB + AC > 2 AD. 

If the given A be isosceles, the straight line 
which bisects the vertical z. is (E. 4. 1.) ± 

to the base; and since ^E. 17. l* andE. I9J 1^ 
each of the equal sides is greater than the per4 
pendicnlar^ the proposition, 16, in this case/ maot^ 
festly true. 

. fiat, let ABC be a scalene A, and let the dde 
ASlbelesathan AC: Then^ of the segtinent^ idto 
which M>r bisecting the . z *BAC, divides die 
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base BC3D, which is adjaceat to the less side 
AB, is the less. 

For, from AC, the greater, cut off (E. S. 1.) 
AE = AB, the less, and join D, fl ; and because 
BA, AD are equal to EA, AD, and (Jnfp.) the 
z BAD= z EAD, .-. (E.4. 1.) BD=DE,and 
zBDA = z.EDA; but (E.16.1.) z DEC > z. 
ADE} .-. z.DEC>zADB; and (E, 16. 1.) 
Z. ADB > z ACD J much more then is z DEC > 
Z ECDi .-.(£.19. l.)DC>DE; but it hais been 
shewn that DE = DB; .••DC>DB. FrortiDC, 
the greater cut off (E. S. I.) DF=DB; ind join 
A,F: Then (E. 16- 1.) the z AFC> zABC; 
m4 becauae (kyp.) AC > AB, .*. (E. 18* i.) 
Z 4BC > z AQB ; much more then is z AFC > 
zACFj. •>(£.!&. 1.) AC>AF: But(S.i2, i. 
and constr.) AB + AF>2AD; much more then is 

AB+AC>2ADv 

il. CoR. From the demonstration it is mani- 
fest, that of the segments into which the straight 
line bisecting the vertical z of a scalene A, di- 
vides the base, that which is adjacent to thie less 
side, is- the less. 



PaoF. XIV. 

U I^EORSM. ^ If ft irapexium and a 
stand upon the same base^ end tm the seine side 
{fit, and the Me^figm'efalitvUun the olher^ Abt 
\Mch Ims the greater serfiice shsdi hepve ike 
greater perimeter. 



\ 

t 
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Let the trapezium EBCF fall within the. A 

DBC ; let, also, the A DBC fall within the tra- 

pezium ABCD } and l^t all the figures stand on 

the same base BC : The perimeter of the A 

DBC k > the perimeter of EBCF, and < the 

perimeter of ABCD, 

first, let E and F be in ^e sides DB and pC 

of the A DBC, and let the vertex D of the A DBC 
coincide with the z. A or the z D of the trape- 
zium ABCD. 

Then, since (E.«0. 1.) DE+DF>EF, add to 
both, EB,BC, and CF; .-. DE+EB+DF+FC 
+BC>EF+FC+CB+BE;i.e. the perimeter of 
the A DB.C > the perimeter of EBCF. 

Again, since (E. 20, 1.) BA+ AD > BD, ^dd to 
both DC and CB; .-. BA+Ap+DC+CB> 
BD+DC+CB; Le. the perimeter of the trape- 
zium ABCD > the perimeter of the A DBC. 

And, if £ or F fall within the A DBC, and the 
vertex of the A do not coincide with either of 
the ^ A or D, of the trapezium, it may, in the 
same manner, be proved, that the proposition is 
true, a fortiori. 
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Pnop. XV. 

SS. Problxh. One of the armies at the base, qf 
a triangle^ the base itselff and the aggregate qf 
the two remaining sideSy being given^ to construct 
ihe triangle. 

Let K be the given angle, AB the given base 



H 




of the triangle, and H the aggregate of the two 
remaining sides : It is required to construct the 
triangle. 

At the point A, in AB, make (E. 23. 1.) thie 

Z.BAC=^ L K, and make (E.«a.) AC=H; 

join C,B; and at the point B, in CB, make 

(E. 23. 1.) the z.CBD= L ACB: Then is DAB 

the triangle which was to be constructed* 

For, since (consir.) L DCB= l DBC, 



• \» 
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(E. 6. 1.) BD = DC; add to both DA; 
BD+DA=CD+DAji.e.BD+DA=CA; and 
{constr.) CA = H} .•.BD+DA=H; and the 
zA was made equal to the given zK: It is 
manifest/ therefore, that DAB is the triangle 
which was to be constructed* 



Prop. XVI. 

24. Theorem. If two right-angled triangles have 
the three angles of the one equal to the three angles 
of the other 9 each to each^ and if a side of the one 
he eqtwl to the perpendicular let Jail from the 
right angle upon the hypotenuse qfthe other ^ then 
shall a side qf this latter triangle be equal to the 
hypotenuse qfthe former. 

Let ACB and EDF be two right angled ^, 

A l> 





r^ht angled at C and D, haying, also the 
L DEF = z, ABC, the l EFD = l CAB, and 
the side AC, of the A ABC, equal . to the 
perpendicular DG, drawn D to the hypotenuse 
£F of the A DBF: The side DE^ of the A 
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DEF, is equal to the hypotenuse AB, of the A 
ABC. 

For, since AC=DG, and the two ^ACB, 
ABC» of the A ABC, are equal to the two IL^ 
DGE, DEG, of the A DEG, each to each, .'. 
(E.26.1.)DE=AB. 



Prop- XVII. • 

25. Theorem. If the sides of any groen equila^ 
teral and equiangular Jigure of more thanjbur 
stdes^ be produced so as to meet, the straight 
lines f joining their several intersections^ shaU con* 
tain an equilateral and equiangular figure^ qf the 
same number of sides as the given figure. 

Let ABCDEF be any equilateral and equi- 

ML 




angular figure, of more than four sides j let the 
sides* produced^ meet in the points G» H, I, K, ' 
L, M{ and let those points of intersection be 
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joined: Then is GHIKLM an equilateral and 
equiangular figure, of the same number of sides 
as ABCDEF. 

For, since (hyp.) the a A, B, C, D> E, F are 
aU equal, the ^MAB, GBC, HCD, IDE, KEF, 
LFA are all (E. IS. 1. and E. 6. 1.) isosceles, and 
any two of them have their a equal, each to each ; 
• *• since (%jpO BA =: AF, and that the a MAB, 
MBA are equal to the a LFA, LAF, each to 
each, the side MA of the A MAB = the side LA 
(E. 26. 1.) of the A LAF ; , and in the same man- 
ner it may be shewn that MB = 6B, 6C = CH, 
HD = DI, IE=EK, and KF=:FL: But, be- 
cause the a of the figure ABCDEF are (fnfp.) 
equal, .-. (E. 15. !•) the £ LAM, MBG, GCH, 
HDI, lEK, KFL, are all equal to one another; 
.•• (E. 4. 1.) the sides LM, MG, GH, HI, JK and 
KL are all equal, as are also the H of the /hX^AM, 
MBG, GCH, HDI, lEK, and KFL, each to each : 
And the ^ AMB,BGC,CHD, DIE,EKF, and 
FLA have been shewn to be equal to one an- 
other : Wherefore the figure GHIKLM is equila- 
teral and equiangular ; and it is manifest that it 
has the same number of sides as the figure 

a'bcdef. 



Prop. XVIIL 

26. Theorem, ^ttvo opposite sides qf a quadri* 
lateral Jigure he equal to one another ^ and the two 
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remaining sides be ako equal to one another, the^ 
figure is a paraUehgram. . 

Let any two opposite sides as AB, DC> of 




the quadrilateral figure ABCD, be equal to one 
another, and let the two remaining sides, AD, 
BC, be, also, equal to one another : The figure 
ABCDisaCD. 

For, join D, B : Then since the two sides AD, 
DB, of the A ADB, are equal to the two sides 
CB, BD, of the A CBD, and that the base AB is 
equal (%p.) to the base DC, .*. (E. 8. 1.) the 
/L ADB= Z.DBC •, and (E. 4. 1.) the z ABD= 
Z.BDC} •-.(£. 27. 1.) AD is parallel to BC, 
and AB is parallel to DC ; i. e. the figure ABCD 
is a O* 

27. Cor. l. Hence may be deduced a practical 
method of drawing a straight line, through a given 
point, parallel to a given straight line. 

For, let it be required to draw liirough the given 
point B, a straight line parallel to AD : From any 
point A in AD, as a centre, and at any distance, 
describe a circle cutting AD in D } and from B 
as a centre, at the same distance, describe another 
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cirde ; laitlyt firoiki D as a centre, at a distance 
equal to that of A, B^ describe another circle, 
cutting the circle last described in C ; join B, C. 
BC is parallel to AD. 

For, if A, B and D, C be joined, it is manifest 
from the construction, that AD = BC, and 
AB= DC : ••. (S. .16. !•) BC is parallel to AD. 

28. Cor. 2. A rhombus is a parallelogram. 



Prop. XIX. 

39. Theorem. Every paraUelogram which has 
one angle a right angle ^ has cUl its angles right 
angks. 

Let ene z. , as A, of the o ABCD be a right 
an^ : The. A B, C, and D are also right angles. 




For, since AD is parallel to BC, and AB meets 
them, the two interior ^A, B are, (E. 29. 1.) 
together, equal to two right £ ; but [hyp.) the 
Z A is a right Z. ; .'.the z. B is also a right A : 
And, in the same manner, may the remaioing £ , 
C aad D, be shewn to be right n • 
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Prop. XX. 

SO. t^ROBLXM. To trisect a Hght angle; Le. to 
dkiidi it fntb tktiee equal parts. 

Let Ae Z.XAY be a right zi: It is requiited 

X 




to trisect it ; f.^ e. to divide it into three equal 
parts. 

In AX take any point B ; upon AB describe 
(£. 1. 1.) the equilateral A ACB; and from A 
draw (E. 12. 1.) AD i to BC: The zXAY is 
trisected by the two straight lines AC and AD. 

For, from C draw (E. 12. 1.) draw CE x to 
AY ; then, since the £ BAE, AEC, are right £L 
••. (E. 28. 1.) AB is parallel to EC ; ••. (E. 29. 1.) 
Z EGA =, z CAB = z. ACB ; because {canst'.) 
the A ACB is equilateral, and (E. 5. 1. car J) 
equiaagulai: : Since, .^,tbe I ACE =Z ACDr 
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and that the IL D and E are right L % and AC 
18 common to the two tt^ ADC, A£C, .*• 
(E. 26. 1.) the z.EAC = iiDAC: Again, since 
\c(mstr. and E. 5,1 •cor.) the Z.ACB=2lABC, 
and {constr.^ the n at D are right angles, and that 
AC=AB, .•. (E.26.1.) the zDAC=:zDAB: 
But it was shewn that the, /.EAC== 21DAC: 
^EAC= zDAC= zDAB; i.e. the right 
L X AY is trisected by AC and AD. 






Prop. XXI. 

SI. Problem. Hence^ to trisect a given rectilineal 
angkf which is the hatf^ or the quarter^ or the 
tightii party and so on, qfa right angle. 

First, let the given l Y A% be the half of a 




right L f and let it be required to trisect it 
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Draw (E. ll. l.) from A, AXi AY; trisect 
(S.18,1.) the right Z.XAY; then (S.1.1.) tri- 
sect the L YAZ, which is the half of the z. YAX. 

But, if the given z be the quarter of a right 
angle, its double may be trisected by^the former 
case; and .*• the given z.atself may be trisected 
by. (8.1.1.) 

And, by following the same method, it is evi- 
dent that an z. may be trisected, which is the 
eighth part, or the sixteenth part, and so on, of a 
right angle. 



Peop. XXII. 

32. Problem. In the hypotenuse of a rtghUangled 
triangle^ tojind a pointy the perpendicular distance 
of which ^om one of the sides^ shaU be equal to 
the segment qf the hypotenuse between the point 
and the other side^ 

Let ABC be a right-angled A, right-angled 




B "C 

at C : It is required to find a point in the hypo- 



M 
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teoqse AB» the perpendicular distance x)f whicK 
from one of the sides, as AC, shall be equal to 
the segment of the hypot$ii«ise between that 
point, and BC. 

Bisect (£• 9. 1.) the z. ABC, by 6D, and let BD 

meet AC in D ; through D, draw D£ (E. Si. 1.) 
parallel to CB : E is the point which was to be 
found. 

For, since DE is parallel to CB, the Z. CBD= 
Z BDE (E. 29. K) ; but (cmstr.) the L CBD = 
ZDBE; .•.zDBE=zBDE; .-. (E.6.1.)Et)= 
EB ; and since {hyp.^ the z. C is a right z. , and 
that DE is parallel to CB, the z CDE (E. 29. 1.) 
is a right L ; f . e. £D is i to AC. 



Prop. XXIII. 

83. Problem. In the base qfa given acute^angkd 
triangle, tojind a point, through which {fa straight 

. line he drawn perpendicular to one of^ sides, ihe 
segment of the hase^ between that side and the 
j^int, shall be equal to the segment of ihe perpen^ 
dicular, between the point and the other side pro- 
duced. 



Let ABC be the given acute-angled A : ' It is 
required, to find, in the base BC, a point through 
which if a pc^rpendicular be drawn to AB, the seg- 
ment .of the base, between that point and the point 



mm 
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B» aiiaU he equal, to the v^ment c(f the perppo- 
di^ular between that same point and AC produced. 

Draw (£. 11. 1.) from B, BY i to AB; bisect 

A 




(£. 9. 1.) the A CBY by BO» meetiog AC» prp. 

diiced in X>; through D, draw (E.'91. 1.) DB 
paraliel to BY, and let DE cut BC in F : F it 
the point which was to be found. 

For, rinee (cottstr.) the z ABY is a right 
z., and that D£ ia parallel to BY, the Z.E 
(£. 29. 1 .) is, also, a right /. ; and the z. YBD =st 
ZBDFj but (co»M<r.) the zYBD = Z.DBF; .«. 
the z DBF=z PDF; .-. (E. 6. 1.) FB=PD. 

« 

Paop. XXIV. 

• , » • . . 

&4. Problem* From a ghen isosceles triangle to 
i^ cff a trapezium, which shall ham the same base 
as Ae triangky and shall haoe its fftree remaining 
sides equal to each other. 
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Let ABC be the given isosceles A : It is re> 




quired to cut off from it a trapezium, which, having 
BC for its base, shall have its three remaining sides 
^qual to one another. 

Bitect (£. 9. 1.) the z. ABC by BD, meeting AC 
in D ; and through D draw (£. SI. 1.) DE parallel 
to CB: Then shall BE, ED, and DC, the three 
sides of the trapezium BEDC, be equal to one 
another. 

For, since DE is parallel to BC, the z AED = 
z. ABC (E. 29. 1.), and z. ADE=z ACBj but 
{h/p. and E. 6. 1.) 2lABC=zACB; .♦., 
A AED = z. ADE } .♦. (E. 6. 1.) AE = AD j but 
(hfp,) AB = AC ; from these equals take the 
equals AE and AD, there remains £B ^ DC : 
Again, because DE is parallel to BC, the z. CBD=: 
zBDE (E. 29. 1.) J but (consir.) L CBD = 
L DBE; .♦. the L DBEs= l BDE ; .-. (E. 6. 1.) 
£B= ED } and EB has been proved to be equid 
to DC; .*. EB, ED and DC are equal to one an- 
other. 
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Prop. XXV. 

35. Problem. 2\) draw to a given straight Ime^ 
from a given point without it^ another straight 
line which shall make with it an angle equal to a 
given rectilineal angle. 

Let BC be a given straight Une, A a given point 

A 




without it» and D a given rectilineal z. : It is re* 
quired to> d^^ itom A, a straight line which shall 
make wittwil^an z. equal to the z. D. 

Through draw (E. S 1 . 1 .) £ AF parallel to BC ; 
at the jpoint A in EAF, make (E. 23. 1.) the - 
Z. E AG = z. D : AG. is the line which was tQ be 
drawn. ^ 

For,'^ since {constr.) EF is parallel to BC, the 
2iEAG=:zAGC (E. 39. 1.); but {constr.) the 
z^EAG=s=zD; .•. z.AGC=zD. 



Prof. XXVI. 

36. Theorem. If all the angles but one of any 
rectilineal JigurCf be together^ equal to all the 
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Prop. XXIX. 

»9. Theorem. The distance qfihe vertex qfa tru 
angle from the bisection qf its hase^ is equal to^ 
greater than^ or less than the half .of the base, ac- 
cordmgly as the vertical angle is a rights an acute^ 
or an obtuse angle. 

First, let ABC be a right-angled A, right- 




angled at A, and let AD join A and the bisec- 
tion, D, of the base : AD=DB, or DC. 

For, if not, AD is either greater or less than 
BD : Produce B A to X ; and first, if it be possi- 
ble, let AD > DB ; .-., also, AD >DC j .-. (E. 18. 
1.) z.B>^BAD, and2iC>zCADj.-.zB+^ 
C>z^BAD+zCADj i.e.zB+zC>ZLBAC; 
but ihyp. and E. def. 10.1.) zBAC = CAX; 
.-. Z. B + /.C>iiCAX; which (E. 32. 1.) is 
absurd. 

And, in like manner, if DA be supposed to be 
less than BD, it may be shewn that iC B + ^ C < 



rrm^ 



ELEMENTS OF EUCLID. 



98 



A CAX ; which is absurd. Therefore, D A=DB, 
or Da 

Next, let the vertical z. CEB, of the A EBC, be 
acute, and let ED join E and the bisection, D» of 
EC, ED > BD, or DC. 

From either of the n B or C, as C, i^ the A 
EBC be acute-angled, draw (E. 1?. !•) CA i 
to the opposite side EB ; and join A, D : Then 
(S. 7. 1 C A falls within EB ; and, since (canstr.) 
the z CAE is a right z. , the ii DAE is greater 
than a right z. ; •*. (E. 17. !•) the /. AED is less 
than a right z., and ,.*• less^ than the Z-DAE; 
.*• (E. 19. 1.) DE > DA } but, by the former case, 
DA=DBi .-. DE>DB, or DC. 

Lastly,jf FBC be an obtuse-angled A, obtuse- 
angled at F, join F,D i draw, as before, CA i BF ; 
and join A, D : Then (S. 7. l.) CA falls without 
BF, and the z: AFD (E. 1 6. l .) > the z. FBD j but 
since (1st case) DA,= DB, the Z DBF= z. 
DAF(E,5. 1.); .-. z. AFD> zDAF}.-.(E. 19. 1.) 
D A > DF } but DA = DB ; .-. DF < DB, or DC. 

Or, the two last cases may be proved, ex absur- 
do, in the same manner as the first is proved. 

40. CoB. 1 • If any number of triangles have 
a right angle for their common vertical angle, and 
have equal hypotenuses, the locus of the bisections 
of the several hypotenuses is a quadrantal arch of 
a circle, having the common vertex for its centre, 
and the half of any hypotenuse for its radius. 

For,, the bisectiqps of the hypotenuses will, 
each of them, (S. 29. 1 .) be at a distance frpm the 
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comn^n vertex equal to the half of one of the 
equal hypotenuses ; i. e. they will all be at distan- 
ces from that point) equal to the half of any one 
of those equal lifies : It is manifest^ .'.^ that they 
will be in the circumference of a circle, described 
from that point as the centre, at a distance equal 
to the half of one of the hypotenuses. 

41* CoR«2. A circle described from the bisection 
of the ' hypotenuse of a right-angled triangle as a 
centre, at the distance of half the hypotenuse, will 
pass through the summit of the right angle. 

42; Cor. 8. The vertical angle of a A being 
a right angle, a point in the base, which is equi-^ 
distant from the vertex and from either extremity 
of the base, bisects the base. 

Let the point D, in the base BC of the A ABC, 
having the z. B a right angle, be equidistant 
from either extremity, as B, of BC, and from the 
angular point A : The point D bisects BC. . 

For, if not, let G be the bisection of BC, and 
join Dj A and E, A : Then, since (hyp.) DA = 
DB, .-. (E. 5. lO the £ DAB=: z^ DBA: also, 
since G is the bisection of BC, •*. (S. 29. 1.) 
GA=:GB} .-. (E. 5. 1.) the zGAB=:z:GBAj 
.\ the Z GAB nn l DAB, the greater to the less, 
which is absurd ; .*'. no other point than D can be 
die bisection of BC. 
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Prop. XXX. 

4S« Problem. Upon a given Jimte straight Une^ 
as a diameter, to describe a Sqtiare, 

Let AB be a given finite straight line : Upon 




AB, as a diameter, it is required to describe a 
square. 

Bisect ( E. 10. 1.) AB in E j through E draw 
(E. 11. K) DECi to AB, and make (E. 9. l.) 
ED and EC each of them equal to AE or EB : 
Join A,D, and D,B, and B, C, and C, A: The 
figure ADBC is a square, having AB for its di* 
ameter. 

For since (canstr.) DE = EC, and AE is com- 
mon to the ^ AED, AEC, and that the right 
L AED = right L AEC, .-. (E. 4. l.) AD z= AC j 
and in the same manner AD may be shewn to be 
equal to DB, and DB to BC ; .-. the figure ADBC 
is equilateral. 

d2 
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Again, since (canstr.) AE=: DE, the z EAD 
= zEDA (K 5. 1.) J but (consir.) L AED is a 
right L ; .% each of the IL EAD, EDA, is half 
a right L ; and, in the same manner, may each of 
the IL EDB, DBE, CBE, BCE, EGA, EAC, be 
shewn to be half a right L \ .*. all the IL of the 
figure ADBC are right z^ ; and it has been proved 
that all its sides are equal; •*. (E. SO. def. 1.) 
ADBC is a square. 



Prop. XXXI. 

44. Theorem*^ If either of the acute angles of a 
given rightrangkd triangle be divided into any 
number of equal angles, then, of the segments of 
the base, subtending those equal angles, the near- 
est to the right angle is the least; and, of the rest, 
that which is nearer to the right angle is less than 
that which is more remote. 



Jjet ACB be a right-angled A , right-angled at C 




B 



G EH D 



and let the acute z. B AC be divided into any num- 
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ber of equal IL , CAD, DAE, EAB, &a ; then is 
CD the least of the segments of the base subtend- 
ing those equal IL \ and of the rest DE < £B ; and 
so on. 

For, at the point D in AD make (£• 23. 1.) 
the L ADF?=: L ADC : And since, also, the L CAD 
= L DAE (%pO and AD common to the 
two^ACD, AFD, .-. (E. 2(5. 1.) DF=DC: 
But (E. 19. 1. and E. 32. 1.) DE > DFj .•. DE > 
DC ; i. e. DC < DE. 

Again, at the point E, in AE, make the L AEK 
= L AED ; and it may, in like manner, be shewn 
that EK = ED : But (E. 16. 1.) z. BKE > l AEK; 
.-. L BKE > L AED; and L AED > l ABE; much 
more then isZ.BKE> ^lEBK; .•. (E. 19. 1.) BE 
>EK or ED ; i. e. ED < EB. 

And in the same manner may EB be shewn to 
be less than the next segment that is more remote 
from C ; and so on. . 

45. GoR. It is manifest, from the demonstra- 
tion, that if any three straight lines AB, A£, AD, 
be drawn to the given straight line XC from a 
given point A, without it, so that the L BAE = 
z EAD, the segment BE, of XC, which is the 
further from the perpendicular AC, shall be 
greater than the segment ED, which is the nearer 
to AC. 



Prop. XXXII. 
46. Tii£OR£M« If either angle at the base of a 
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triangle be a right angle^ and if the base be di- 
vided into any number of equal partSf Uiat which 
is a^acent to the right angle shall subtend the 
greatest angle at the vertex ; andj qf the resty 
that which is^nearer to the right angle shall sub^ 
tend, at the vertex^ a greater angle than that 
which is more remote. 

Let ACB be a righi-angled A, right-angled at 




C| and let the base BC be divided into Miy num- 
ber of equal parts CD, DH, HG, &c- : Of these 
segments DC shall subtend the greatest z. at 
the vertex A} and of the rest DH shall subtend, 
at A9 a greater z. than HG } and so on. 

For, join A, D» and A, H, and A, G, &c.j alsoV 
at the point A, in DA, make (£• 2S. 1.) the z 
DAE =5 CAD: Then (S. 31. l.) ED>DC{ but 
(hyp.) DC=iDUi .•.ED>HD, and it is mani- 
fest that, the z E AD > z. HAD j but (constr.) 
/lEAD = ^CAD} .\ iiCAD>z.DAH; 

Ai»d, in the same manner, it may be shewn, by 
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the iielp of the corolkry to S. 80. 1. that th« 
Z DAH > the l HAG ; and so on, », 



Prop. XXXIII. 

47. Problem. To trisect a^ given finite straight 
line* 



J m 



Let AS be the given straight line : It is re- 

C 




quired to divide it into three equal parts. 

Upon AB describe (E. 1. 1.) the equilateral A 

CAB \ bisect (E. 9. 1.) the two equal IL A and B, 

by the straight lines AD apd BD^ which meet in 

D ; and frojm D draw (E. SI. 1.) DE parallel to 

CA, and DF parallel to CB: Then are AE, EF 
and FB equsd to one another. 

For, since (E. 29. 1. andccm^/ir.) the L DE)F= 

L CAB, and L DFE=5 L CBA .-. (S- 26. 1.) l EDF 

= L ACB ; but (£. 5. 1 . car. and constr.) the 

A CAB is equiangular ; «*. the ADEF is equian- 

gultt; tffui .\ (K €. 1. /:«r«) it is, ako, ^quilate.- 
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ral ; so that DE and DFare, each of them^ equal 
to EF. 

Again, since (E. 29. ] • and constr.) the z. EDA 
= Z.DAC} and that {constr.) tTie z.DAC= z. 
DAE, .-. zEDA=zDAE; ••. (E. 6. 1.) AE=t: 
DE } but DE has been proved to be. equal to EF ; 
.\ AE =EF } and in the same manner, EF may 
be shewn to be equal to FB ; ;*. AB has been 
divided into tiie three equal parts AE, EF, and 
FB. 



Peop. XXXIV. 

48. Problem. To describe a triangle which ^haU 
have its three sideSj taken together, equal to a 
given Jimte straight Une, and its tiiree angles 
equal to three given angles, each to each; the 
three given angles being together equal to two 
right angles. 

Let AB be a given finite straight line, and C and 




D twa given rectilineal angles : It is required to 
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describe a triangle, which shall have its perimeter 
equd to AB, two of its angles equal to C and D, 
each to each, and its thif d angle equal to an angle, 
which, together with C and D, makes up two 
right angles. . ' 

At the point A, in AB, make (E»28. l.) the l 
BAE =: z. C ; and at the point B make the L ABE 
'=^l\>\ ••• (S. 26. 1.) the L AEB is equal to the 
third L of the A wfiich is to be described : Bisect 
(E. 9.^ 1 .) the IL EAB> EB A, by AF and BF, which 
meet m Fj and through F draw (E. SI. 1.) FG 
parallel to EA, and FH parallel to EB : Then is 
FGH the A, which was to be described. 

For, since {constr^ FG is parallel to E A, and 
FA meets them, .-. (E. 29. 1.) the l EAF=:^ 
AFG} but ic(mstt.) the L EAF= z. FAGj .-. 
the zFAG = iiAFGj .-. (E.6. l.) FG = GA} 
and, in the same manner, it may be shewn that 
FH = HB; .-. FG + GH + HF=AG+GH 
+ HB ; i. e. the perimeter of the A FGH is equal 
to the given straight line AB. 

Again, because FG is parallel to EA, and FH 
is parallel to EB, .•. (E. 29. 1.) the l FGH= z 
EAB, and l FHG = l EBA ; but {constr.) the 
L EAB = zC, and the z.EBA= zD; .-. also, 
the L FGH = z C, and the z FHB= zDj 
.-. (S. 26. 1.) the z GFH is equal to the third z 
of the A, which was to be described; .-.the 
A FGH, the perimeter of which has been shewn 
to be equal to the given straight Kne AB, is the A 
whidi was to be described. 
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Prop. XXXV. 

49. Theorem. If ^ in the sides of a given $quare, at 
equal distances from the four angular points^ fbur 
other points be tdken^ one in each side, thefgure 
contained by the straight Unes xvhich join them^ 
shaU also be a square. 

Let ABCD be a given square } in the sides 




AB, BC, CD, DA, let the four poifits £, H, O, 
F be taken, so that £ is at the same ditttance from 
A that H 16 from B, that G is froifi C, and F from 
D; and let £, H, and H,6, and G» F, and F, £, 
be joined : The %ure EFGH is a square. 

For, since (K SO. def. lO all the ^ides of tb^^ 
given s^piare ABCD are equal, and tibat {hyp^) 
AE ss BH = DF, it is manifest that the two ^ 
FAE, £BH have the tiro aides FA, A£ e^ial to 
the imo £B, BH, eai^ to each, and (£. SO. de£ L.) 
the ^ A;?=il B ;•% (E. 4. 1.) the z AFEss ^ BEH ; 
and FE= EH : And, in doeikamesbanBer^ ittaa^ 
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bfe shewn tbat EH=;HG = GFj .-.the figure 

EFGH is equilateral. 

Again^.since^ as hath been proved, the L AF£ 

= /: B£H, .-. the L AFE + L AEF = z BEH 

+ L AEF J but, since the z. A is a right L > ••. 

(E. 32* lO z. AFE+ L AEF = a right L ; .•• also, 

L BEH + z: AEF=a right L\ but (E. 15-1. Cor.2.) 

L BEH + z. AEF + L HEF=two right n ; /. 

the Z.HEF is a right angle; and, in the same 

manner, may the remaining IL of the figure EFGH, 

which has been shewn to be equilateral, be proved 

to be right iL \ .\ (E. SO. def. 1.) EFGH is a 
square. 



Prof. XXXVL 

SO* Thsor£m. ^the opposite angles^ qfa quadri- 
lateral figure he equal to each other y the figure 
shall be a parallelogram. 

Let AB be a quadrilateral figure, having the 



\* 
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D 




aji^d A ' equal to tibe opposite angle B, and the 
wgle C to the eppoaits siD^e D : The %ure 
ADBC is a parallelogram. 
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For, (£. S2. 1. Cor. l.) t^e four angles of the 
figure ADBC are together equal to four right IL ; 
and, by the hypothesis, the four n are the double 
of the two ^, DAC, ACB; it is manifest, •*., that 
the' two IL DAC, ACB are together equal to two 
jight # ; .*. (E. 28, 1.) AD is parallel to CB: 
And, in the same manner, AC may be shewn to 
be parallel to DB ; •*• the figure ADBC is a paral- 
lelogram. 



Prop. XXXVII. 

51. Problem. In a given square to inscribe an 
equilateral triangle^ having one qf its angular 
points upon one of the angular points qfthe square^ 
and its two remaimng angular points one in each 
of two a^acent sides qfthe square. 

Let ABCD be a given . square : It is required 




to inscribe in it an equilateral triangle, having 
one of its angular points upon the angular point 
B of the square. 



i^ 
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Trisect (S. 20. 1.; the right ^ ABC, by BE 
and BF; bisect (E. 9. 1.) the a. ABE, CBFby 
BG and BH^ meeting AD and DC in G and H, 
respectively ; and join G, H : The A 6BH is 
equilateral. 

For, join B, D, and let BD meet GH in K : 
Then, it is manifest from the construction, that 
the L ABG = L CBH j also, {hyp, and E. SO. 
def. 1.) the z A = Z.C, and the side AB, of the 
A ABG, is equal to the side CB, of the A CBH ; 
.♦. (E. 26. 1.) BG = BHj .-. (E. 5. l.) the z BGH 
= L BHG ; also, {c(yns1r. and £. 8. 1.) the z. GBD 
= HBD) and BK is common to the two ^ BKG, 
BKHj .♦. (E. 26. 1.) the zBKG= zBKH; 
(E. 10. def. 1.) each of these -y^i is a right l ; 
(E. 32. 1 .) L KGB + L GBK = a right z = z GBH 
+ 2 z ABG = z GBH + z ABE {f<yQSlr:) ; but, 
since {cmstr:) z ABG+ L CBH= z EBF, add to 
each of these equals the IL EBG, FBH, and the 
zGBH = 2zABE; .-. the z GBK = z ABE; 
and it has been shewn that z KGB+ z GBK = z 
GBH+£ABE} .'. zKGB=zGBH; .♦. HG = 
GB=BH ; i. «. the A GBH is equilateral. 



• • 
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« _ 

52. Theorem. If ^ at the eJptremties of the base ' 
of a given triangle^ two straight lines be drawn^ 
both ab&oe the base, and each of them equal to 
the a^acent sidd, and malting with it an angle 
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equal to the vertical angle of the triangle ; then^ 
tf two straight lines, let Jail from the ejptremUies 
qf the two so drawny make^ with the hasepro* 
ducedf two angles that are equal each qfihem to 
the vertical angle, they shall cut off equal seg^- 
fnentsjram the base produced. 

■ 

From the extremities B^ C, of the base BC of 




the given A ABC, let BD be drawn equal to the 
adjacent side AB, and C£ equal to the adjacent 
side AC, making the a ABD, ACE, each eqiial 
to th e vertical z. BAf! of the A, and let DF and 
£G, drawn from D and £, make with BC pro- 
duced the ^ DFB, EGCy each sdso equal to the 

/L B AC : Then shall FB = 6C. 

For, from the point A draw (S. 25. 1.) A.H and 
AK making with BC the n AHB, AKC each 
equal to the L DFB, or BAC, or CGE : And, since 
(E. 13. 1-) L ABH+ L ABD+ /lDBF = two right 
H-L DBF + Z BFD + l FDB (E. 32. l.), and 
that (constr.) l ABD = l BFD, .-. l ABH = L 
FDB} but, {cmstr.) z. AHB =i z. DFB, and the 
side AB of the A AHB is equal to the side DB of 
the A DFB ; .-. (E. 26. 1.) FB = AH t And in 
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the same manner 0^ may be dbewn to be equal 
to AK ; but since {c<mstr.)ihe l AHBrr L AKC, 
••• (E, 13. !•) the L AHK=: l AKH j a (E. 6. IQ 
AH =r AK ; and FB was sbewn to be equal to AH, 
and GC to AK j .% FB=GC. 

5S. Cor, If the vertical L BAC be a right / , 
the two straight lines AH and AK coincide ; and 
the segments FB, GC are equal each of them to 
the perpendicular drawn from A to the base BC : 
In this case, also, DF=BK,and£G=CKi 



' Prop. XXXIX. 

54. Theorem. If four straight lines cut each 
other^ without including spacCj but so as to make 
three internal angles, towards the same partSy 
which together are less than Jour right angles^ 
the two lines, which are not joined, shall meetj if 
produced far enough. 

Let the four straight lines A6, BC, CD, D£, 




cut one anothtf , without enclosing spaee, so that 
the e. ABC, BCD, CDE, are together less than 
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four right IL ; Then shall BA and DE meet, if 
they are produced far enough. 

For, join B, D : And (E. 32. 1.) L DBC + l 
BCD+ L CDB = two right IL \ if, •••! these three IL 
be taken from the three given IL , which (Ayp.) are 
less than four right g. ^ there will remain the two 
^ABD, EDB, together less than two right iC; 
.*. (E. 12. axiom 1.) BA and D£ will meet if 
they be continually produced. 

Prop. XL. 

55* Problem. To inscribe a square in a given 
right-angled isosceles triangle. 



Let ABC be the given isosceles A , right-angled 

A 




at A : It is required to inscribe a square in the 
A ABC. 

Trisect (S. S3. 1 .) the hypotenuse ||C, in the 
points D and E$ from D and E draw (E. 11. 1.) 

DF and E^ j. to BC, meeting the sides AB and 
AC in F, and G, respectively; and join F,G; 
The inscribed figure FDEG is a square. 

For, since the L A is a right-angle, and that 
{hyp. and E. 5. 1.) Z.B=zC, .'. (E. 32. 1.) iiB 
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is half a right-angle ; but [constr.) the z: D is a 
right il J .•. the /. DFB is half a right L , and w, 
.-., equal to the Z.FBD; ••. (E.6. K) DF=BD; 
but {constr.) BD = DE; .•.DF=DEi and, in 
the same manner, it may be shewn that EG =3 
DE; .-. DF=DE = EG. 

Again, since {constr.) the H D and E are right 
ILy .•. (E. 28. 1.) DF is parallel to EG; and it 
has been shewn that DF=EG=DE; 
(E. S3. 1.) FG is equal and parallel to DE; 
(E. 29. 1.) the figure FDEG has all its n right 
SL\ and it is equilateral; .*• (E. 30. def. 1.) it is a 
square. 
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Prop. XLI. 

56. PaoBLKM. To Jind a pointy in either of the 
equql sides of a given isosceles triangle^ Jrom 
which, if a straight line be drctam, perpendicuUar 
to that side J so as to meet the other side produced, 
it shall he equal to the hose of the triangle. 

Let ABC be the given isosceles A : It is re- 
quired to find, in either of the two equal sides, as 
AB, a point from which if a perpendicular be 
drawn to AB and produced to meet AC, pro* 
duced, it shall be equal to the base BC. 

Draw (E. II. 1.) from B, BD 1 to AB, and 
make (E. 8. 1 .) BD = BC } from D draw (K 81. 1.) 
DE parallel to AB, meeting AC produced in £ ; 

E 
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and from E, draw EF parallel to BD : F is the 
point which was to be found. 

For {constr.) the figure FBDE is a □} .'. 
(E.84. 1.) FE=BD = BC (constr.) i also, since 
(constr.) the L FBD is a right z , the L BFE is, 
also, (E. 29. 1.) a right ^ . 



Prop. XLII. 

47, Thihwcx. TI^. dia^neters, qfq pamUdogrm 
^fswi each oUter. 

Let AB and CD be the diameters of the a 




A3)BC: AB and CD bisect one another in the 
point of their intersection E. 
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For Mttce ADBC i> ^ □, AJfcsCB (£. «4, 1 .) itd 
(E.«fc jOtfee zEAD of the A AED,p5Z.EBC^ 
of the A BEC, wd the z ED A :=;: zl BCB » v. 
(E. 36. 10 AE =^ EB, aod DE 3=;Ea 



Pftop. XLIU. 

58. Theorem. J[fin two opposite side$ 4^afiu 
raUelogram two points 6e assumed^ one in each qf 
those sides^ equidistant from two opposite angles 
qf thejigure^ and if two other points he ttkewise 
a$st0nedf in the Pwo other opposite sides^ eqvi^ 
^tmtjftvm the same two a^igles^ thejlgure^ am^ 
tqinedijf Ae straight Unes joining Aefiurpmnts 
so asswnedy shaU be a parallelogram. 

Itt tbe cf>pa3He eidea AD, BC of the a ABCD» 

A 




LB a c 

let the points E iknd G be taken eqaJdistant irem 
die Impolite IL A and C ; let also, the pointsF awl 
H be taken» in the other two opposite sides, AB 
aod DC, equidistant frota A and C j and let E, 
F, and F, G, and G, H,and H,£, be joined: The 
figure EF6H is a paralldogram. 

For sioee (%;>.) AE =CG, and AFs= CH, and 
that (E.84.1.) the z. As=: z^C, •*.(E.4. 1.) FBn 

E 2 
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GH: Again since '(£. 34. l.) AB=DC, W 
AD == BC, and that {^p.) of AD the part AE is 
equal to the part C6 of BC, and of AB the pbrt 
AF is equal to the partCH of DC, .*. £D=GB, 
and DH=BF; also (E. 34. 1.) the z.EDH = 
zFBG; .'. (E.4. l.)EH=:FG; audit ha^ been 
proved that EF=HG; .♦. (S. 18. 1.) EFGH "is 
a parallelogratn. 

Pkop. XLIV. 

59. Th£OR£m. If any number qf parallelograms 
be inscribed in a gix>en parallelogram^ the diame^ 
ters qf all tkejigures shaU cut one another m the 
same points 

Let ABCD be a given o, and let EFGH be 

A E D 




LB G C 

any O whi^ver, inscribed in ABCD : The di». 
meters of ABCD and of EFGH cut one another 
in the same point. 

For draw AC a diameter of ABCD, and FH. a 
diameter of EFGH ; let AC and FH cut one an- 
other in K ; and let CB, produced, meet EF, pro- 
duced, in L: Then, since AE is parallel to BC, 
and EF parallel tp HG, the L CGH=(E. 29. 1.) 
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zGLEj and the z GLE=:,z. LEAj .♦.the 
Z CGH = z. AEF ; also (Ayp. and E. S4. 1.) the 
Z. A = z. C, and the side FE = the opposite side 
GH, of the a EFG j .-. (E. 26. 1.) CH = AF: 
Again, since the side AFof the A AKF=the 
side CH of the A CKH, and that (E. 29. 1.) the 
IL KAF, KFA are equal to the H KCH, KHC, .*. 
(E. 26. 1.) AK=KC, and FK=KH ; Le. K is 
the bisection of the diameters AC, FH; .*. 
(S. 42. 1.) all the diameters cut one another in the 
point K. 

60, Cor. From the demonstration it is mani- 
fest, that the angle contained by any two given 
straight lines, is equal to the angle contained by 
two >other straight lines, that are parallel to the 
two given straight lipes, each to each. 



Prop. XLV. 

61. Thkorem. The diameters qf an equilateral 
four-sided plane rectiUneal figure bisect one an- 
other at right angles. 

Let AB and DC be the diameters of the equi- 
lateral four-sided figure ACBD, cutting one an- 
other in £ : AB anrd DC bisect one another in E, 
at right angles. 

For, since (hyp.) ACBD is equilateral, it is 
(S. 18. 1.) a □; and •-. (S. 42. 1.) the diameters 
bisect one another in E : Again, because D£ = 
CE, and £A is common to the two ^. AED, 
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AEC, and that (Ja/p.) AD=:AC, .♦. (fi. 8. I.) 
the z.AEP= z AEC} i.e:. (E. 10. def. 1.) each 
of the ^ AED, AEC is a right /. j .*. (E. 15. 1.) 
each, of the /L DEB* CEB, is, also, a right Z. . 



Prop. XLVI. 

62. Theoekm. The diameters of a rectangle are 
equal to one another. 

Left AC, and BD be th# diametecs' of t^e roct- 
angle ABCP : Then AC =t= BD. 




For, riflce (h^p.) the opp&at€ £ of iht figure 
are eqoa^ ^ach being a right z', ;*. (S. 26. 1.)the 
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flgui^ ABCDisafzi; .-.(£.84. 1.) AD==BGj 
atid AB is conidon to the two ^A6G, BAD^ 
aftd the it ABC ==£ BAD J .♦. (B. 4. 1.) AG = 



Prop. XtVII. 

63. PROBii!M. To inscribe a square ih a given 
eqtdlateralJimr'Stded^gure. 

Let AfiCD tre the given equilateral four-sidid 
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figafe : tt is: required to inscribe a square in 
ABCD. 

Join A, Cy and B, D, and let AC and fiD cut 
one another in X ; bisect (£.9. 1. and £.15. 1.) 
the ^ AXB and CXD, by the straight line EG, 
a:nd the IL BHC, AXD, by the straight line FH ; 
atid join E, F, and F, G, and G, H, and H, E : 
The inscribed figure EFGH is a square. . 

l*or, since the figure ABCD is' (%p.) equila- 
teral, AC and BD (S. 45. l.) bisect one another at 
right ^j .*. (^constr.^ each of the IL EXA, AXH, 
HXD, DXG, GXC, CXF, FXB, BXE, is half i 
right z ; .• . the ^ EXH, HXG, GXF, FXE are 
right £ : Again, because ABCD is equUiteral, it 
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/ 



is (S. 18. 1.) a o ; ••• (E..28. 1.) the z BAC=i: 
. /. ACD } but, because {%/'.) DC := DA, . * . 
(E. 5.1.) the /:ACD=/.DAC; .-.the 2 BAG 
s= z. D AC ; t. e. the a E AX = z H A^ ; and it has 
been shewn that the £X A = z. HX A ; and AX 
is common to the two i^^AEX, AHX ; . % (E. 26. 
1.) £X = HX ; and, in the same manner it may 
be shewn that EX, HX, GX, and FX, are aU 
equal : and the £ contained by those lines are 
equal, being right ZL; •'. (E. 4. 1.) the figure 

£FGH is equilateral, and •*. (S. 18. 1.) itis a O; 
and since the z. EX H is a right z., and that XE= 
XH, .*• (E. 5. 1. and E. 32. 1.) each of the a 
XEH, XHE is half a right z. : In the same.man- 
ner it may be shewn that each of the a XHG, 
XGH, XGF, XFG, XFE, XEF is half a right z. ; 
• * 4 the figure EFGH, which has been shewn to 
be equilateral, has all its a right angles; **• (E« 
80, def. 1.) it is a square. 

Peop, XLVHL 

64. Theorem. If two opposite sides qf a parol- 
lelogram be divided each into the seme number qf 
equal parts, tJie straight lines, joining the oppo- 
site points qf dtvisiony shall also divide the dia^ 
meter qf the parallelogram into the same number 
qfe^ual parts. 

Let the two opposite sides AD, BC, of the C3 
A BCD) of which BD is a diameter, be divided 
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B H I K C 

into any number of equal parts, AE, £F, FG &c., 
BH, HI, IK &c.; and let E, H, and F, I, and 
G, K, &c. be joined : The diameter BD is divided* 

by £H^ FI, GK, &c. into the same number of 
equal parts, BL, LM, MN, &c. as either of the 
opposite sides AD, or 6C. . 

For, through L, M, N, &c. draw (E. 31, l.) LP, 
MQ, NR, &c. each parallel to AD or BC : Then, 
since AE is equal and parallel to BH, EH (E. S8. 
1.) is parallel to AB ; and in the same manner it 
may be sheivn, that FI, 6K, &c., are parallel to 
one another; •'• the figures LI, MK, NC^&c, 
arena? .-. (E. 34. 1.) LP=:HI; but (hyp.) 
HI = BH} .-., BH = LP} and sinqe LP is 
parallel to BC, and LH parallel to MI, and that 

MLB meets these parallels, .*•(£• 29. 1.) the n 
HBL, BLH, of the A BLH, are equal to the ^ 
PLM, LMP, of the A LMP ; and it hatf been 
proved that the side BH = LP; .*. (£. 26. 1.) 
BL.= LM : And, in the same manner it may be 
shewn, that LM = MN ; MN = ND, and so on*. 
65. Coa. From the demonstration it is mani- 
fest that if the one of two given straight lines, or 
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a part of it» be divided into any number of equal 
parts; and from the points of division parallel 
straight lines be drawn cutting the other, the seg- 
ments of that other given linie« between tiiese 
parallels, will be equal to ime another. 



Prop. XLIX. 

» 

66. FROBLEif. To divide a given JirUte straight 
line into any given number of equal parts. 



IrCft jib be a ghren fimte strai^t line : It is re- 



quited to divide it into any given number of equied 

From B draw an^ indefinite straight line BC 
making, any angle with DB; and from D 



(Ew^l.^ \S) DA, also indefinite, and parallel to BC j 
take any point H in BC ; make (E. S. 1.) HI, IK, 
D6, GFy FE, each equal to BH^ so that thetiufih- 
ber of tbese equal straight lines in BGy and also 
in DA, may be less by one tha:n the given number 
of parts, into whiek BD is to be divided ; and joiii 
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£, H^ and F, I and G, K: The straight lines £H, 
FI, and GK» will divide BD into the required 
number of equal parts. 

For» in BC, and DA, take KC, and £A, each 
equal to BH, and join A, B and D, C : Then^ 
since (constr.) AD is equal and parallel to BC, AB 
is also (E. d». 1.) parallel to DC ; .*. ABCD is a 
□9 of which BD is a diametet ; • * . (^constr. and 
S. 48. lO BD is divided by £H, FI, and GK, into 
as many eiqual parts as BC, or AD, is divided into. 

Otherwise^ 

I>tM BCi M before, and ttlaike the n4imbe^ of 
eqtMl ptixte BH^ HI^ IK, KC^ «qual to tbe gii^tl 
ntxstber into lirbich BD is to be divided ^ jDin 
C, D ; ftnd drsc# UL^ IM, KN, each par^lel to 
CD : Th^ will these parallels divide BD into thd 
feqhired number of eq^ parts* 

Fot, if LFy MQ, NR be drawn each parallel to 
BC, it may be proved, (as in S. 48. 1.) that BLs 
LMszMNssND. 



Prop. L. 

0. Fkolilsft. Upon a given^mte str^i^ght 4iAe to 
4e9a^be €(n equikUetal and equianguhr octagon. 

Let AB be a given finite straight line : tJpott 
AE^' it is required to describe an eqiulaterail and 
equiaAguktr octagon. 
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From the points A and B draw (E. 11, 1.) AI> 
and BE i. to AB, and produce. AB both ways to X 

and Y ; bisect (E. 9. 1 .) the ^ D AX, EBY^ by AG^. 

and BL, and make AG and BL each equal to AB; 
from the points G and L, draw GF ±, to AG, and 
LI 1 to BL; also, draw (E. SI- 1.) GH parallel 
to AD, and make GH=:AB or AG; in like 
manner, draw LK parallel to BE and make LK = 
AB} lastly, draw HD parallel to GF, i^eeting AD 
in D, and KE parallel to LI, meeting BE in E^; 
and join D, E : The figure ABLKEDHG, de- 
scribed on A B, is an equilateral and equiangular 
octagon. 

For, since (consir.) the side AG, of the A. 
AGF, is equal to the side BL, of the A BLI, apd 
^ GAF= ii LBI. and that the a BGF, BLF are 
equal, being right /Li ••., (E. 26. l.). AF=:BI ; 
also, since (^constr.) HF and KI are O, FD = GH, 
and IE = LK ; but (constr.) GH = LK; .•• 
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FD=IE; .-.the whole AD = the whole BE; 
and (canstr. and £. 28. 1.) AD is parallel to BE; 
• *. (£• S3. 1.) D£ is equal and parallel to AB ; and 
•*. (constr. and £. 34. 1.) the ^ ADE, BED are 
right a : Again, since (constr.) the ^ AGF, BLI, 
are right n » and that the £ GAF^ IBL are each 
the half of a right ^, .•. (E.32. J.) the ^GFA, 
LIB, are each the half of a right Z ; •*. AG=: 
GFt=BL=LI; and (E. 34. l.)HD = GF^and 
KE =: LI.; whence it is manifest that the figure 
ABLKEDHG is equilateral. 

Lastly, since HG is parallel to DA, and KL to 
EB9 and FG and IL meet these parallels, .% (£. 
39.1.) the iiHGF=iiGFA, and .-. zHGF= 
the half of a right /.; .•.(E.;84.1.) the Z.HDF 
is the half of a right z. ; in the same manner, it 
may be shewn that each of the zcIEK^ KLI, is 
the half of a righu z. ; and it has beeq proved that 
the n ADE, BED are right a ; whence, and from 
the construction, it is manifest, that the figure 
ABLKEDHG, which has been shewn to be equi- 
lateral, is also equiangular. 

Prop. LI. 

68. Thbobsm. ^either diameter qfaparaUelo- 
gram be equal to a side qf &ie Jigure^ the other 
diameter shaB be greater than any side qf the 

i Jigure. 

Let the diameter AB; of the C3 ACBD, be 
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equal to the side AC : The other diameter CD 
shaH be greater than either AC or AD. 

For, because AC = AB, the L KGQz=:.l ABC 
(£.5. 1.) and (%>. and £. S9. 1.) the c DAB a 
zA^C; but the zDAC>z.DAB; >. the 
L DAC > L ACB ; and the aides ^DA, AC, of 
the A DAC, are (£. S4. l.) equal to the sides 

BC, CA, of the A BCA} .». (E.«4. l.) CD> 
AB} but (%i».) AB = ACj .•. CD>AC: And 
it has been shewn that the z. DAC > l ACB ; 
much more then is the / DAC > l ACD ; .'. (E. 
19. l.)DC>AD. 



Pbop. LII. 

69. Problem. From a* gvoen point to draw a 
straight line cutting two parallel straight Unes^ so 
that the part ofit^ intercepted between them^ shaU 
be equal to agiven Jinite siritight lincj not lest 
Aan ike perpendieuhr distance of ^ two papal- 
fefc 

Let A be a given point ; XY and 2w two given 
parallel straight lines, indefinite in length } and B 
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a given, finite straight line, not less than the per- 
pendicular distapce of XY from ZW : It is t^ 
q^iM^^d to draw through A^ a straight line, outtijij^ 
XY and ZW» so that the part of it, I^etween the 
two p^ijillel^ shall be equal to B. 
; TAk/s 9Py point C in ZW ; from C as a centre, 
%% A distjance equal to B^ describe a circle^ cutting 
^^Y in Pi join C^D; and through A dqaw (£. 

S4. 1.) AF paraM to DC, cutting \Y and 2W is 

the points £ and F: Then \%W^=l B. 

For, (constr.) the figure DCFE is a a j ••. (E. 
«4. 1.) EF = DCj and (cansir.) DC=Bj .-. 
EF=B. 



Prop. LIII, 

TKX T^^fif^^f. ^9 Jram the ^tmrniit of the ri^ht 
ofigU ^ a scalpfifi righUangkd triangle^ Pm 
straight lines he drostm^ om perpendioubir to the 
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hi/potenii$e, and ihe pther bisecting it^ they shall 
contain an angle equal to ihe difference of the two 
acute angles of the triangle. 

Let the z. A, of the A BAG be a right z. ; let 




AE be drawn to the bisection £, of the hypote- 
nuse BC, and let AD be drawn perpendicular to 
EC: The z.EAP=zC-zB. 

For (S. 29. 1. and hyp.) EA = EBj .♦. the L 
EAB =: z. EBA : Again, since (Jnfp.) the two U. 
BAC, CBA, of the A BAC, are equal to the two 
a. BDA, ABD, of the A ADB, .*. (S. 86. l.) the 
Z.BAD=zACB} but the zEAD=z.BAD— 
Z.BAE; .vthe z.EAD = z.C — Z.B. 



Prop, LIV. 

71. Problem. To bisect a paraUehgram by a 
straight line dracam through a given point in one 
qfits sides. 

Let ABCD be a 0| and E a given point in one 
of its sides : It is required to bisect the a ABCD^ 
by a straight line drawn through E« 
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From AD, the side opposite to BC, cut off 
DF = BE (E. S- !•) J and join E,' F; EF bisects 
the O ABCD. 

For, through E and F draw (E. 81. !•) EG and 
FH, each parallel to AB or DC ; .-. AE, GH, FC 
are [D ; and since £F is the diameter of the C2 
GH, .\ (E. 34, 1.) the A EGF= A EHF j alaa, 
because BE = FD, and that AD is parallel to BC, 
.-. (E. 36. 1.) the o AE = a FC j to these equals 
add the equal Zb., EGF, EHF, and it is evident 
that the trapezium ABEF is equal to' the trape- 
zium FECD ; i. €. EF bisects the □ ABCD. 



Prop. LV. 

72. Theorem. A trapezivmj whkh has two of its 
sides parallel^ is the half of a rectangle between 
the same parallels^ and having its base eqtud to 
the aggregate of the two parallel sides qf the tra- 
pezium. 

Let ABEF be a trapezium, Iiaving its side AF 
parallel to the opposite side BE ; The trapezium 
ABEF is equal to the half of a rectangle befween 
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AF and BC, and having its base equal to AF-h 
BE. 

For, produce BlE to C, and make EC = AF j 
through C draw (E, SI, 1.) CD parallel to BA, 
and let CD meet AF produced in D; •*• the 
iSgure ABCD is a a '; .-. (E. S4. 1 .) AD = BC ; 
and {c(mtr:) AF = ECj .-. FD = BE: It is 
ipanifest, •*., (from S. 54. 1 •) that the trapezium 
ABEF is the half of the □ ABCD ; but (E.SS. 1.) 
the iZ]'ABCD = a rectangle upon the same base 
BC, and between the same two parallels ; •/• the 
trapezium ABEF== thp half of a rectangle on the 
base BC, which (constr.) =BE + AF, and be- 
tweea the two parallels BE and AF. 



Prop. LVL 

79. Problem. Any two parallelograms having 
l)een described on two sides qfa given triangley to 
apply J to the remaining side^ a parallelogram^ 
which shall be equal to their aggregate. 

Let the [D AQ and AP be on the two sides AB, 
AC, of the given A ABC : It is required to apply 






EI.EMENTS OF EUCLID. 



67 



^ 




H ~TL G 

to the remaining side BC, a □ which shall be 
equal to the a AP together with the □ AQ* 

Produce QD and PE lintil they meet in F; 
join F, A ; through C draw(E, SI. 1.) CG parallel 
to FA, and make, also, CG = FA ; complete the 
□ BCGH: TheaBCGH=aAQ + nAP. 

For, produce FA» so that it shall meet BC in I, 
and HG in K; produce, also, GC and HB, until 
they meet EP and DQ in L and M ; •*• the figures 
FACL, FABM are QZJ ; and, since {constr.) the 
in FACL, CGKI, are upon equal bases FA, CG 
and between the same parallels, .*. (E. 36. 1.) the 
aFACL=aCGKI; but (E. S5. 1.) the a 
FACL= □ AP ; .-. the □ AP, = O GI : And in 
the same manner, it may be proved that the o 
AQ = C3lH; .•. the whole o BCGH = a AP 
+ □ AQ.* 



* If the parallelograini AP and AQ are squares, it is easj 

r 2 
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Prop. LVII. 

74. Problem. A plane rectilineah Jigure of any 
number of sides being given, to find an equal rec- 
tilineal figure^ which shall have tfie number (f its 
sides less J or greater^ by one, than that of the 
given figure. 

First, let ABCDE be a given rectilineal %ure : 

A 




It is required to find an equal rectilineal figure, 
having the number of its sides less by one, than 
the qumber of the sides of ABCDE. 

Let A, E, D be any three consecutive it of the 
given figure ABCDE ; join A, D ; through E draw 
(E. SI. 1.) EF parallel to AD and meeting CD, 
produced, in F ; join A, F : The figure ABCF, 
which has the number of its sides less by one than 
ABCDE, is equal to ABCDE. 

For, since the two ^ AED, AEF, are upon 



to shew that the parallelogram BG will also be a square ; and 
thus the forty-seventh proposition of the first Book of Euclid's 
Elements will have been demonstrated. 
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the same base AD and (constr.) are between the 
same parallels, AD, EF, .-. (E. 37- 1.) the A AFD 
=AAED i to each of these equals add the figure 
ABCD } and the figure ABCF = the figure 

ABCDE. 

Secondly, let ABCF be a given rectilineal 
figure i and let it be required to find an equal rec- 
tilineal figure, having more sides by one, than 

ABCF. 

« 

Take any point, D, in any of the sides, as CF, 
of ABCF, and join B, D, or A, D ; A ^nd B be- 
ing the £ which are next to the /L F and C, at the 
extremities of CF; then. A, D having been 
joined, through F draw (E. 31. 1.) FE parallel to 
DA; and since the z. ADC is greater (E. 16. l.) 
than the I. ADF, and equal (E. 29. 1.) to the 
L EFD, .•. FE falls without the given figure : In 
FE take any point E, and join E, A, and E, D : 
The figure ABCDE has more sides, by one, than 
the given figure ABCF; and it may be shewn, as 
in the preceding case, to be equal to ABCF. 

75. Cor. Hence, first, a triangle may be found 
which shall be equal to any given rectilineal figure : 
For the number of sides of the given figure being 
thus diminished, by one, at each step, they will at 
length be reduced to three, and the triangle which 
they contain, will be equal to the given figure. 

Secondly, it is manifest, that, by the latter part 
. of the preceding problem, a polygon, of any given 
number of sides, may be found, which shall be*' 
equal (o a given triangle. 
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Prop. LVIIL 

76. Theorem. The diameters of any paraUeh^ 
gram divide itintojbur equal triangles. 

9 

m 

Let ADBC be a a, of which the diameters AB, 

A C 




CD cut one another in £: The four^AED, 
DEB, BEC, CEA are equal to one another. 

For {hyp. and E. S4. 1.) the side AC of the 
A AEC, is equal to the side DB, of the A DEB ; 
also (S. 42. 1.) AE = EB, and DE = EC ; 
(E. 8. 1. and E. 4. 1.) the A AEC = A DEB. In 
the same manner, it may be shewn that the A 
AED = A CEB : And since, the two tt^ AED, 
AEC, stand upon equal bases DE and EC, .% 
(E. S8. 1.) the A AED = A AEC. It is mani- 
fest, .%, that the four /fc^ AED, AEC, CEB, BED 
are' equal to one another. 



Prop. LIX. 

77. Froblbm. Jftwo triangles have the two aj^a- 
cent sides qfa parallelogram for their bases, and 
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haoe their common vertea: situated in the diameter ^ 
or in the diameter producedy they shall be equal 
to one another. 

Let the two ^ AFC, BFC, have the two adja- 
cent sides AC, BC, «f the □ ADBC, for their 

C 




D B 

bases, and also have their common vertex situated 
at any point F, in the diameter DC, or in DC, 
produced: The A AFC = A BFC. 

First, let the point F be in the diameter DC : 
Join A^ B ; and let AB cut DC in £. 

Then, since (S. 42. l.) AE::?EB, .•. (E. 88. 1.) 
the A AEC = A BEC, and the A AEF= A 
BEF ; .-. the ^ AFC, BFC, which are the differ- 

* 

ences of these equals, are equal to one another. 

And the proposition may, in the same manner, 
be shewn to be true, when the common vertex of 
the two ^, which have AC and BC for their bases, 
is in DC produced. 



Phop. LX. 

78. Theorem. OfaU triangksj which are between 
the same parallels^ that which stands on i^ 
greatest base ^ the greatest^ 
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For it is manifest, that the A which has the 
greater base will exceed the A which is formed 
by joining its vertex and the extremity of a seg- 
ment of its base made equal to the base of the 
other A : But the A so formed is equal (E. 38. 1.) 
to the other given A ; .*• the A which has the^ 
greater base is greater than that other triangle. 



Prop- LXI. 

79, Theorem. The straight line, joining the ver- 
tex and the bisection of the base of any triangle^ 
bisects eoery other straight line that is parallel to 
the base and is terminated by the two remainiTig 
sides of the triangle. 

Let PQ be any straight line, either within or 




C 
B 

without Ae A ABC, parallel to the base BC, 
and let AD, joining the vertex A and the bisec- 
tion D of BC, cut PQ in R : PQ is bisected by 
AD in R. 
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^irst, let PQ be within the A ABC ; and ^f 
PR be not equal to RQ, one of them is the 
greater : Let PR > RQ; and join D, P, and D, Q. 

Then since (Jtyp*) the base BD, of the A BAD, 
is equal to the base DC, of the A CAD, .•. 
(E, 38> I.) the A BAD = A CAD j also, because 
BD=DC, and that (%?.) PQ is parallel to BC/ 
.-. (E, 38. 1.) the A BPD= ACQD; if, .% the 
two latter equal ^ be taken from the equal it^ 
BAD, CAD, there remains the A APD = A 
AQD : But, since PR > RQ, the A APR > A 
AQR, and the A DPR > A DQR j .--, the whole A 
APD > A AQD ; but it has been shewn that the 
A APD = A AQD; and it is, also, greater; which 
is absurd : •*., neither of the two lines PR, RQ, 
can be greater than the other; .v, PR = RQ. 

I^ a similar manner the proposition may be 
proved, when PQ is without the A ABC, 

80. Cor. Hence, it is easily shewn^ ex absurdo^ 
that the straight line joining the bisections of any 
two straight lines, that are parallel to the base, and 
terminated by the sides of a A, passes through 
the vertex of the A, 



Prop. LXIL 

81. Th£OR£m. If two Opposite sides of a trapeziitm 
be parallel to one another^ the straight Une^joinifig 
their bisections^ bisects the trapezium. 
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For, let PBCQ be^a trapezium having ftlie side 




PQ parallel to BC, and let RD join the bisections, 
R and D, of the opposite sides PQ and BC : RD 
bisects the^trapezium PBCQ. 

For, join P, D, and Q, D : Then since (hyp.^ 
PQ is^parallel to BC, and that the base BD of the 
A BhPD, is equal to the base DC, of the A DQC, 
.-. (£• 38. 1.) the A BPD= A DQC ; and, in the 
same manner, it may be shewn that the A PDR = 
A DRQ; .'., A BPD + A PDR = A DQC+ A 
DRQ; i. e. the figure BPRD =CQRD ; .-. RD 
bisects the trapezium PBCQ. 



Prop- LXIII. 

82. Problem. To bisect a given trapezium by a 
straight line drawn from any of its angles. 

Let ABCD be a trapezium : It is required' to 
draw a straight line from any of the ^ , as B, 
which shall bisect the trapezium ABCD. 

Join B, D; through A draw (E. 31. 1.) AE 
parallel to BD, and let CD, produced, meet AE 
inE ; bisect (E. 10. K) EC in F j and join B, F ; 
BF bisects the trapezium ABCD. 
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For join B, E; and since the twOii^BAD, 
BED are on the same base BD, and between the 
same parallels, .*. (E. 37. 1.) the A BAD = A 
BED ; to each of these equals add the A BDF ; 
.-. A BAD+ A BDF= A BED + A BDF j i. e. 
the trapezium BADF= ABEF; but since 
{constr.) EF=FC, .-. (E.38. 1.) the A BEF = 
ABFC; .-.the trapezium B'ADF=.A BFC; i.e. 
BF bisects the given trapezium ABCD. 



Prop. LXIV. 

83. Problem* To Insect a given triangle by a 
straight line drawn throttgh a given point in any 
(me of its sides. 



Let ABC be the given A , and let D be a given 
point in one of its sides BC : It is required to 
draw through D a straight line which shall bisect 
the triangle. 

Bisect (E. 10. 1.) AC in E ; join D, E j through 
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B draw (E. 31. iQBF parallel to DE, meeting 
AC in F ; join D, F : DF bisects the A ABC. 

For join B, E and let BE cut DF in G : Then 
since the ^2:^ DFE, EBD are upon the same base 




DE and (cQustr.) between the same parallels, .% 
(E. 37. l.)the A DFE= A EBD ; take away the 
common pait DGJ^ and there remains the A 
BGD= AEGF; to each of these equals add 
the trapezium ABGF, and it is manifest that the 
trapezium ABDF= A ABE; but since (constr.) 
AEnEC, .-. CE. 38, 1.) the A ABE= A EBC; 
«\ the trapezium ABDF k equal to the half of the 
given A A BC J L e. DF bisects the A ABC. 



Prop. LXV- 

84. Problem. Equal triangles^ which have their 
bases in the same straight line and which are 
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between the ^Mme paraUels^ stand upon equal 
bases. 

For if not^ l^t one of the bases be greater than 
the Qther ; .*. (S. 60. 1«) the A, of which it is the 
base, is greater than the other, which is contrary 
:to the supposition : .'.9 neither of the bases can 
be greater than the other; i. e. the bases are equal 
to one another. 



Peop, LXVI. 

S5. Problem. To describe a parallehgramj the 
surface and perimeter qf whkh shaU be respect- 
tvehf equal to the surface and perimeter qf a given 
triangle. 

L«t ABC be the given A : It is required to 
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describe a O, whiclffihall be equal to the A ABC, 
and which shall, also, have its perimeter equal to 
the perimeter of ABC. ^ 

Bisec*.(E. 10. 1.) BC^in D ; produce AC to E, 
and make CE = AB ; bisect Ue in E; through A 
draw (E. 31. 1*) AH parallell to BC ; from D as a 
centre, at a distance ^qual to A F. describe a circle, 
cutting AH in G ; join D, 6, and through C draw 

CH parallel to DG : Then is the □ DCHG = A 
ABC, and the perimeter of DCHG is, also, equal 
to the perimeter of AB.C* 

For join A, Dj-and since BD = DC, .•. (E;38. 
1.) the A ABD =A ACD, so that the whole A 
ABC is the double of the A ADC : Again, since 
the o DCHG and the A ADC are on the same base 
DC, and between the same parallels, .*. (E. 41. 1.) 
the a DCHG is the double of the A ADC ; as 
is, also, the A ABC: .-. thea DCHG=A ABC: 
And because [constr.') DG is equal to the half of 
BA+AC, and that (E- 34. 1.) CH = DG, .-.DG 
+CH=BA + AC } also (E. 84. 1.) GH = DCr: 
DB; .•.DC+GH=BD+DC=BC; .-. DG + 
GH + HC+CD=BA+AC+CB. 



Prop. LXVII. 

86. Theorem. The two triangles formed by 
drawing straight lines^ from any point within a 

, parallelogram^ to the extremities of either pair of 
opposite sideSy are, together^ half of the paral- 
lelogram. 
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Let E be any point in the O j^BCD, and let 




£, A» and E, B, and £, C and E, D be joined : 
The two it^ AEB, DEC are, together, half of jthe 

□ ABCD. 

For, through E draw (E: SI. 1.) FEG parallel 
to AB or DC : and since AG, and GD are [D, .*• 
(E. 41. 1.) the A AEB is the half of the a AG, 
and the A DEC is the half of the □ GD ; .-. the 
A AEB+ A DEC is the half of the a AG + the 
half of the □ GD, or the half of the whole □ 
ABCD. 



Prop. LXVIII. 

87. Theorem. If two sides of a trapezium be parol' 
lely the triangle contained by either of the other 
sides J and the two straight lines drcnxm from its 
extremities to the bisection of the opposite sidCy is 
the half of the trapezium. 

Let the two sides FD, EC, of the trapezium 
FECD be parallel ; let K be the bisection of 
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EMC 

either of the two remaining sides, as DC ; and 
let K, E and K, F be joined:. The A FKE is the 
half of the trapezium FECD. 

For, through K draw (E. 31. 1.) LKM paral- 
lel to FE, and let LKM meet BC in M and FD, 
produced, in L. And since FL (constr.) is paral- 
lel to EC, and LM meets them, .•. the z. DLK = 
zkMC; also(E. 15. !•) the zDKL = 2LCKM, 
and(%jp.) the side DK of the A DKL, = the side 
CK of the A CKM ; .-. (E. 26. 1. and E. 4. 1.) the 
A DKL=A CKM; but if to the rectilineal 
figure FEMKD there be added the A CKM, there 
results the trapezium FECD ; and if to the same 
figure there be added the A DKL, there results 
the □ FEML ; .•• these results are equal j but 
(E.4a. l.)the A FKE is the half of the □ FEML ; 
.*., the A FKE is the half, also, of the 4;rap6zium 
FECa 



Prop. LXIX. 

88. Theorem. The triangle . contained by the 
straight lines Joining the points of the bisection of 
the three sides of a given JrianglCf is one-fourth 
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part qf the given triangle^ and is eqtt$4^gular 
•wiA it. 

Let D, £, F, be the bisections of the sides ABi 




BC, C A, respectively, of the given A ABC ; and 
let D, E, and E, F, and F, D, be joined : The A 
D£F is one fourth part of the A ABC, and is 
equiangular viith it, 

. For, join A, E; and, since (fn/p.) B£=£C, 
GF=s FA, and AD = DB, .-. (E. S8. l.) A AEB 
=: A AEC ; and the A AEB is the double of the 
A BDE, and the A AEC is the double of the A 
CFE; .\ tbeABDEz A CFE; i.e. eacfaofthem is 
^ fourth part of the A ABC ; also they are upon 
equal bases BE and EC i .\ (E. 40. I.) DF is pa* 
rallel to 3C; and, in the same manner, it may. 
be shewn that D£ is parallel to AC, and F£ 
parallel to AB; .%.tbe figures FCED, DBEF, 
are D; .•. (£• S4, 1.) the A DEF = A DBE, 
which has been proved to be a fourtlbpart of the 
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A ABC; alto, the L DFE, of the CI 1IF,=: 
opposite L B, and the L FDE, of the O DC, = 
opposite /i C; .•. (E. 32. 1.) the L DEF, of the 
A DF£ :^the z^BAC, fyf the A ABC; and the 
two^ ABC, PEF, are .*• equiangular. 

89. Cor. 1. The straight line joining the bisec- 
tions of any two sides of a A, is parallel to the 
remaining side. 

90. Cor. 2. If the four sides of any given 
quadrilateral rectilineal figure be bisected, the 
figure contained by the straight lines joining the 
several points of the bisection, shall be a paral- 
lelogram, which is the half of the given figure ; 
also the four sides of this parallelogram shall be, 
together, equal to the two diagonals of the given 
itgnre. 

Let DH, HI, IF, FD be the straight. Unei 
joining the several bisections D, H, I, and F, of 
the sides AB, BG, GC, and OA, of the quadrila* 
teral figure ABGC: The figure DHIF isaO^ it 
is the half of the given figure ABGC ; and its four 
sides are» together, equal to the two ditgoodb 
AG, BC, of the figure ABGC. 
\ First, since, D, H, F, I, are the .bisections of 
the sides of the ^ ABG, GC A^ BAC, CGB, .-. 
{S. 69. l.cor.).DH and.FI ure paraBelto AG^and 
DF and HI are parallel to BC ; .\ (E. 80. 1.) 
DHIF is a o : And, because DF is paraUel to 
JBC, and AB meets them, .*. (£. 29. 1.) the z. 
ADL??; ^DBK; again, because DH. is .psffftUel 
to AG, and AF meets' dhem, the l DAL ts l 
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BDK ; and (k^.) the side AD, of the A ADL, 
= the side DB of the A DBK; .\ (£. 96. 1.) 
DL = BK, LA= KD, and (E- 4. 1.) the A ADL 
K A DBK ; but DKEL being a o, DL =2 KE, 
and KD = EL(E. S4. 1.); ••. BK=KE, and EL 
= LA: Iff .••, D, E be joined* the A DLE = A 
DLA (E. 38. 1.) and the A DKE = A DKB ; so 
that the □ KL=:the half of the A AEB, DK + 
FM = AE, and DL + HN=BE. In the same 
manner it may be proved, that the O LM ^ the 
half of the AAEC, that the a MN=the half of 
the A CEG, that the a NK :=: the half of the A 
B£G, that LF+Nr=EC, and that MI +KH = 
EG: .-., the a DHIF is the half of the given 
figure ABGC, and its four sides are, together, 
equal to the two diagonals AG, and BC. 

91* Cor. 3. It i^ manifest that the straight 
lines which join the opposite points of btsec* 
tion of the sides of any trapezium^ bisect each 
other. 

For, if D, I, and F, H, be the bisections of 
•opposite sides of the given quadrilateral figure 
ABGC, it is manifest, from the preceding corol- 
lary, that the straight lines DI, FH which join 
them, will be the diameters of the O DHIF ; 
and •*. (S. 42. I •) they bisect one another. 



Prop. LXX. 

92. FftOBUEM. To describe a parallelogram, 'mhkh 

02 
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shall b^qfa given altitude^ and equiangular with, 
and also equal to^ a given parallelografn. 

Let ABCD be a given o, and £ a given 
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straight line ^ It is required to describe a □ which 
shall be equal to the O ABCD, and also equian- 
gular with it ; and which shall have its altitude 
equal to the given line E. 

From the point C draw (E. 1 1. 1 .) CF i to EC, 
and make CF=E; through F draw (E. 31. 1.) 
HG parallel to BC ; produce B A and CD to meet 
HG, in H and G ; join H, C, and let UC cut AD 
in I ; through I draw (E. 31. 1.) KIL parallel to 
HB or GC : The a KLCG, which (constr. and 
E. 29. and 34. 1.) is equiangular with the O 
ABCD, and has its altitude equal to E> is also 
equal to the □ ABCD. 

For, since BI and IG are compliments about 
the diameter HC of the □ HBCG, they are (E. 
43.1.) equal to one another; to each of these 
equals add the oLD ; and it is plain that the O 
KLCG =□ ABCD. 

93. CoE. Hence, a rectangle may very readily 
be found, which shall be equal to a given square. 
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and shall have one of its sides equal to a given 
straight line. 



Prop. LXXL 

9** Theorbm^ If there be any number of rectili- 
. nealjigvres, qf "which ihejirst is greater than ihe 

second^ the second than Ae thirds and so on^ the 
Jirst qfthem shall be equal to the last together with 

ihe aggregate of all the differences qf the figures. 

First let there be three such given rectilineal 
figures. Make (E^ 45. 1.) the O FH equal to the 
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greatest of the given figures, having its Z FGH 
of any. given magnitude j produce GH to X ; from 
HX cut off (E. S. 1.) HI = GH ; find (S. 57. 1. 
cot^ a A equal to the next greatest of the given 
figures, and apply (E. 44. 1.) to HI a □ equal to 
that A, having its 2 IHK = z HGF : Again, 
from IX cut off IM=GH or HI, and, in like man- 
ner, to IM apply a o lO, equal to the least of the 
given figures, and having its l MINszHGF. 
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Produce LK and ON to meet FQ in P and Q *, 
and let OQ meet KH in R. 

Then, (£. S6. I. E. S4. I. and constr.) the o 

FH = aQH + nPR + DFK 
i. e. thenFH =aNM+ p PR+ □ FK. 

Bnt the cziFR is the difference of die CDPH and 
QH or <£. S6. 1.) of KI *nd NM ; and the CD FK 
i8 the difierence of theOD FH and PH, or of FH and 
KI : Wbence it is mi^nifest that the propositioii is 
true, when three rectilineal figures are taken: 
And it may, in the same manner, be proved to be 
true, when more than three are taken. 



Prop. LXXII. 

95. Problem. To find a rectangle^ which shall, 
have one of its sides equal to a given finite straight 
UnCy and which shall be equal to the excess of the 
greater of two given rectilineal figures above the 
less. 



To the given finite straight line, and on the 
same side of it, apply (E. 45. 1. cor.) two rectan- 
gles, the one ei^ual to the greater and the other to 
the less, of the given rectilineal figures : And it 
is 'manifest that the rectangle which is the ^diffid- 
ence of the two rectangles $6 described, will hat^ 
one of its sides equal to the giveo straigl)t line, 
and «411 be equal <to the excess of the greater of 
the two ^veti figores above ttie less. 
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Prop. LXXIH. 

96. Theorem* J[f two right-pn^led triai^lc9 haoe 
two sides of the one equal to two sides of the other y 
eaqh tq effchp fhfi triangles fhatt be e^ual, md 
similar to each others 



If the two sides about the right-angle of the one 
A, be equal to the two sides about the right-angle of 
the other, each to each, it follows, (from E. 4. 1 .) 
that the tt^ are equal and similar. 

But, let now, the hypotenuses of the right ^ , 
in the two ^, be equal, and also let one other 
side, of the one A, be equal to another side of the 
other; .•. (E, 47. 1.) the squares of the two re- 
maining sides of the one, will be equal to the 
squares, taken together, of the two remaining 
«id€8 of tbe 4)ther A; from these equals take away 
the equal rsquares of thp two other si^ep, Yihicjiiy 
hj the Jijppl^esia, Are equal, md there x^m^w^ 
the square of the third side, of the jW^, ^^^l t9 
jbh^ square of the jthird isid^y of tJi? Qth.er A ; ^•. 
Jthe Ihird si4e of the one is equ«Ji to the ihjrd sid« 
of the other; /. (£. 4. i.) the twQii^ {ire equj^pr 
IpuhM*^ i^d are, idso, equal to one 9iH>tJhef • 
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Peop. LXXIV. 

97. Problem. To find a square which shaU be 
eqiud to any number of given squares. 

First;, let there be three given square, and let 
their sides be equal to the three straight lines A, 
B and C. 



B 




% f- 

Take any straight line DX, indefinite towards 

X ; from D draw (E. 11. 1.) DY i to DX", and 
produce DY indefinitely towards Y: From DX 
cut off (E. S. 1.) DE:±= A, and from DY cut off 
DFssB; and join £,F: Again, from DY cut 
off DH = EF, and from DX cut off DG =C, 
and join 6, H: The squares described (E.46. 1.) 
upon GH shall be equal to the three given squares 
to the sides of which A, B and C are respectively 
equal. 
For (E. 47. 1. and constr.) EF*=ED*+DF*; 
ue. (constr.) DH*= A'+B^j. 
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.-. (constr.) DHj|-DG^=A*+ B*+ C* 
i. e. (E. 47. 1.) GH* = A*+B*+C\ 
. And in the same manner, it is evident, a square 
may be fpund, which shall be equal to the aggre- 
gate of any number of given squares. 



Prop. LXXV. 

98. Problem. I^o unequal squares being givetty to 
Jind a third square j which shall he equal to the 
ejBcess qfihe greater qfthem above the less. 

Let AC and CB placed in the same straight 



FJ) 




line, be the sides of the two given squares, of 
i^hich the ^uare of AC is the greater : From 
the centre C, at the distance CA, describe the 
cirde AD£) meeting AB, produced, in Ej from 

B draw (E. 1 1. 1.) BD i to AB, and let BB meet 
the circumference in D : The square of BD is 
equal to the excess of the square of AC above the 
square of BC. 

For join D, C : And since (constrS) the z. B is a 
right z , .\ (E. 47. 1.) CD*= C"B^+BD* 
i.e. (E. def. 15. 1.) aC*=CB*+BD" 
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Whence it is manifest, that the squs^re of BD is 
equal to the excess pf the square of AC above 
the square of CB. 



Prop. LXXVL 

99. Theorem. If the side of a square be equal to 
the diameter of another square^ the former square 
shall be the double of the latter. 

For (E. def. SO. 1 . and E. 47. 1 .) the square of 
the diameter of a square is equal to the squares of 
its two sides ; i. e. to the double of the square 
itself : .*• the square of any straight line which is 
equal to the diameter of a square, is the double of 
that square. 



Prop. LXXVIL 

loa Tif»ORBM« In arfg right-angled triangle^ the 
square tvkkh is described on ihe sfde subtending 
ihe right angle^ as a diameter^ is equai to the 
squares .described upon the other two sideSf as 
diameters^ 

FoTi (S.76. 1.) the squares described on ihe 
hypotenuse, and on the two sides of it A aa diame- 
ters/ are, respectively, the halves of the aquai^ of 
those lines: But since (%|>.) the A if right- 
angled, •*. (E. 47. 1.) the square of th« hypotenuse 
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£L£3I£NTS OF EUCLID. 



91 



is equal to the squares of the two sides ; •*. the 
square described on the hypotenuse as a diameter, 
is equal to the squiures described on the other two 
sides as diameters. 



SUPPLEMENT 



TO THl 
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BOOK II. 



Prop. I. 

1. Theorem. If two gwen straight lines be divided^ 
each into any number qf parts^ the rectangk con- 
tained by the two straight lines, is equal to the 
rectangles contained by the several parts qf the ' 
one and tJie several parts qfihe other. 

Let the given straight line AB be divided into 

E F B 



N 



^» * M 



C G 
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any parts in the points E, F, and let the given 
straight line CD be divided first into two parts^ in 

the point G: The rectangle contained by AB 

and CD is equal to rectangles contained by AE 
and CG, by EF and CG, by FB and CG, by AE 
and GD, by EF and GD, and by FB and GD, 
taken together. 

From the point A draw (E. 11. 1.) AX j. to 
AB; from AX cut off (E.S. 1.) AIzzrCG, and' 
from IX cut off IH = GD, so that^H = CD ; 
through I and H draw (E. 81. 1.) IN and HK 
parallel to AB, and through B, F, E, draw BK, 
FM, EL, parallel to AH: Then (E. 1.2.) the 
rectangle AN is equal to the rectangles contained 
by AE and CG, by EF and CG, and by FB and CG ; 
also the rectangle IK is equal to the rectangles 
contained by HL and GD, by LM and GD, and 
by MK and GD ; but (E, S4. 1.) HL= AE; 
LM = EF; and MK = FB; .•• the rectangle IK 
is equal to the rectangles contained by AE and 
GD, by EF and GD, and by FB and GD ; but; the 
two rectangles AN and IK make up the rectangle 
AK, which is contaiqed by AB and AH or CD; 
.'. the rectangle contained by AB and CD is equal 
to the rectangles contained by AE and CG, by 
EF and CG, by FB and CG, by AE and GD, by 
EF and GD, and by FB and QD, taken together, 

And, in the same manner, the proposition may 
be proved to be true, when the given straight line 
CD is divided into more than two parts. 

2. CoR. If the parts EF, FB,&c., into which 
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AB is divided, and the parts CG, GD, &c., into 
which CD is divided, be each of them equal to 
A£, it is manifest that the rectangle contained by 
AB and CD is equal to the square of A£ taken as 
often as is indicated by the product of the num* 
ber.of equal parts in AB, multiplied by the num« 
her of equal parts in CD. 



X. 



Prop. II. 

S. Theorem. If a straight Kne be divided into 
two unequal parts^ in two different points^ the 
rectangle contained by the two parts, which are 
the greatest and the least, is less than the rectangle 
contained by the otlier two parts ; the squares of 
the two former part^^ together, are greater than 
the squares of the two latter, taken together ; and 
the difference between the squares qf the former 
and the squares of the latter, is the double of the 
difference between the two rectangles. 

Let the given straight line AB be divided into 

A I C D B 

two unequal part^ in the point C, and also in the 

point D : Then AD X DB < AC X CBj but 

AD* + DB* > AC* + BC* } and the excess of 

SD*+ DB* above ^*+ CB* is the doubteof the 

exoesa of SCXCB above ADX DB. - 
For, bisect (E. 10. l.) AB in K : Therefore, 



ACXCB+CK =tAK* 
and ADXC'B+DK 
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Btft CK» < t)K* ; .-. ADX DB < ACXCB. 

Again, because 

AD*+DB*+2ADxT>B= AB*) 

AC*+CB'4.2Ae"x CB = ABM_^^ *^*^ 

and that, as bath been shewn AD X DB < ACX CB^ 

.-. AD*+ DB* > Ae+CB*. 
. Lastly, since 

AS'+DF+2Apxi5B 

= AC*+CB*+2ACXCB, 
It is manifest, if from these equals there be taken 

AC*+CB*+>2ADXDB, that the excess of 
AD*+DB* above AC»+CB* is the double of the 

excess of ACXCFabove ADXDB. 



Prop. III. 

4. Tbsorem. In an^y isosceles triangle, ifa straight 
line be draamjrom the vertex to any point in the 
base, the square upon this line, together mlh the 
rectangle contained by the segments qfthe base, is 
equal to the square upoji either (jf ffie equal sides. 

Let ABC be an isosceles A, and let Ai^,be 
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drawn from its vertex A, to aqy point Q, in BC 

its base: AQ*+BQXQC=AB. 

For bisect (E. 10. l.) BC in D, and join A, D. 

.-. QB*+BQxQC = BD* (constr.smd E. 5. «.) 
To each of these equals add DA* ; 

.-. AD* + QD*+ BQX QC = AD* + 15B* : 

But (constr.) BD = DC, and DA is conunon to 
the ^ ADB, ADC, and (/ofp.) AB= AC j .•. th^ 
z.ADB = z.ADC; and .'. each of these /tisu 

right Ci .-. (E. 47. 1.) AD*+i5Q* = AQ\ and 
AD*+DB*=AB*; 
/. AQ*+BQXQC = AB\ 

Pnop. IV. 

5. Theorem. The rectangle contained by the ag- 
gregate and the difference qftvoo unequal straight 
lines is equal to the difference of their squares. 

Let AC and CB be two given' unequal straight 
A S 2 ^B 

lines, of which CB is the greater ; and let them 
be placed in the same straight line AB ; so that 
AB is the aggregate of AC, CB, and if (E. S. 1.) 
CD be cut off from CB equal AC, DB is the dif- 
ference between AC and CB. Then since {cmsir. 
and K 6. 2.) 

ABXDB+AC'= CB*, 
it is manifest, if from these equals AC* be taken, 

that A5x&B=CB*-. AC' ; 
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f . e. ihe rectangle contained by the . aggregate 
AB, of AC and CB, and their difference DB, is 
equal to the difference of their squarea. 

6. CoE. If there be three straight lines, the 
difference between the first and second of /which 
is equal to the difference between tjie second and 
third, the rectangle contained by the first and 
third, is' less than the square of the second, by 
the square of the common difference between the 
lines. 

, For, let AB, CB, and DB be the three straight 
lines, having AC the difference of AB and CB, 
equal to CD, the difference of CD and DB : Then, 

since it has been shewn that ABXDB = CB — 

AC*, it is manifest that ABXDB is less (Jian CB* 

by AC*. 



\ 



Prop. V. 

t 

i. Theorem. The square of the excess of /Ae 
greater of two given straight lines above the lesSf 
is less than the squares qf the two lines^ by twice 
the rectangle contained by thenu 

For let AB and CB he two given straight lines, 

A- -^ « 

of which AB is the greater : Then is AC the ex- 
cess of AB above CB ; and since (E. 7. 2- ) aC*+ 
2ABXBC = AB*+CB*, it is manifest ihatXC* 
is less than AB'+ CB* by sXI X'SC. 

H 



^h 
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Prop. VI. 

S* l^KORfiH. • The squares qf miy tWQ ttne^ual 
'Straight Hnes are^ together, greater than twke ike 
'rectangle contained by those lines. 

For let AB and CB be t^o given straight Hoes 
A.' — t:: 'B 

of which AB is the greater: Then since (E/7* 2.) 

AB'+CB*=2ABXBC + AC* 
it is manifest that AB'+ CB* > ii AB X BC. 



Paop. VII. 

9, Theorkm. ^a straight line be divided into^ve 
equal pdrtSy the square qf the whole line is equal 
to the square iifthe straight line, which is made up 
of four qf those partSy together with the square qf 
the straight line which is made up qf three qf 
those parts. 

Let the straight line AB be divided into iive 



A 



' A^k 



c 



D ■?£ 'F ^. 



equal parts Ijy the poiuts C, D^ 'E, F : Then, 

AF+AE*=AB\ _ _ _ 

i?or since (hyp,) EF= FB .♦. ^*FEX AF+AE' = 

AB*(E.8.2:) 
But, since AC = CD = DE = EF, 4FE = AF : 
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.-. 4FlxAF=AF* 



\ 



Prop. VIII. ^' 

10. Problkm. upon a givai straight line^ as an 
hypotenuse^ to describe a right-angled triangle^ 
such that the iiypotenuse^ together taith the less of 
it lie *two»remaining sides ^ shall be the double of the 
greater of 'those mdes. 

Let AS be ibe given straight line : Upon AQ, 




as an hypotenuse, it is required to describe a right- 
jt^led ^ , fhaving the less of its two remaining 
sides,^ together with AB, the double of the third 
side.* 

Divide (S. 49. 1.) AB into five equal parts in the 
points C, D» £, F; horn A as a centre, at the di- 



* That ity ** Upon a g^ren straight line, as an hypotenutti 
to ^efctlbe ^ right-angled triangle, the tide^ of which thai! ba 
arithmetic propok'tionate.** 

H 2 
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Stance AF, describe the circle FG, and frojm B as 
a centre at the distance BD, describe the circle 
DG cirtting FG in G; join A, G and B, G : The 
A AGB is right-angled at G, and AB+BG is the 
double of AG. 
For (constr. and S. ?• 2.) 

ab*=afVae* 

= AF*+BD*(cofwfr-0 / ' 

= AG* + BG* (constr. and E, def. 15. 1.) 
Wherefore (E. 48. 1.) the A AGB is right- 
angled at G: And since (constr.) AB, and BG, 
together contain eight of such equal part^ as AG 
contains four, it is manifest that AB + BG is the 
double of AG. 



Prop. IX. 

1 ] . Theorem. In any triangle^ the squares of the 
two sides are^ together y the double qf the squares 
of half the base J and of' the straight line joining 
its bisection and the opposite angle. 



Let ABC be any given A, of which BC is the 




E D 



C 



base, and AE the straight line joining the vertex 
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A, and the bisection E of the base : Then, AB^+ 

AC*=2A1*+2EB*. 

For from A draw (E, 12. 1.) AD i to BC, and 
first let AD fall within the base BC. 

Then, BD*+DC*=2DE*+2EF. (E.9.2.) 

Add to theae equals 2AD^- 

•\ BD* + DC* +2AD' = 2 AD*+ SDE* + 2EB*- 

I. e. AB'+ AC*=2AE*4-2EB\ (E. 47. 1.) 

. And, if the perpendicular AD fall without the 

base BC, the proposition may, in like manner, be 

deduced from E. 47. 1, and £. 10. ^. 



Prop. X. 

12. Theorem. The squares of the sides gf any 
parallelogram are^ togethe7\ equal to the squares 
qf its diameters taken together. 

Let ACBD be a parallelogram, of which AB -#.-^#**/^/--'r/^ 




D B 

and CD are the diameters: AC*+ CB*+ BD*+ 

6a*=ab*+cd'- 

For (S. 42. 1.) AB and CD bisect one anotjier 
ill E : 



IM 
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.-. AC*+ CB*+ SD*-f DA*= 2Al> 2Dl*+ 
2Bl*+ 2DE* (S. 9. 2.) = AB* + CD' 

(B. 4.2>iaildS.42. 1.) 



Prop. XI. 

is. Theorem. If either diameter qf a paraUelO' 
gram he egtutl t0 one of the sides about the opposite^ 
angle qf the Jigurcy its square shall be less than 
the square qf the other diameter, by twice the 
square qf the other side about thut opposite angle. 

Let the diameter AB of the O ACBD be equal 




to one ot the sides, as AC, about the opposite 
Z. ACB ; And let CD be the other diameter : Then 

CD*=AB'+2CB*- 

For, CD*+ AB*= 2^5*+ 2CB' (S. 10. 2, and 

E.,84. 1.) 

From these equals take AB* which Qiyp.) is 
equal to AC ; and there remains, 

CD*=AC*+2CB*: 
».«. CD*= AB*+2CB*: 
Wherefore AB* is less than CD* by 2^5*. 
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Prop. XIL 

14. Tu£Oii£M. If two sides qf a trapezium be 
paraUel to each other j the squares of its diagonals 
are^ together ^ equal to the aggregate ofAe squares 
of its two sideSy "which are not paralltl, and qf 
twice the rectar^le qf its parallel sides. 

Let ABC D be a trapezium, having the tide AD 




pM[»Ue] ta the side BC, «nd let AC aud liSX be ils 
diameters; Then, AC* + BD' = AB* + DC*+ 

2ADXBC. 

From B and C,'the extremities of BC, the 
greater of the two parallel sides, draw (E. 12. l.) 
BE and CF, each x tc AD ; .*. (hyp. and E. 28. 
1.) the figure EBCF is a □, and (E. 34. l.) EF 
=BC< 

first, let both the perpendiculars BE and CF 

fall without AD, so that both of them meet AD 
produced. 

.-. AC*=DC*+AD*+2^Xro .£ j2 2) 
andBD*=AB*+AD*+2ADXAE3 ^ ' ' '' 

>. AC*+BD* = AB*4-DC*+2AD*+ 2AD X AE 

+2ifDxDF. 
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But 2AD +2ADX AE+2ADxpF=2ADX 
EF(E. 1.2.) 

.\ AC>BD> A5*+DC'+2ADXEF: 

.-. AC'+BD*=AB* + DC*+2ADXBCj 
because, as hath been shewn, EF= BC* 
' And, in like manner, may the proposition be 
demonstrated, by the help of £• 13.2. if one of 
the perpendiculars drawn from B, C, fall within 
AD the less of the two parallel sides. 



Prop. Xm. • 

15^ Theorem. The sqtuire of tJie has^qf an isos- 
ceks triangk is the double of the rectangle coiu 
tatned hy either side^ and by the straight line 
intercepted between the perpendicular^ let fatt upon 
it from the opposite anglcj and the extremity qf 
the base. 

If the vertical angle of the isosceles A be 
a right angle, the proof of the proposition is mani- 
festly deducible from E. 47. 1. 

But let ABC, be an isosceles A, having its ver- 
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tical L Aj not a right angle : First,' let A be an 
acute z. 9 and let BD be the perpendicular drawn 

from 3 to the opposite side AC : Then^ BC^ sx 

2ACXCi5i 

For, since BD is ± to AC, 



.-. AB +2AC X CD = AC +Be 
From these equals take away the equal squares 

(%?•) AB* and AC*, and there remains BC* = 

2ACXCD. ' X 



Piop. XIV. 

16. THEO^ifiM. . If from any pointy in thecircttnu 
' ference qf the greater of two given concentric cir- 
cki, two straight lines be drawn to the extrewiUes 
of any diameter of ike less^ ^ir squares shaJl be, 
together 9 the, double qf the squares of the two 
senU'diameters qfthe two given circles. 

Let ACB, PDE be two circles having a com- 




H \ 
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nopi cfintM K : and ftom aojF poiflt P^ m tbci.diiv 

canference of the greater, let PX, PB, bo Anmm 
to the extremities A Md B^ ef ai»y diameter AKB^ 

ofthe less circle: Then PA*+FB*=2KA^-^21LP, 
KA being a semidiameter of the less, and KP a 
seoiidiametjer of.liie greater circle. 

From P draw (E. IS. l.> PF j. to ABj and, 

ifst, kt ¥F M without AB. And, b^cauM F^ 

is X to AB, 

.•.PB*+23KxKF=^*+KF (E.jiS.2.) 

also, PAV rzJKfVOVsKAXKF; 

wherefore, since (£^ 15« def. 10 lCB=^KA^ if to 
the two former equ^l^ the two letter he a4ded, 

nA if the equal roctaogles, 2l[Ex KF. and 9^ 
X £1^ be taken fpooa the equal aggr^^ttfl» it is 
nianiftst that 

fA*+?^'=«0'+2KP\ 
And, in like manner, the proposition may be 
demonstrated, -when the perpendicular PP fidls 
within AB, the diameter of the lesser circle. 



t 
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Prop. I. 

I. TrbcHem. J[f two circles cut each oiher^ ike 
straight Una johthg ffiehr two points qf intersect 
tion is hisectedy at right angles^ hy the straight 
line joining their centres. 

IM the circle ABC, of which the centre is K^ 




and the circle ADC, of which the centre ja I,^ 
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cut one another iiT the points A, C ; and let K, L, 

and A, C be joined : AC is bisected, at right 

angles, in E, by KL. 

For, join K,. A, and K, Q and L, A, and L, C : 
And since (E.def. 15. 1.) KA = KC and LA= 
LC, and that KL is common to the two ^ KAL, 
KCL, .-.(E. 8. 1.) the z AKL=zCKL. Again, 
since AK = CK, and that KE is common to the 
two Zbk AEK, CEK, and, as hath been shewn, the 
Z,AKE=zCKE, .-. (E. 4. 1.) AE=CE, and 
the L AEK = L CEK, so that (E. def. 10. 1.) each 

of these iSL is a right L • Wherefore, KL bisects 
AC at right angles. 

2. Cor. Hence, if a trapezium have two of its 
adjacent sides equal to one another, and Hko its 
' two remaining sides equal to one another^ its dia- 
meters bisect each other at right angles. 



Prop. II. 

3* Paoblem. Through a given point mtiiin a 
drclCy which is not the centre^ to draw a chord 
which shall be bisected in that point 

Let A be a given point within the circle BCD : 
It is required to draw, through A, a chord of the 
circle BCD, which shall be bisected in the point A. 

Find (E. 1. 3.) the centre K of the circle BCD ; 
join A, K ; draw (E. 1 1. 1.) through A, the chord 
BAC i to KA : Then is BC bisected in the given 
point A. 
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For {coMtr.) KA, which is drawn through the 
centre K, cuts BC at right angles in A ; .'.(E. 3.3,) 
BA = AC. 



Prop. III. 

4. Theobem. J(ftwo isosceles triangles be qf equal 
alHtudeSf and the side qf the one be eqtial to the 
side of the others ih^r bases shall be equal. 

Let BKC) DKE be two isosceles ^^ having 




either of the equal sides, as BK, of the one, equal 
to either of the equal sides, as DK, of the other, 
and having, also, their altitudes, that is, the per- 
pendiculars drawn the vertex to the base in each. 
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and produce BG and DG to meet the circum- 
fereoce in A and C respectively. 

Then {comtr.) the whole Z. BGD = /. XHY ; 
and since {constr) the z KGB= z. KGD, .-. (S. 
4, S.) the chord AB= chord CD. 



Prop. VI. 

7. Theorem. If the diameters of two circles art 
in the same straight liney and have a common ex- 
tremty^ the two circles shall touch one anoAer. 

For since (htfp.) the two diameters are in the 
same straight line, it is manifest that a straight 
line drawn, from their common extremity vP^iT^n- 
dicular to either of them will be perpendicular to 
the other, and .*. (E. 16.3. cor.) will touch both 
the circles: The circles, .•., (E. 3. def. 3.) will 
touch one another : For it is plain that they can- 
not cut one another without also cutting the 
straight line that has been shewn to be their com- 
mon tangent ; which is impossible. 



Prop. VII- 

8. Problem. Three points being giveif in the cir» 
ctmference of a circle^ and the tfiiddle point being 
equidistant Jrom the other two^ to describe two 
equal circles ; which shall totich each other in the 
middle point, and which shall pass the one through 
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one of ihe^ extreme points^ and the other trough 
the other extreme point. 

Let At By C, be three given points in the Qir* 




cumference of the circle ABQ and let the middle 
point, 6, be equidistant from A and B : It is re- 
quired to describe two equal circles, the one pass- 
ing through \ and the other through C, which 
shall touch one another in B. 
Join A, B, and B» C ; find (£. 1 • S.) the centre 

K of the circle ; from K draw (E, 12. 1.) KD i 

to AB, and K£ to BC ; join K, B; and through 

B draw ^E. 11. 1.) FBG j. to KB meeting KD 
and KE, produced in F and G respectively. 

Then since {h/p.) AB = BC, .•. (E. 14. S.) 
KD= KE ; and KB is common to the two it^ 
KDB and R£B, and (fofp. cotuir. and £. S. S.) the 
side DB = the side EB ; .*. (E. 8. 1 .) the Z. DKB= 
/EKB. 

And, since KB is common to the two it^ KBF, 
KBG, and the Z. FKB=z EKB, and {constr.Ythe 
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L KBF= /^ KBG, .-. (K 26. K) FB=sGB. If, 
. •*., from F and G, as centres, at the equal di- . 
stances FB, GB, two equal circles be described, 
they will pass (canstr. and S.S. l* cor. 2.) the one 
through A, and the other through B, and (S. 6. 
3.) they will touch one another in the point B. 



Prop. VIII. 

9. Problfm. To draw a tangent to a circle^ which 
shall be parallel to a given finite straight line. 

Let ABC be a given circle, and XY a given 




straight line : It is required to draw a straight 
line which shall touch the circle ABC, and which 

shall be parallel to XY. 

Find (£. 1. S.) the centre K of the circle ABC; 
from K draw (£, 18. K) the diameter AKC i to 
XY ; and from either of the extremities, as C, of 

AC draw (E. 1 1. 1.) ZCW i to AC. 
Then since ZCW is i to AC, at its extremity 
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C, it touches (E. 16, 3. cor.) the circle ABC: 
And since (canstr.) the two z^XDC, DCZ are 
two right angles, •*. (E. 28. 1.) ZW is parallel to 
XY. 

10. Cor. Hence a tangent may be drawn to a 
circle which shall make with a given straight line 
an z. equal to a given rectilineal angle*. 

For let it be required to draw a tangent to the 
circle ABC, which shall make with a given straight 
line VW an L equal to a given z. : Take any 

point Y in VW, and at the point Y, in V Y, make 
(E. 23. 1.) the z. VYX equal to the given z.: If, 
then, the tangent ZW be drawn (S. 8. 8.) parallel 
to YX, it will make (E. 29. 1.) the zZWV = 
Z. XYV, which is equal to the given z . 

Prop. IX. 

11. Problem. The diameter of a circle having 
'been produced to a given point, tojind in the part 
produced, a point from which^ if a tangent be 
drawn to the circky it shall ^e equal to tfie seg- 
mmt of the part produced, that is between the 
given point and the point found. 

Let the diameter AB of the circle ABC be pro- 
duced to the given poiut D : It is required to find 
in BD a point from which if a tangent be drawn 
to the circle, it sliall be equal to the part of BD 
which is between that point and D. 

I 2 
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Find the centre K of the circle ABC ; from K 

draw (E. 1 1. 1.) KC 1 to AB ; join D, C, and let 

DC meet the circumference in E ; join K, E ; from 

E draw EF 1 to KE and let EF meet BD in F : 
Then is F the point which was to be found. 

For (E. IS. 1.) the zlKEC, KEF, FED are to- 
gether equal to two right angles; as are, also, 
(E. 32. 1.) the three ^DCK, CKD, and KDC, of 
the A DKC : But since (E. 15. def. 1.) KE=KC, 
.•. (E. i. 1.) the L KEC= l KCE ; and (con^fr-.) 
the L KEF, CKD are equal, each of them being 
a right angle ; •*. the remaining L FED is equal 
to the remaining z. KDC or FDE: .•. (E. 6. 1.) 
FE=i.FD} and since (co/wfr.) EF is perpendicu- 
lar to the semi-diameter KE, at its extremity E, 
.•. (E. 16. 8.) FE touches the circle ABC. Q.E.F. 
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Prop. X. 

18. Problem. To describe a circle which $haU 
have a given semi-diameter and its centre in a 
given straight Une^ and shall also touch an- 
other straight line, inclined at a given angle to the 
Jbrmer. 

Let AX and AY be two given straight lines in- 
X D A 




clined to one another at a given angle ; and let L 
be a given finite straight line : It is required to 
describe a circle, which shall have its centre in 
AY, and its semi-diameter equal to L, and which 

shall touch AX; 

From the point A, in AX, draw (E. 11. 1.) AB 
X to AX, and make AB == L ; through B draw 
(E. 31. 1.) BC parallel to AX, and through C draw 
CD parallel to AB : Wherefore, DB is a a ; .*. 
(E. S4. I.) DC = AB; and since (constr.) the 
L BAD is a right z. ; .•. (E. 29. 1.) the /L ADC is 
also a right /L: It is manifest, •*., that a circle 
described from C as a centre, at the distance CD, 
will (E. 16. 3. cor.) touch AX; and its semi-dia- 
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' ' meter CD has been shewn to be equal to AB, 
which was made equal to the given straight line 
L. Q. E. F. 



Prop. XI. 

13. Problem. To describe a circle^ the drcum- 
ference.qf which shall pass through a given pointy 
and touch a given straight line in another given 
point. 

Let B be a given point in the given straight 




line XY, and let A be any other given point, 
without that line : It is required to describe a circle 
the circumference of which shall pass through A 
and touch XY in B. 

From B draw (E. 1 1. 1.) BC i to XY ; join A, 

B > bisect (E. 10. 1.) AB in D, and from D draw 

DK 1 to AB; .•. (S. 8. 1. con 2.) K is equi- 
distant from A and B : It is manifest, therefore, 
that the circumference of a dircle described from 
K as a centra, at the distance KB will pass through 



J 
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A ; and since BY (constr.) is i to KB, the circle 
so described will (E. 16^ 3* cor.) touch XY in B. 



Prop, XII. 

14. Problem. To describe a circle ^ the circum' 

ference of which shall pass through a given pointy 

and totich a given circle in another given point ; 

the two points not lying in a tangent to the circle. 

Let B^be a given point in the circle AB, and C 

K 

A 




any other given point, which is not in a tangent 
to the circle at B : It is required to describe a 
circle, the circumference of which shall pass 
through C and touch the circle AB in B. 

Find (E. l. S.) the centre K of the circle AB ; 
join C, B and K, B ; bisect (E. 10. 1.) CB in E ; 
draw (E. 11. 1.) ED i to Cfi, and let ED meet 
KB, produced if necessary, in D : Then, since 
(S. d. 1. cor. 2%) the point D is equidistant froni 
B and C, the circumference of a circle described 
from D as a centre, at the distance DB, will pass 
through C^ and (S. 6. d.) it will touch the circle 
ABinfi. 
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Peop. XIII. 

IS. Problem. To describe a circle^ which shall 
touch a given straight line in a given pointy and 
also touch a given circle. 

Let AB be a given circle, and let C be a given 

lE 




point in the given straight line XY : It is required 
to describe a circle which shall touch XY in C» 
and which shall also touch the circle AB. 

Through C draw (E. 11. 1.) ECD i to XY; 
find (E. 1. S.) the centre K of the circle AB, and 
draw any semi-diameter of it at K A ; make (E. 
3. 1.) CE=KA, and join E, K; at the point K,* 
in EK, make (E.2S. 1.) the zEKD = ^KED, 

and let KD meet ECD in D: Then, since (constr.) 
the ^DEK = z^DKE, .;. (E. 6. 1.) t)E=DK; 
and CE=BK, for CE was made equal to KA, 
andf (E. 15. def. 1.) KA = KB ; •*.) the remainder 
DC is equal to the remainder DB; .*., a circle 
described from D, as a centre, at the distance DC, 
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will pass through B; and (E. 16. 3. cor. and 

constr.) it will touch XY in C, and (S. 6. 3.) it 
will also touch the circle AB in B. 

16. Cor. It is manifest that, in the same man- 
ner, a circle may be described which shall toqch a 
given circle in a given point, and which shall, also, 
touch another given circle. 

For, if a straight line be drawn at right angles 
to the diameter of the given circle that passes 
through the given point, that the solution of this 
latter problem is, evidently, reduced to that of the 
former. 



Prop. XIV.. 

n. Problem. To describe two circles j each having 
a given semi^iameter^ which shaU touch the same 
gioen straight Une^ both on the same side qfit^ 
and shall also touch each other. 



Let XY be a given straight line, of indefinite 
length: It is required to describe two circles, each 
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having a given demi-diameter, which shall touch 

XY, and also touch one another. 

Take any point A in XY ; through A draw (K 

11. 1.) CB JL to XY, and make AB equal to the 
given senii-diameter of one of the circles, and BC 
equal to the given semi^diamet^r of the other; 
from B, as a centre, at the distance BA describe 
the circle AF ; from AB, produced, if necessary, 
cut off (E. 3. 1.) AD=AC; through D draw 

(E. 31, 1.) DZ parallel to XY ; from B as a centre, 
at the distance BC describe a circle, and let its 

circumference cut DZ in K ; through K draw KE 
parallel to AD, and join K, B ; .-. the figure 
AEKD is a □, and (E. 34. 1 .) KE z= D A or AC ; 
also {constr. and E. 15. def. 1.) BC = BK; and 
B A = BF ; .*. the remainder AC = the remainder 
FK, and it has been shewn that AC = KE; .•. 
KE=KF; •*., a circle described from K as a 
centre, at the distance KE, will pass through F 
^nd (S. 6. 3.) will touch the, circle AF, which 

circle (constr. and E. 16. 3. cor.) touches XY;- 
and since (constr.) the z DAE is a right L , and 
Ihat KE was drawn parallel to DA, .*• (E. 29. 1.) 
the Z.KEA is a right angle ; .-. (E. 16. S. cor.) 

the circle EF, also, touches XY ; and its semi- 
diameter KE has been shewn to be equal to AD, 
which was made equal to the given semi-diameter. 
Q. E. F. 
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Prop. XV. 

18. Problem. To describe two equal circles^ each 
having its diameter equal to a given straight Une^ 
each touching a given circle^ and each also pass- 
ing through a given point without that circle : Tlie 
given straight tine being greater than the shortest 
distance J between the given point and the circum- 
ference of the given circle. 

Let ABO be a given circle, C a given point 




without it, and LM a given straight liiie greater 
than the shortest distance between C and the cir- 
cumference of AB : It is required to describe two 
equal circles, each having its diameter t=: LM , 
each of them touching ABG and each passing 
through C. 

Bisect (E. 10. I .) LM in N ; take ^ny point A in 

X!b6) find (K l.S.) the centre K of ABG, and 
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join K, A; produce KA to D and make AD = 
NL or NM; from K as a centre, at the distance KD, 
describe the circle DEF, and from the centre C at 
a distance equal to NL or NM, describe the circle 

EF and let'EF^cut t)EF in the points .E, and F; 
join £, K, and F, K, and let EK and FK meet 

ABGr in the points B and G; join, also, C, E and 
C,F. 

Then, it is manifest, (from the constr. and £. 
15. def. l.) that EB, EC, FC and FG are each of 
them equal to LN, the half of the given straight line 
LM ; •%, the two equal circles described from the 
centres E and F, at the equal distances EC and 
FC, will each of them have its diameter equal to 
LM, will each of them pass through the given 
point C, and (S. 6. S.) will touch the given circle 
ABGinBandG. 

19. Cor. In the same manner two equal circles 
may be described, each of them touching two 
given concentric circles, and each passing through 
a given point situated between the circumferences 
of those two given circles. 



Peop. XVI. 

20. Problem. To Jind a point in the diameter j 
produced^ of a given circle^ from whichy if a Um^ 
gent be drawn to the circle ^ it shall be equal to a 
given straight line* 

Let AB be a diameter of the given circle ABC» 
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and let L be a given finite straight line :' It is re- 
quired to find a point in AB, produced, from 
which if a tangent be drawn to the circle A BC, it 
shall be equal to L. 

Produce AB, towards X ; and from B draw (£• 
11. 1.) BD 1 to AB and make BD=:L} find 
(E. 1. 8.) the centre K of the circle ABC, and join 

K, D ; let K5 cut AB^ in C j from KX cut off 
(E. 3. 1.) KE = KD : Then is E the point which 
was to be found- 

For, join E, G : And since (constr. and E. 15. 
def. 1.) the two sides DK, KB, are equal to the 
two sides EK, KC, and that the z. K is common 
to the two^ DBK, ECK, .-. (E. 4. 1.) EC=BD 
and the /L ECK = z. DBK j but {constrJj BD = 
I^ and the Z. DBK is a right Z. ; .*• EC=:L, and 
th^Z ECK is a right z ; .% (£• 16. 1. cor.) EC is a 
tangent to the circle ABC. 
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Prop. XVII. 

21. Tilt OR EM. IJ the strttight line, drawn from 
a point in the produced diameter of a circle to the 
convene circumference be eqtud to the half of the 
diameter^ the angle at the centre^ subtended by 
the concave circumference included between the 
diameter and the line so draxvn^ is the triple of the 
angle ^ at the centre ^ subtended by the convex «>- 
'curnference included between the same two fines. 

Let CDE be a given circle, of which K is the 




centre, and CDB, a produced diameter; and let 

AE, which touches the circumference in E, or BF, 
a part of BFG, which cuts it, be equal to the se- 
mi-diameter of the circle : Then K, E, and K, F, 
and K, G, having been joined, the L EKC iz 3 z^ 
EKD; and.the zlGKC = 3zi FKD. 
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For, first, since AE touches the circle, the 
L AEK (E. 18. 3.) is u right l \ .\ (E. 32. 1.) the 
L EAK+ z. EK A= L KEA; and(%p.>EA=EK j 
.-. (E. 5*1.) the z. EAK= z EKA ; .-. the a KEA 
=2z.EKA} but (E;32. 1.) the z EKC= zKEA 
+ z EKA i .-. the z. EKC =3 z. EKA. 

Secondly, since {^p. and E. 5. 1 .) the z. FBK 
= z. FKB, and (E. 82. l.) the z. GFK=; z. FKB+ 
z FBK, .-. the z GFK = 2 z FKB : But (E. U. 
def. 1.) KF = KG ; .-. the z KFG = z KGF j .-. 
the z KGF = 2zFKD; and (E. 32. l.) the z 
GKC = zKGB + z GBK = z KGF + z FKD ; 
.-.the zGKG=8zFKD. 

% 
I 

22. Cor. Hence, if a straight line could be 
drjiwn from any point in the curve of a semi-circle, 
to meet the diameter produced, so that the part 
of the line without the curve should be equal to 
the semi-diameter, any angle might be trisected. 

For, let GKC be any given angle j from K as 
a centre^ at any distance KC, describe the circle 
CGD^ and produce the diameter CD: Thfen, if 

from G^ GFB could be drawn to meet CD pro- 
duced in B, so that the part of it, FB, witliout 
the circle, should be equal to the semi-diameter 
KC, it is manifest from the proposition, that the 
/: GBC is the third part of the z. GKC : If, .-., 

at the point K in CK, the z CKH were made 
(£. 23. 1.) equal to the jL CBG, and if, also, at the 

point Kin HKthe ^. HKI were made equal to 
the same Z.CBG, it is plain that the given z. 
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GKC would thereby be divided into three equal 
parts. 



Prop. XVIII. 

I 

tS. Problem. Through a given pointy either 
witiUrif or without a given circle^ to draw a straight 
line J so that the part of it within the circle shall be 
eyual to a given Jinite straight line^ which is not 
greater than the diameter. 

Let A be a given point, - and L a- given finite 




L 



straight line, not greater than the diameter of 
FBC a given circle : It is required to draw through 
A a straight line cutting FBC> so that the part of 
it within the circle shall be equal to L. 

Find (E. i . S.) the centre K of the given circle ; 
and if L be equal to its diameter, let A, K be 
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joined, and it is manifest that AK produced will be 
the straight line which was to be drawn. 

But if L be less than the diameter, take any 

point B in F6BC ; from B as a centre, at a di- 
stance equal to li, describe a circle cutting FG BC 
in C, and join B, C ; .-. (E. 15. def. 1.) BC»L: 
From K draw (E. 12. 1.) KD i to BC ; frow the 
centre R at the distance KD, describe the circle 

£D ; from the point A draw (E. 17* 3.; AE touch^ 
ing the circle ED in E, and let AE, produced, 
meet the circumference in F and G : Then FG s L. 
For (E. 15. def. 1.) KE = KD, and since AE 
touches the circle ED in E, the L AEK is (E. 18. 
3.) a right z. , as is also (constr.) the Z. KDB ; •*. 
(E. 14. 3.) FG =:CB ; but CB was made equal to 
L: .-. FG=L. 



Prop. XIX; 

24. Theorem. Ifjjromani/ two points in the cir^ 
conference of the greater of two green concentric 
circles^ two straight lines be drawn so as to touch 
the less circle^ they shall be equal to one another. 

Let F, G, be any two points in the circumfer- 
ence EFG of the greater of two circles, EFG, 
ABCj which have a cbnimon centre K: Two 
straight lines drawn from F and G so as to touch 
dHi lessf circle ABC shall be equal to one another. 

K 
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For, draw (E. 17. S.) from F and G, FC and GB 
touching ABC in C and B respectively ; and join 
K, C and K, F and K, G and K, B ; .-. (E. 18. 3.) 
the u. KCF and KBG are right n ; .-. (E. 47. l.) 

andKG* = KB*4-BG*: 
But (E. 15. def. 1.) KF=KG, and KC=KB j. .-. 

ICC*+CF* = Kij* + BG*; take away the equal 

squares, KC , and KB , and there remains CF 

=BG*;.-.CF=BG. 

25. Cor. 1. In the saofie manner jt may f^e 
shewn, that if two straight lines be drawn from 
any the same point so as to touch a given circle, 
they shall be equal to one another \ and •*., (£. 8. 
1.) the straight line joining that point and the 
centre, bisects the L contained by the two eqoal 
tangents. 

36. . CpR. 2. If two circles t9iieh one another 
and also touch a given strai^t linei^ which do€» 
not pass through their conoioi^ point of contnet^ 
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a straight liqe timt touches both the circles in 
their conunon point of contact shall bisect that 
other tangent sferatght linei . 



Prof. XX. 

27. Theorem. If a fiuuirilateral rectilinealjigure 
be described about a circle^ the angles subtended, 
€tt the centre qfthe circle^ by any txvo opposite sides 
of the fgurcy arCy together, equal to two right 
nngks. 

< 
Let the quadrilateral figure ABCD be described 

• A 




about the, circle EFLM^ of whicb thece&tre is K ; 
the zt fittbtended ait K, by the two opposite sides 
AD, BC^ Of by AB, DC^ ste^ together,, eqnl to 
two right angles. 

For join K, A» and K, B and K, C, and K, D : 
Then, because (£• 52. l . cor. 1 •) the four interior 
a A, By Cy D, of the* figure ABCD» are eq\ial to 

K 2 
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four right ^, and that (S. 19. S. cor. 1.) they aref 

bisected by KA, KB, KC and KD, respectively, 
.•. the £ KAD, KDAj KBC, KCB are, together, 
equal to two right £ i but (£.32. 1.) those ^, 
together with the /L AKD, £KC, being all the 
H of the two it^ AKDy BKC, are equal to four 
right £i .•. the zt AKD, BKC, arc, together, 
equal to two right /L ; ••• (E. 15. 1. cor. 2.) the £ 
AKB, DKC, are, also, taken together, equal to 
two right angles. 

28. Cor. If two of the sides as AD, BC, of the 
quadrilateral figure described about the circle 
£FL, touch the circle at the 'extremities of a 
diameter, the n subtended at the centre K, by 
each of the two remaining «ides, ^shall be right 
angles. 

For then since (£. 1 8. S. and £. 28. 1 .) AD is paral* 
lei to BC } .-. (E. 29. 1.) the L EAB + l ABL 
^ two right angles; and (S. 19. s. cor. iJj 
the L- EAB is double eft the £ BAK ; in the 
same manner the z. ABL may be shewn to be 
double of the z. ABK ; but it has been proved 
that the z. EAB + z ABL = two right £ j .-. the 
z KAB + z KBA = a right z ; .-; (E. 32. U) 
the z AKB is a right z : But (S. 20. 3.) the z. 
AKB + z DKC = two right £; .-. the z DKC 
is, also, a right angle* 
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Piiop. XXI. 

29. THROREM4 If two given straight lines touch a 
circle J and if any number of other tangents be 
drawny all on the same side of the centre j and all 
terminated hy the two given tangents^ the angles 
^hich they subtend^ at the centre of the circle^ 
shall be equal to one another. 

%Mt the two straight lines AH, DC touch the 




circle EFLM, and let BC and 611 be anj other 
tangents of the circle, both on the same side of 

iixe centre K» and both terminated by AH and DC : 

Then BC and GH subtend equal n at the centre. 

5or draw (E. 17. S.) any ojther tangent to the 

circle, on the contrary s^dc of the centre, as DEA, 
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terminated in A and D, by AH and DC ; and 
drawICA, KB, KH, andKC, KG and KD: And 
because ABCD, AHGD, are quadrilateral figures 
described about the circle, **. (S. 20. S.) the z. 
AKP+ Z.BKC=:two right angles; and, the z. 
AKD+Z.HKG = two right angles; .-. the ^ 
BKC = z. HKG ; i. t. the L subtended at the 
centre by the tangent BC is equal to the L sub* 
tended at the centre by the tangent HG. 

SO. Cor. The two segments, which any two 
tangents, so drawn, cut off from the twp given 
tangents, also subtend equal angles, at the centre 
of the circle. 

Let BH and GC be the segments cut off fronj 
the tangemts AH and DC, by the two tangent^ 
BC andGH: They subtend equal n BKH,GKC 
at the centre K. 

' For it has been shewn that the L BKC = L HKG \ 
from these equals take away the common l HKC, 
and there remains the l BKH= l GKC. 

Prop. XXII. 

3 1 . Problem . To draw a tangent to a given circk, 
such that its seigmentj contained between the point 
of contact, and an indefinite straight line^ given 
in position^ shall be eqtuil to a given Jimte 
straight line. 

Let ABC be a given circle, L a given finite 
straight line, and XY an indefinite straight Up? 
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given in position : It is required to draw a taa*- 
gent to ABC so that its segment between the 

point of contact and XY shall be equal to L. 

Find the centre K (E. 1. 3.) of the given circle, 
and take any diameter of it, as AKD ; in AD pro- 
duced find (S. 10. S.) ja point £ from which if a 
tangent be drawn to the given circle ABC it shall 
be equal to L i from K as a centre, at the distance 
K£» describe the circle ^FG, ai^^d let it rneet^ or 

cut, XY in F; from F draw (E. 17. S-) FC to 
touch the circle ABC in C : And since (S. 1 9. S.) 
FC is equal to the tangent which can be drawn 
from £, and which (constr.) is itself equal to L, it 
is manifest that CF := L ; i.e. the segment of the 

tangent between the point of contact C and /^X 
is equal to the given straight live L. 



. JProp. XXIII, 

S9. Theoeem. ^a straight line touch &e interior 
of two concentric circles^ md be terminated both 
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ways by the circtanference of the outer circle^ it 
shall be bisected in the point of' contact. 

Let GBC, EDH be two circles having a com- 




mon centre K, and let BC toucb the interior cir* 
cle EDH in D : Then is BC bisected in D. 

For join K, D: And, because BC touches EDH 
in D, the ^KDC, KDB (E. 18. S.) are right m 
,*. (E. 3. 3.) BC is bisected in D, 



Prop. XXIV. 

SS. Theorem. Jf a polygon be described about a 
. circle^ the straight lines joining the several points 
fif contact will contain a polygon of the same num- 
ber of angles as the fornix ; and any two adja- 
cent angles of the iircumscribed figure shall be^ 
together^ the double of that angle^ -of the inscribed 
Jigure, which lies between them. 
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Let the sides of the polygon AFGHB touch the 




circle CLMED, in the several points C, L, M, E 
and D, and let these points be joined : Then it is 
manifest, that the polygon DCLME has the same 
mimber of angles as AFGHB ; and» further, any 
two adjacent n A and B of the polygon AFGHB, 
are, together, the double of the intermediate A 
CDE, of the inscribed figure. 

For, find (E. 1. 3.) the centre K of the circle 
DCLME, and join K, C and K, D and K, E : 
The four interior £ of the quadrilateral figure 
ACKD are (E. S2. l. cor. l .) equal to four right a ; 
and {hyp. andE. 18. 8.) the a ACK and ADK 
are right H ; .% the a DAC + A CKD is equal to 
two right /Ly as are also .(E. S2. 1.) the three a 
of the isosceles A CKD ; .-. zDAC+ z:CKD = 
A DCK+ A CKD+ A KDC ; take away the com- 
ddon A CKD, and there remains the A DAC equal 
to the two £ DCK> KDC, or to the double of the 
/.KDC; because (E. 13. def. 1. and 5. l.)the a 
DCK=z.KDC: And, in the same manner, it 



Its 
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may be shewn that the z. B h the douUe of the 
Z. KD£ ; /. the z. A+ z: B is the double of the 
whole ^CD£. 

Prop. XXV. 

34. Theorem. If from any given pointy in the 
circumference of a circle, two straight lines be 
dramfk to the extremities . of a given chords the 
angle which the one makes with any perpendicular 
to the chordy shall be equal to the angle which the 
other makes with ^ diameter q^ Ae dhxle ffM 
passes through the giom point. 

Let C be a given pcint in the circumfesenoe of 




the cirde ABFC ; let AB be % given chord ; let 
Cy A and C« B be joined ; let K be the centre of 
the circle^ and CKF a diameter passing thro¥gh 
C ; and let KD, drawn ± to AB, meet CB in G* 
and CA, produiced, in £: Then» the iiK:EC»:«^ 
BCF, and the L EGB=ii ECF. 
F(w:<E. 32, 1.) /. AEK+ z. AKE =5 ^ CAK : 
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AKB 
Z.ACK5 



But (demomtr. of £. S. 9« and omitr.) 

the^AKEsizAKBs 
And(E. 2CX Su) the ^ ACBs= 

.-. z.ACBs= 
Abo (£. 15. def. 1. and £. 5. l.) 

^CAK = 
.-. z. AEK+ L ACB ^ z. ACK. 
Take from both the L ACB and there remains 
L AEK or KEC= l BCF. 
Again (E. 32. 1.) the l EGB = z^ ECG+ L CEG : 
And it has been shewn that the z CEG= z. BCF; 
.-. ziEGB=z.ECB+zBCF 
i.e. zEGB=z.ECF. 



Piiop. XXVI. 

35. Tqeobem. Ti^ ferpendicukirs ktJbU frim 
the iStree angles tfcmy triangle upon the oppoHte 
vdesj mtersept each other in the same point. 



L^ ABC be a A ; the perpendiculars let fall 
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from the three IL A, B, C, on the sides opposite 
tQ them, intersect each other in the same point. 

For draw (E. 12. l.) AD j. to BC ; about the 
A ABC describe (S. 5. l. cor^ the circle ABC, and 

produce AD to meet the circumference in E; 
frdm DA, produced if necessary, cut off DF = 
DE ; join B, E and C, E j also join B, F and C, 
i* } and let BF and CF produced meet AC, and 
AB, in G and H respectively. 

And since CD is common to the two [t^ CDF, 
CDE, and that (cow/r.) DF = DE, and the / 
CDF = L CDE, .-. (E. 4. 1 .) the z FCD = ^ DCE 
or BCE; but (E. 21. 3.) the L BAE= Z.BCE; 
••. the L BAE or H AE=: l FCD j and (E. 15. 1.) 
the L AFH, of the A AHF, is also ^qual io the 
Z DFC, of the A CDF; .-. (S. 26. 1.) the L AHF 
= L FDC, which {constr.) is a right L ; .•. the 
Z CH A is a right Z ; e. e. CFH is x to AB ; and^ 

in the same manner, it may be shewn that BFG 
is X to AC : Whence it is manifest, that the three 
perpendiculars cut each other in the common point 
F; for (E. 17- lO there cannot be drawn, from 
the same point, two different straight lines both of 
them perpendicular to the same straight line. 

36. Cor. The part of any of the three perpen- 
diculars, let fall from the three £ of a A, on the 
opposite sides, that is, between their common in* 
tersection and the circumference of the circle 
described about the A, is bisected by the side tp 
which it is perpendicular. 
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Prop. XXVII. 

S7. Problem. From either of the two given point$ 
in which two given circles intersect each other f. to 
draw a chord cutting the one circumference^ and 
meeting the other ^ such ttiat the part of it^ con- 
tained between the two circumferences^ shall be 
equal to a given finite straight line. 

Let the two given circles ABC, ABD, cut one 




another in the points A and B, and let L be a giveil 
finite straight line : From either of the two given 

points, as 6, it is required to draw a straight line 
cutting either of the circumferences, as that of 
ABC, and meeting the other circumference, so 
meeting that the part of it contained between the 
circumferences, shall be equal to L. 

Take any point C in the circumference of ABC, 
and any point D in the circumference of ABD ; 



« 
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join A, B, and A, C, and A, D, and B, C and B, 
D ; in AB, produced if necessary, take AF=^L ; 
at thie point A, in AF, make (E. 2S. 1.) the z.* 
FAGir: z. ACB, and at the point F, inake the 

z AFG = L ADB, and let AG and FG meet in 

G. In the circle ABC place Afit = AG ; join 
B^ H9 and produce BH to meet the circumference 
of ADB in I : Then is HI = L. 

For, join A, I : And» since (£• 82. S.) the z. 
AHB+iiACB=stwo right m.> and that (£.18. 
1.) the /L AHB + z. AHI=two right Hy .•. the 
Z.Am= L ACB} hut {canstr.) the /. ACB= 
z. FAG } .-. the z. AHI = z: FAG j and {canstr.) 
the L AFG = z. ADB, which (E. 21. ».) = z: 
AIH } .•. the /, AFG = z. AIB ; and [comtr.) the 
side AH» of the A H AI, is equal to the side AG, 
of the A AGF; .-. (E.26. 1.) HI=AFj and 
{constr.) AF = L i .-. HI = L. Q. E. F. 



Prop. XXVIII. 

Si). Tbbobim^ IfttM opposite angles of a guadri^ 
lateitalJigUTe be together epud to two rig^ angleSf 
a circle may be described about it. 

Let ftny two opposite zi , as the is;; ABQ ADC» 
of the quadrilateral figure ABCD, be tojgether 
equal to two right g : A Circle may be described 
about ihetrapeaium A6GIX . 

Fofy jjoin A|, C ^ and (& s. I. cor.) about the A 
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ABC describe a eircle : Its circumference shall 
pass through the point D. If not, let it pass 
otherwise, so that, first, the point D is without 
the circle ABC, described about the A ABC } 
take any point E in the circomference of the circle 
and within the A ADC } and join A, £ and C, 
£: Then, since AI)CE is a quadrilateral figure 
inscribed in a circle the L ABC + L AEC = two 
right IL ; and {Jtyp.") the L ABC + ADC = two 
rights; .% thez. AEC=z. ADC, which (E.21.1.) 
is absurd. Wherefore the point D is not without 
the circle ABC ; and in the same manner it may 
be shewn that the point D is not within the cirde 
ABC ; .*., the circumference of the circle ABC 
passes through the point D, and is, .%, a circle 
described about the four-sided figure ABCD. 



Prop. XXIX. 

S9. THEoaEM. A circle cannot be described about 
a rhombus^ nor about any other parallelogram 
which is not rectangular. 
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For (E. 34. l.) the opposite ^ of a C3 are equaf 
to one another; and (£• 23. S.) if a circle could 
be described about it, the two opposite IL would, 
together, be equal to two right IL \ •*«9 since these 
IL are equal, they would be each of them a right 
L\ but (E. 32. def. 1.) the angles of a rhombus, 
which (E. 32. def. 1. and S. 18. 1.) is a O, are not 
right Z^ ; •*. a circle cannot be described about a 
rhombus, nor about any other CD, which has not 
its opposite IL right tL% that is (S. 19. 1.) which 
is not rectangular. 



Prop. XXX. 

40. Theorem. If from any pointy in the circtan'' 
ference of a given circle^ straight lines be draam 
to the three angles of an inscribed equilateral tri- 
angle^ the greatest of them shall be equal to the 
<iggregate of the two less. 

Let the equilateral A ABC be inscribed in the 
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circle ADBC9 AD<1 fi^om any point D in the circum- 
ference^ let there be drawn to the three <angular 
points A, B, C, the straight lines DA, DB, DC, 
of which DC is the greatest : Then DC = DA + 
DB. • 

From the centre A, at the distance AD, describe 
a circle cutting DC in £, and join A, £ ; .\ (E. 
15. def. 1.) AD=iAE ; .-. (E. S. 1.) the A ADE 
= Z AED i also (E. 21.8.) the A ADC or ADE 
= z. ABC ; and (%». and E. 5. 1.) tlie A ABC =3 
^ACB; .-. (S. 26. 1.) the z DAE=i z BAG; 
.*. the A ADE is equiangular J .♦. (E. 6. 1.) AD 
= DE. 

Again, since (E. 22. S.) the Z. ACB+ Z ADB= 
two right £ , and (E. 1 S. 1.) the 2 A ED + z AEC 
= two right ^ , and that the z AED has been 
shewn to be equal to the Z ACB, .*. the z AEC = 
Z ADB ; also (E. 21. 3.) the Z ACD or ACE = 
Z ADD ; and (Ayjj.) the side AC, of the A AEC, 
is equal to the side AB of the A ADB, .*. (E. 26. 
1.) EC=DB: And DA has been proved to be 
equal to DE ; .-. DE + EC=:DA + DB ; that is, 
DCsDA+DB. 



Paop. XXXI. 

41. Theorem. The Jin t^ thirds Jtfth^ ^. djigles 
of any polygon^ of an, even ntanber of sides j 
whicfi is inscribed in a given circle^ are together 
eqtuU to the remaining angles qf the figure ; aany 
angle whatever being assumed as the first. 
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Let ABCDEF be any polygon^ of an ,even nimi^ 




ber of sides, inscribed in the given circle ACE : 
Then A being assumed as the first L » the z. A+ 

z C+ ii E+, &c. = z. B + z. D+ z. F+, &c^ 

First, let the inscribed figure have six sides, 
and join B, E. 

Then, since B AFE is a quadrilateral figure in- 
scribed in a circle, .*• (E. 22. S.) the 

L BAF + z.FEB=rz:EFA+zEBA: 

Also, the L BCD+ L BEDrz l EDC + L EBC. 

Wherefore, equals being added to equals, it will 
be manifest, that the L BAF-fc- z. BCD + z. FED 
= z CBA+ Z EDC+ z AFE : 

i.e.thez.A+z.C+z:E = z.B+zD+zF. 

And, in a similar manner, the proposition may 
be demonstrated, when the figure inscribed in the 
given circle has eight, ten, twelve, or any other 
even number of sides.. 
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Peop. XXXII. 

42. PftOBLEM. To make a trapezium^ about which 
a circle may be described^ having its four sides 
respectively equal to four given straight UneSy two 
of which are eqml to each other ^ and any three 
together greater than the fourth ; the two equal 
sides of the trapezium^ alsOj being opposite to 
each other. 

L^t AB, CD, D£ be three given straight lines : 





It is required to make a trapezium having two of 
its opposite sides each of them equal to AB, and 
its two other sides equal to CD and C£» each to 
each, about which a circle may be described. 

Take GH = CD ; and CD and CE being placed 
in the same straight line, bisect (E. 10. 1.) DE in 
F ; produce GH, both ways, and make GI and 
HK each of them equal to DF or FE ; .\ IKz=: 

CE : From the points G, H draw (E. 11. 1.) GX 

L 2 
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and HY x to IK j from I and K, as centres, at 
distances equal to AB, describe two circles, cut* 
ting GX and H Y in L and M, respectively ; and 
join I, Land K, M ; .v(E. 15. def. 1.) lt = AB 
dnd KM = AB j join L, M. 

And, because {constr^) LI == MK, and IG = 
KH, and that the \^ IGL, KHM, are right zc, 
(S. 14. I.) G'L=i:HM} and since, the ^ at G 
and H are right ^, GL is (E. 28. h) parallel to 
HM J .•. (E. 33. 1.) LM is parallel and = to EH > 
but {Gomtr.) GH = CD,,.-. LM = CD. 

Again, since GLMH is a O, the z.GLH = £ 
GHM (E. 34. 1.) which {cohstr.) is a right /L ; also,^ 
since the two ^des IL, LG, of the A LGI, arer 
equal to tiie two sides KM, MH of the A MHK, 
and the base IG is equal to the base KH, .*• (£. 
8. 1.) the ii ILG= z KMH; but (constr. and 
E. 32. 1.) the z HKM+ ZKMH = a right L j 
.•. the z HKM, or IKM, + ILG = a right z j to 
each of these add the right z. GLM j .*. the z. 
IKM + z: ILG + z. GLM = two right £ ; that is 
the z IKM + z ILM n two right £ ; .% (S. 28. 
3.) a circle may be <iesc^ribed about the trapezium 
ILMk, which, as hath been shewn, has two equal 
sides LI, MK, each of them equal to AB, has its 
side LM equal to CD, and its remaining side IK 
equal to C6. 
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Prop. XXXIIL 

43. Problem. Upon a given Jinite straight Une to 
describe a segment of a circle, which shall be .si- 
milar to a gl'&en segment qf another circle. 

* * 

Let ACB be a given ^Mij^ment of a circle, aii4 





DE a given finite straight line ; It is required to 
describe on DE a segment of a circle, similar to 
tbe segment ACB. 

In ACB take anjr point C, and join A, C, and 

B^ C : At the point D in DFmake (E. 23. 1.) the 
Z EDF=/.BAC; and, at the point E, also, 
make the z.DEF=z.ABCj .\ (S. 26. 1.) the 
zI>FE = Z ACB: About the A DFE describe 
(S. 5. 1. cor.) the circle DFE; .•. (E. 11. def. 3. 
and K 21. 3.) the segment PFE is similar to the 
segment ACB. 



Prop, XX^IV, 

44f. Theorem. If upon two opposite sides qf an 
oblongf two similar segments qf circles be de- 
scribed, the one of them lying wholly within the 



ISO 
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obhngf and the other wholly mthouf itj thejlgitre 
contained by the two renudnmg sides of the oblong 
and the two ctrcylar arches^ shall be equdl to the 
obhng. 

Upon the two opposite side? AD, BC, of tlie 

G 

-•• ••- 




oblong ABCD, let there be described two similar 
segments of circles AED, RFC : the one, namely 
BFC, lying wholly within the oblong, and the other 
lying wholly without it : The figure contained by 

BAi X^^ DC and 6f^ is equal to the oblong 
ABCD. 

For (hyp. and E. 34. 1.) AD=:BC; ,> (hyp. 
and £.24. 3.) the s^ment A£D = the segment; 
BFC ; to each of these equals add the figure 
ADCFB, and it is manifest that the figure 
AEDCFB is equal to the oblong ABCD. 

.45. CoE. 1. An indefinite number of such 
mixtilineal figures may be found (S. a 1 . cor. 8w 
and S» 3S« 5.) equal to one another, and each of 
them equal to any given oblong. 
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* 46. Cor. 2. If upon AB and DC, the two re- 
tnaiaing sidesf of the oblong, there be, likewise, de- 
scribed two similar segments of circles ALB, 
DKC, it is evident that the figure ALBCDA is 
equal to the figure ABFCDEA; and that the 
figure ALBFCKD£=ABCD, ALB being sup- 
posed not to meet BFC again within AECD. 



Pbop. XXXV, 

47* Theorem. The arches qfa circle thatxire iru 
tercepted between two parallel chords are equal to 
(me another. 



Let AB and C6 be two parallel chords of the 
circle ACGB : Thea is 'AC'=^. 




For join C, B : And, because (hyp.) CG is 
parallel to AB, ••. (E.29. l.) the a GCB==il CBAi 

.•.(£.86.3.) AC=:Ba 
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Peop. XXXVI. 

48. Theorem. If two chords of a given circle m^ 
tersect each other ^ the angle of their inclination is 
eqtial to the half of the angle at the centre stand- 
ing upon the aggregate^ or the difference^ of the 
arches intercepted between them^ accordingly as 
they meet within^ or without the circle. 

First, let the two chords AB^ CD, of the circle 




ACBD, cut one another in E, within the circle : 
The z. DEB is equal to the half of an angle at the 
centre, standing upon a circumference equal to 

AC + DB. 
For through C draw (E. 81. 1.) CG parallel to 

AB J .•.'B&='Sc) and f)B^ =:'^+ "SB; but 
(constr. and E. 29. 1 .) the ^ DEB =?= L DCG, which 
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(£.20.8.) 18 the half of an aiigle at the centre, 

standing upon DB6. 

Secondly, let the two chords DA and BC, meet 
when .produced, without the circle,, in F : If, then, 
AH be drawn parallel to CB, it may be shewn, in 
a similar manner, that the z. DFB is equal to the' 

half of an < L at the centre standing on DH, which* ' 

is the difference between AB and AC. 



, Prop. XXXVIL 

49. Theorem. In eqiud circles the greater angle 
stands upon the greater circumference; "whether 
the angks compared be at the centres or the arm 
cumferences. ' 

For whether the z^. be at the centres, or the cir- 
cumferences, if, from the greater, an Z. (£• 2S. 1.) 
be cut off equal to the less, the circumference on 
which it stands, will evidently be part of the cir- 
cumference on which the greater z. stands, and 
^ill (E. 26. 3.) be equal to that on which the letss 
Z. stands; the which circumference is, •'•^less 
than the other. ' 



Prop. XXXVIIL 

50. Theorem. If from any given pointy mthout a 
cirplcy there be drawn two straight lines clotting 



* , 
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the circle^ then' of the circuntferences which thejf^ 
intercept^ that which is the nearer to the given 
point is less than the other. 

From the given point B without the circle 




FDCG, let there be drawn BFG, SDC, cutting 
the circumference in the points F,G,and D,C, 

respectively : Then is FD < GC. 

First, let one of the straight lin^s drawn from 
B, as 'BC» pass dirough the centre K of the circle : 
Join K, F and K, 6; then (£. 16. 1.) the ex- 
terior z. GKC, of the A GKB, is > the z^ K6F; 
but (£. 15. def. 1. and £. 5. 1.) the /iK6Fs= 
z. KFG ; .-. the l GKC > the L KFG ; and (E.- 
16. 1.) the zKFG> the Z.FKB or FKDj much 
more, then, is the a GKC > z FKD j .-. (S. 37. 3.) 

6g\ "FD^j i, e.'FD' < ^ 

But if BLM do not pass through the centre, 
find (E. 1. S.) the centre K ; join B, K ; and pto^ 
duee it to meet the circumference in C : Then it 
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may be shewn, as before, that FD < GC, and that 



Prof. XXXIX. 

51. Theorem, The straight tines joining the ex* 
trenUties of the chords of two equal arches of the 
same circle^ toward the same par ts^ are parallel to 
each other. 



Let AC, BG be the chords of two equal arches 




AC, BG, of the circle ABGC ; and let A, B, and 
C, G be joined : Then CG is parallel to A^ 

For join C, B ; and since (hyp.) AC = BG, .*. 
(E. 27.3.) the zABC = z.BCGj ••. (E. 27. 1-) 

CG is paraUel to Xa 
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Prop. XL. 

52. TheoreTm. In equal circles^ the greater of two 
circumferences subtends tlie greater angky whether . 
the angles compared be at the pentres or the cir^ 
cwmferences. 

For if not, the L standing on the greater cir^ 
cumference is equal to the other L or less than 
it ; but it cannot be e^ual ; for then (£. 26. 3.) 
the two circumferences would be equal, which is 
contrary to the hypothesis : Neither can it be 
less, for, then, (S. 37. 3.) the greater circu^i- 
fereqce would be less than the other, which is ab- 
surd. Wherefore, the greater of two circum- 
ferences subtends the greater l , whether the twp 
IL be at the centres or circumferences. 



Prop. XLI. 

SS. Problem. If any equilateral rectilineal figure^ 
of an even number qfside^^ be inscribed in a given 
circle^ to find a cwioilineal figure that is equal to 
it, and that is bounded by arches of circles, each of 

. which circles it equal to the given circle* 

Let ABCDEF be an equilateral rectilineal 
* figure, of an even number of sides, inscribed in 
, the given circle ACE ; It is required to find a 
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ctirvilineal figure equal to it, and bounded by 
. arches of circles that are equal to the given circle 
ACE- 

On half the number of sides of the inscribed 
figure, taken contiguous to one another, as BC, 
CD, DE, describe (S. 38. S.) segments of circles^ 
B6C, CHD, DIE, each similar to the segment cut 
off from the given circle by each of the sides : 

The curvilineal figure contained by BGu, dHD, 

DlE» £F,,and FA, and AB, is equal to the in- 
scribed polygon AfiCDEF. 
For, since (^^^.) the figure is equilateral, (E. 

28. S.) aS==BCj .-. :^[i5DCB = BAFEDd; 

.•. (E. 27. 8.) the L in the segment cut off by AB 

is equal to the L in the segment cut off by.BC; 
•\ these two segmepts (E. 11« def. 8.) are similar, 
and {hyf^ and E.24.3.) equal to one another. 
' And, iii the ^amie manner, may all the segments, 
cut off by the eqnal sidesr of the inscribed figure, 
jbe shewn to be simDar and equal to one another^ 
and to the segments BGC, CHDt DIE. 
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' _____^^ »^_^^_^ _^^^_^_ 

But the figure contained by BA, AF, FE, 

JEID, DHC and <5gS^ together with the segments 
BGC, CHD, DIE, makes up the equilateral recti- 
lineal figure ABCDEF ; and that same figure, to« 
gether with the equal segments cut off by BA, 
AF, and FE, makes up the curvilineal figure con- 
tained by ^GC, cSb, 5]S,'Ei^,'EA'and'AB'; 
the which figure is, •*•, equal to the inscribed rec- 
tilineal figure ABCDEF.* 



Pnop. XLIL 

54. Theorem. In equal circles^' the greater chord 
subtends the greater circumference. ' 

. For (kyp. and K 15. def. I. and £« 25* 1.) the 
4 subtended, at the centre, by the greater chord 
is >, th^ L subtended^ at the centre, by the less : , 
••• (S. S7. S.) the circumference subtended by the 



* It is easy to shew, by the help, chiefly, of S. T. 3., that 
when the equilateral figure inscribed in die circle, is a square^ 
the circumferences of the similar segments, described in the 
course of the demonstration, touch 6ne another in the commoA 
extremity of the two contiguous sides ; and that when the in- 
scribed polygon has any greater number of sides, as six, eighty 
&c., the circumferences of any two of the segments meeting one 
another in the common extremity of two contiguous sides, d0 
not meet again within the circle. 
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grea^ diord is greater than the circumference 
subtended by the less. 



Ppof. XLIII. 

55. Theobbm. If from a givai point within a 
circkf tvhich is not the centre, straight lines be- 
drawn to the circutnference, making mth each 
other equal angles , the two, which are nearer to 
the diameter passing through the given point , shall 
cutoff A greater circumference than the two, whifk 
are more remote. 

From Ay a ^ven point within the circle BDC^ 

C 

■*>r /— V - ::\^U 




let there be drawn to the circumference any num- 
ber of straight lines AB^ AC, AD, &c. containing 

equal ^ BAC, CAD, &c.j and let AKM be 
drawn, from A, through the centre K : Then is 

fiSVcB^ 
i*or produce DA and CA, to meet the circum- 
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ference again, in £ and ^ ; and join 6, F and D« 
F: Then, since AD is nearer than AB is to AM* 
.♦. (E.7.8.) AD>AB; from AD cut off AG= 
AB, and join C, G and C, B, and C,D andD,B: 
And, because CA is common to the two ^ CB A, 
CGA, and AB = AG, and that (hyp.) the 
/. CAB = L C AG, .'. CG = CB. Again, because 
(E. 82. 1.) the z CGD= z. GCA + /iCAG = 
Z. ACB + Z B AC, and that (E. 1 6. 1.) the Z. BAC 
> z. BFC, .-. the L CGD > L FCB + 4. BFC : 
But (E. 21. 8.) the L FCB= ZLFDB, and the 
Z.BFC= l BDC ; .-. the Z. CGD > Z.FDB + 
Z. BDC ; i. e. the z. CGD > ZL FDC, much more 
then is the z CGD > z EDC or z GDC ; .-. (E, 
19. 1.) CD>CG} but it has been shewn that 

CG=: CB } .-. CD > CB J .-. (S. 42. s.) CD > CB. 



Prop. XLIV- 

56. Theoaem, In equal pircleSj the greater cir* 
amference has the greater chord. 

For (S. 40. 3.) the greater circumference sub'* 
tends the greater z. at the centre ; .\ (£• 15. def. 
1. and £. 24. 1.) it has the greater chord. 



Prop. XLV. 

> 

57. Theorem. The straight line Joining any qf the 
angular points of an equilateral polygon inscribed 
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in a circle and the. centre, passes through the ap- 
posite angtUar pointy or else bisects the opposit 
side at right angles^ accordingly as thejtgvre has 
an even, or an odd number of sides. 

First,, let the equilateral polygon ABCDEF in- 





scribed in the circle ACE, of which the centre is 
K, have an even number of sides, and let B, K be 
joined, B being a^ny one of the angular points of 

the inscribed figure : Then BK passes through the 
opposite angular point E. 

For, if it be possible, let BK cut the circum* 

ference in any other point L ; .*. (E. 98. S.) ^All 
is the half of the whole circumference ; also, since 

the polygon (hyp.) is equilateral, the arches AB/ 
^^ "DE", iS^'FA'are (E. 28. 3.) equal to one 
another j .-. ]^a1 is the half of the whole cir-^ 

* _ __ 

curoference ; .-. ^At = l^A^, the less to the 

greater, which is absurd : .*. BK, produced, passes 
through E. 

M 
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But, secondly, let the eqpilateral polygoif 
ABCDE, inscribed in the circle ACE, have aff 
odd number of sides, and let any of the angular 
points, as A, and the centre K, be joined : Theff 

AK, produced^ bisects CD, at right IL in the 
point F. 

For join K, C and K, D : And^ because (Ay/).) 
the sides of the inscribed polygon are equal, the 
circumferences which they subtend are (E. 28. 3.) 
equal ; since, therefore, the polygon has an odd 
number of sides, it is manifest that the circum- 
ference ABC is equal to the circumference AED j 
.-. (E. 27. S.) the L AKC= ^ AKD j .-. (E. 13. 1.) 
the ^CKF = z.DKF; and(E. 15.def. 1.) CK=^ 
DK, and KF is common to the two ^ KFC^ 
KFD J .-. (E. 4. 1.) CF=:FD, and the z KFCrzr 

L KFD ; so that AKF bisects at right tL the side 
CD, which is opposite to the L BAE. 



Prop. XLVI. 

r 

58. Theorem. The two straight lines in a eirclCf 
which join the extremities of two parallel chords^^ 
are equal to each other. 

Let AB, CG be two parallel chords, of: the 
circle ABGrC^ and let their extremities be joined^ 

toward the same parts by <Ca and GB, and to- 
wards opposite parts by CB and GA : Thea 
CA = GB, and CB = GA. 



/ 
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For, since CG is parallel to AB, tlie arch CA=^' 
GB^(S.SS.S.)} .-. (E.29.3.) CA"=GB: Again, 
since it has been shewn that AC = BG, to each 
of these add'^G^j .-. Xcd = ^GC ; .♦. (E. 29. 3.) 



Prop. XLVII. 

59. Problem* To divide a given circular arch 
into two partSj so that tfie aggregate of iheir 

' chords may he equal to a given straight tine^ 
greater than the chord of the ^hole arcli^ but not 
greater than the double qf the chord (tf half the 
crck. 

Let ACB be a given circular arch, of which a5 
is the chord ; and let L be a given finite straight 
line, greater than AB, but not greater than twice 

M 2 
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the' chord oF the half of ACB : It is required tc^ 

divide ACb into two ))arts such that the aggre-* 
gate of their chords shall be equal to L. 

Bisect (E. SO. 3.) ACB in C, and join C, A, and 

C, B ; .-. (E. 29. S.) CA = CB ; from the centfe 
C9 at the distance CA, or CB, describe the circfe 
ADB, which will, .'.^pass through both A and B : 
From the centre A, at a distance equal to L, de- 
scribe a circle, cutting the circle ADB in I> j draw 

AD, whicb is, .*., equal to L ; let AD cut ACB 

in E, and Join E, B : Then AE + EB = L. 

For (E. 20. 3-) the z ACB is the double of tlie 
zADB} and (Er.2i.s.) the iiACB=zAEB^ 
.% the L AEB is the double of the L ADB ; but 
(E. 32. 1 .) the L AEB = l EDB + L EBD ; .^ the 
L EDB + L EBD is equal to the double of the 
L EDB ; from these equals take the L EDB, and 
there remains the L EBD = l EDBj •% (E. 6. l.> 
ED = EB^ .-. AE + EB= AE + ED or AD; 
but (f on^/r.) AD = L ; .-. AE-hEB=L* 
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Prop. XLVIII. 

* 

|60. Pboblem- To divide u given circular arch 
into two parts^ so that the excess qf the chord qf 
fhe one above the chord of the otheVyTnay be equal 
to a given straight Une^ less than the chord qf the 
whole arcK 



X^t ACB be a given circular arch,, of which the 




iChord is AB : It is required to divide ACB into 
two parts, such that the excess of the .chord of the 
one above the chord of the other shall be equal 
to a given Unite straight line L, that is less than 
AB. 

* • » 

Bisect AB(E. 10. l.) in D ; draw DC (E. 1 1. 1.) 
i to DB; join A, C; bisect (E. 9. 1.) the 

Z. CAB by AX ; let AX meet CD in E ; and join 

B^; about the A AEB describe (S. 5. 1. cor.) 
the circle AEB ; from the centre A, at a distance 

= L, describe a circle cutting AEB in F ; draw 
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AF, which is, .*., equal to L, and produce AF to 

meet -A^CB in G ; join G, B : Then is the excess 
of AG above GB equal to L. 

For join C, B; and (constr. and E. 4. 1.) CA = 
CB and the z ACD = z BCD ; also E A = EB, 
and the Z. ACB is the double of the z ACD ; 
Again, from the centre C at the distance 
CA, describe the circle AHB, which, because 

CA = CB passes through B; produce AG 

to meet AHB in H ; join H, B, and F, B : And 
since (E. 21. 3.) the ^AFB=zAEB, .•. (E. IS. 
1.) the L BFH = A BEX ; but (E. 32. 1. and E. 
5. 1.) the /I BEX is the double of the ^iBAE; 
.*. the z BFH is the double of the z. B AE, and is 
.*. {consfy'.') equal to the Z.CAB or CAD; also 
(£. 20. 3. and consir.) the z. ACB is the double of 
the z. AHB ; and it is also, as bath been shewn, 
the double of the /.ACD; .-. the z.ACD = 
Z. AHB or FHB } and it has been proved that the 
Z. HFB,of the A FBH,is equal to the Z CAD of the 
At:DA} .-. (S. 26. 1.) the z.HBF = z:CDA, 
and is, .*., a right z. j but {demonstr. of S. 47, 3.) 
GH = GBj .-. (S. 29. i.cor. 3.) GF=GB; .-. 
AG - GB = AF ; but {constr.) AF = L j .-. 
CAG -, GB = L. 
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Prop. XLIX. 

<61. Theorem. Iffrom any pointy in the diameter 
of a semucirckf there be drawn two straight lines 
to the circumferencej one to the bisection of the 
circumference y the other at right angles to the 
diameter fJhe squares upon these two lines are^ 
together^ the double of tiie square upon the semu 
diameter^ 



• ^ 



JLet B be ^17 point in the diameter A£ of the 




A C 

«emi-circle ADE ; let F be the bisection of the 
circumference ADE ; ami let C b^ the bisection 
of the diameter : If B, F be joined, and BD be 

drawn i to AE, then BF* + BD* = 2AC** 
For join C, F and C, D : And since {hjfp.) 

AF = EF^ .•.(E.27.3.)the z ACF z= z ECF ; and 
they are adjacent H ; .'. (E. 10. def. 1.) the z FCE 

is a right z ; .-. (E. 47- iO'BF* = CF* + CF ; to 

each of these add BD*} .-."BF* + W = CF + 

CB*+ BD* J but (Jyp. end E. 47. 1.) CB*+BD*=: 



I 



168 A SUPPLEMENT TO THE 

GD*} .-.BF^+BD^ziCF'+CD* or (E. 15. def. 
1.) 2AC\ 

Prop. L. * 

62. Thbqrem. If the chords qftwo arches qfany 
the same circle cut each other at right angles j the 
squares qf the four segments of the chords j are, 
together, equal to the sqMare of the diameter. 

J^et the two chords AB, CD of the circle ACD, 



F,^-^--rH-^^^ 


A 


y/'^l'. ' '/ 


f\ 


* • • 
• • 

/ / ^^ 


y 




• 
• 
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i 
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E \ 


N. \ 


B 



D 



cut each other at right n^ in £ : The squares of 
the segments of the chords are, together, equal to 
the square of the diameter of the circle* 

]?or find (E. 1* 3.) th^ centre K, an^ from either 
extremity of either of the chords, as B, draw 
through K the diameter BKF ; join B, C and C, 
t, and F, A and A, D. And since {^onstr^ 
FADB is a semicircle, the jl FAB is (£. 31. 3.) 
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aright Z., as is, also, (Jn/p*) the z AEC; .*• (E« 

28. 1.) FA is parallel to CD ; ..-. (S. 44. 3.) FC = 

AD. Again, because FCB is a semi-circle, the 
Z. BCF (E. 31. 3.) is a right z. ; .-. (E. 47. 1.) 

FB*=FC*+CB*i hut FC has been shewn to be 
equal to AD .-. FB*= AD* + CB* ; that is (fn/p. 
and E. 47. l.) FB*=AE'+ED*+CE'+EB*. 

63. Coa. If the diagonals of a quadrilateral 
rectilineal figure, inscribed in a circle, cut each 
other at right angles, the aggregate of the squares 
of the sides is the double of the square of the 
diameter of the circle. 

For let the diagonals AB and CD of the quadri- 
lateral figure ACBD, inscribed in the circle 
ACBD, cut one anot^her at right ZC in £ : Then 

it is evident from E. 47. 1, that AC +DB isiequal 
to the squares of the segments of the diagonals, 
that is, (S. 50. 3.) to the square of the diameter of 

the circle : Likewise AD* + CB* may, in the same 
manner, be shewn to be equal to the square of the 

diameter; .-. AC*+CB*+BD*4-DA'= twice the 
square of the diameter of the circle. 

Prop. LI. 

.64. Problem. To draw a straight line^ cutting 
two concentric circles^ so that the part of it which 
lies within the greater circle may be the doubk 
of the part which lies witliin the less. 
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Let ABC, DEF be two given circles, haviiig % 




common centre K: It is required to dr$w a 
straight line cutting ABC, DEF, so that the part 
of it within D£F shall be the double of the part 
of it within ABC, 

Take any 'semidiameter as KA, of the circle 
ABC, and prodtice it to G, so that AG = AK; 
upon AG as a diameter describe the circle DAHG 
cutting DEF in D and H; join D, A, and H, A ; 

and produce DA and HA to meet the circumfer- 
ences again in B, E, and I, L, respectively : Then 
DE = 2AB ; and HL=2AL 

For join D, G and draw (E. 12. 1.) KM i to 
AB : And since {cofistr.) ADG is a semicircle, 
the /, ADG (E. 31. 3.) is a right z , as is {constr*) 
the /L KMA} also (E. 15. 1.) the z KAM* z. 

DAG ; and (comtr.) the side KA, of the A KMA, 
Ih equal to t^e side AG, of the A ADG; .% (E. 



J 



BUBMBNTS OF EUCLID. 171 

26. 1.) AD=sAMj .•. MD = 2MA, but (constr^ 
and E. 3.5.) DE=2MD and AB = 2MA} .•. 
D£ = 2AB : And, in the same manner, HL may 
be shewn to be the double of AI. . 



Prop. LII. . 

66i Problem. To draw a straight line which shall 
touch two grven circles. 

Let ABCi HFG, be two given circles: It is re- 



quired to draw a straight line which shall touch 

both the circles ABC, HFG. 

First let the two circles be unequal. Find 
(E. 1. 3.) the centres K and L, of the two 
circles ABC, HFG ; join K, L ; upon KL as a 
diameter describe the circle DKC ; from K as a 
^centre at a distance =KB+LH, the aggregate 
of the semi-diameters of the two circles, describe 

a circle cutting RDL in D, and draw KD, cut- 
ting the circumference of ABC ib A ; .*• KD= 



* 
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KB+LH ; in like manner, by the help of E. S. 1, 
place, in the semi-circle KCL, KE = KB'^LH9 
and let KE produced meet the circumference of 
ABC in C; from L draw (E. 81. 1.) LF paraUel 
to DK, and LG parallel to KC ; lastly, join A, 

F, and C, G : Then will AF and CG, each of 
them, touch both the circles ABC, HFG. 

For join D, L, and £, L : And since (canstr.) 
KE=KC-LG, it is manifest that EC=:;LG} 
and (constr.) EC is parallel to LG; .% (K 33. 1.) 
CG is parallel to LE ; but, since KEL is a semi- . 
circle, the z. KEL is (E. SI. 3.) a right Z ; .•. (E. 
29. 1.) the IL KCG, CGL are right n ; .*• (E. 16. 
3. cor.) CG touches both the circles ABC, HFG. 

And, in the same manner, it may be shewn, 
that AF touches both the circles ABC, HFG. 

Secondly, if the two given circles be equal to 
one another, a straight line may be drawn whicH 
shall touch them on contrary sides, in the same 
manner as when they are unequal : ^ And, it is 
manifest (E. 33. l. E. 29. 1. and £. 16. 3. cw.^ that 
if a semi-diameter in each circle be drawn perpen^ 
dicular'to the straight line joining the two centres, 
the straight line^ which joins the extremities of 
these two semi-diameters, will touch both the cir* 
cies on the same side. 
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Prop. LIII. 

66. Theorem. ^ two straight linesj nohich touch 
two given circles^ the one touching both the circles 
on the one side of them^ the other on the other, 
be cut by a third tangent y which touches the two 
circles on contrary sides qfthem^ th^^ of the seg- 
ments into which the two first tangents are thus 
divided, those which are alternate are equal to 
one another. 



Let ABE, ACG touch the two given circles 

A. 




I 
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BCD, EFG, ABE on the one side of them, and 

ACG on the other { and let HLFD be drawn (S. 
62. 3.) touching the two circles, on contrary sides 

of them: Of the segments into which HL divides 

BE and CG, BH=LG, and EHmCL* 

If the two circles be equal to one another, it is 
manifest, from the latter part of the demonstration 

of S. 52. 3., that BE and CG will -be opposite sides 

of aC3, and that, .•., (E. 34. 1.) BE^CG": And, 

if BE be not parallel to CG, but meets it, both the 
lines being produced, in A, then, since (S. 19. 3* 



c(yr. 1.) AEzrAG and AB=:AC, 
in the former case. 



• • 



BE=:CG, as 



Again, (S. 19. 3. cor, 1.) HB+LC=HD+LD j 

orHL}andHL=HF+FL = HE+LGj .-.HB 

'+LC=HE + LG; and, as hath been shewn, B£ 

=CG} that is, HB + HE = LC + LG ; if, .-., 
these two equals be added to the equals HB+LC 

and HE + LG, it is evident that 2HB+HE+LC 

= 2LG+HE+LC; take away from both HE+ 

LC, and there remains 2HB = 2LG ; ••. HB = 
LG : And it has been proved that BE = CG ; if, 
/., from these equals there b^ taken the equals 

HB and LG, there will remain EH s: CL. 



Prop. LIV. 
67. Problem. Tlie perimeter, ttie verticdl angle. 
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mi the altitude of a triangle being given, to can* 
struct the triflngle. 

Let XAY be a given rectilineal angle : It i* 




Required to describe a triangle^ which shall hav0 
XAY for its vertical angle^ which shall have d 
given perimeter, and the perpendicular drawtf 
from A to the opposite side, equal, also» to a giveil 
straight line. 

From AX and AY cut off AB and AC, each of 
them equal to the half of the given perimeter ; 
from B and C draw (E. 11. l.) BK and CK x to 
AB and AC, resp^Gtively, and join A, K; .•. 
(constr. and S. 73. 1.) KB=KC j from the centre 
K, at the distance KB, describe the circle BEC, 
which {constr. and E. 16. 3. cor.) will touch AB and 
AC in the points B and C j from AX cat off AD 
equal to the given perpendicular, and from the 
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centre A ^t the distaiace AD describe the eircle 
DFG. 

. Lastly, draw (S. 52. 3.) the straight line LH 
touching t\}e circle BEC in E, and the circle DFG 
in F : Then is ALH the A which was to be de- 
scribed. 
For it has the z. X AY for its vertical z: , and if 

A, F be joined, since LH touches the circle DFG 
in F, the a AFL, AFH are (E. 18. 3.) right Hi 
and (E. 15. def. 1.) AF = AD which was made 
equal to the given perpendicular : Also (constr. 
and S. 19. 3. cor. 1.) LE=:LB, and HE = HC; 
.•. LE+HE, i. e. LH=LB+HC ; to these equals 
add AL+AH; ••. AL + LH+HA=:AL + LB+ 
AH+HC; but AL + LB = AB, and AH+ HC 
= AC; ••. AL + LH + HA = AB + ACj and 
AB and AG were made each of them equal to the 
half of the given perimeter ; .•. the A ALH hds 
its perimeter equal to the given perimeter; it hafs 
the given z. for its vertical z. , and, as hath been 
shewUi it has its i AF equal to the given alti* 
tude. 



Piiop. LV. 

68. Theorem. J[fthe pointy ifi which two straight 
lines that are perpendicular to each other meetj be 
applied to tiie circumference qfa circle so that the 
straight lines themselves cut the circumference. 
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lite centre of the circle is in the bisection of the' 
straight line joining those two intersections. 

For, the straight line, joining the intersections 
of the circutpference and of the two straight lines 
\Krhich (hyp*) meet jit some point of thfe circumfer- 
ence, and contain a right z. » cuts off a semi-circle : 
If not, let it, if it be possible, cut off a segment 
greater than a semi-circle \ .*• (E. SI. S.) the z in 
that segment is less thaa a right z. , which is con- 
trary to the supposition : Neither can it ciit off a 
segment less than a semi-circle.j for, then the z. 
in that segment would be greater than a right l , 
which is, also, contrary to the supposition; •*. 
the straight line joining the intersections cuts bff 
a semi-circle, and /• passes through the centre of 
the circle, which point is •-• in the bisection of 
that line. 



Prop. LVI. 

69. Theorem. If from the extremities of any di^ 
ameter^ of a given circle, perpendiculars be drawn 
to any chord of the circle^ that is not parallel to 
the diameter J the less perpendicular shall be equal 
to the segment of the greater contained between 
the circumference and the chord. 

• . I 

From the extremities^ A and B, of the diameter 
AB of the circle ABDC, let there be drftwn AE 



tr» 
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and BF jl to the chord CD, which fs not parallef 
to AB; let AEand BF meet CD, produced, ia 
E and F ; and let the greater i. AE cut the cir- 
cumference in I : Then BF = IE, 

For join B, I : And siniee (hyp.) AICB is a 

•emi-circle, .•. (E, 31. 3.) the z. AIB, is a right 

/. ; and (%jp.) the a lEF, EFD are, also, right 

£ J .•. (E. 28. 1.) the figure. lEFB is a o j .% 
(E.34.l.)BF=IK 



Prop. LVII. 

to. Theorest. If from the extremities qfcmffdi^ 
ameteTy of a given circle^ perpendiculars be drcpwn 
to any chord of the circle^ they shall meet the 
chords produced, in two points which are eqw^ 
distant Jrom the centre^ 



From the extremities. A, B, of the diameter 
AB, of the circle ABCD, of which K is the centre^ 
let there be drawn AE, and BF, x to the chord 
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CD, and meeting CD produced in E and F, re* 
spectively : The points E and F are equidistant 
from K*. 

For, join K, £, and K, F, and B, I ; and first let 
£F be parallel to AB: Then, since (hyp.) the a. 
AEF, EFD are right a. , •*. (E. 28. 1 .) EA is, als9, 
paraUel to FB» and AEFB is a a ; .\ (£i 34. 1.) 
EA=FB, and the l EAB= l FBA, each of 
them being a right Z ; also the side KA, of the 
A EAK, is equal to the side KB, of the A FKB ; 
.-. (E. 4. 1.) Ek = FK. 

But, if EF be not parallel to AB, join B, I, and 
through K draw (E. 31. 1.) KHG parallel to A£ 
Of BF : And since (%?•) AICD is a semi-circle, 
.*. (£. 31. 3.) the L AIB is a right z. , as is, also, 
{kyp.) the L AEF J .-. (E. 28. 1.) EF is parallel to 
IB ; and (constr.) the figures IG, HF, are flQ •' •' 
(E. 34. 1.) EG = IH, and GF = HB ; but since 
KG (constr.) is parallel to AE, and that the a 
AIB, AEF are right e. , .*. (E. 2»- 1.) the 4L IWk, 

£GH are right 0. '; and because KH, drawn fratt 
die oentre K, cuts IB at right jl , .'. (E. 6. 9.) IH 

N 2 
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= HB; .*. £G=GF; ^nd KG is common Co 
the two ^, KGE, KGF, and the n KGE, KGF, 
as hath been shewn, are right IL \ .*. (£.4. 1.) 
EK = FK, 



Puop. LVIII. 

71. Theorem. Jfupon either radius^ bounding a 
quadrantal circular arch, as a diameter, a semi-' 
circle be described, any chord of the senu-circle, 
drawn from the centre of the quadrant, shall be 
equal to the perpendicular distance qf the point, 
in which the chord produced meets the quadrantal 
arch, Jrom the other radius. 

4 

I 

Let BDK be a semi-circle, having for iU 




diameter KB', one of the semi-diameters which 

bound the quadrantal circular . arch a]c^, and 
from the point C, in which any chord KD, of 

the semi-circle, meets, when produced, ACB, let 
C£ be drawn perpendicular to K A^ the other ter« 
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minating seini'diaineter of ACB: Then <KD=: 
CE. 

For, since (hyp^ KDB is a semi-circle, .*. (E. 
SI. -3.) the L BDK is a right jL ; as is, also, (Jiyp.") 

^ the L CEK : Again, since {Jtyp.^ ACB is a qua- 
drant of the circumference of its circle, .*. (E. 27. 
S. and £. 15. 1. c&r. 2.) the L AKB is a right z ; 
,\ the zEKC 4- l DKB== aright £? also, since 
the /.CEK is a riglit z., .♦. ^E. «2. 1.) the 
L EKC i z KCE = a right l ; .'♦. the z EKC + 
z DKB= z EKC -(- z KCE ; .♦. the z DKB = 
z KCE ;' and the side <kB, of the A KDB, is (E. 
15. def. 1.) equal to the side KC, of the ACEKj 
.\(E.26. i:)KD=?CE. 

Peop. LIX. 

12. Theorem. j[f the angle contained by. toco 
straight lines j one of which cuts a circle and the 
other meets itf be equal to the angle iti the altera 
note segment qf the circle, the straight Unfi which 
meets^ shall touch the circle. 

For ijf the^ straight Hoe which, in this case, 
meets the circle, does not touch it, from .the point 
in which it meets the circle, draw (E. 17. S.) a 
straight line touching the circle ; Then (Jiyp* and 
£• 32. 3.) it is manifest that the greater of two 
^^ngles is equal to the less \ which is absurd. 



I 
\ 
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Peop* LX, 

79. Theorem. A straight. line toucJimg a circular 
arth in the bisection of that arch^ is parallel to its 
chord. 

For the ZL, which each half of the arch sub- 
tends at the opposite extremity of the chord, are 
(E. 27. 3.) equal to one another ; and (E. 32. 3.) 
they are also equal to the Jl which the straight 
lines, joining the bisection of the arch and the ex- 
tremities of the chord, make With the straight line 
that touches the arch at its bisection ; •*. (E. 27* 
I .) the tangent, at that point of bisection, is parallel 
to the chord. 



Prop. LXL 

74. Problem. The bascj the wrHcal angk^ and 
the altitude qf a triangle being' given^ to construct 
the triangle. 

Let BC be the given base of a A, of which tlie 
vertical Z , and the altitude are also given : It ui 

Required to construct the triangle. 

Upon BC describe (E. S3. 3.) a segment of a 

circle BAC, capable of containing an z. equal to 

the given vertical z. i from C draw . (E. 11. 1 .) 

CL 1 to HC, and make it equal to the given altir 
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tude of the A j through L draw EX parallel to 

BC, and let LA: raeet RAC in A ; join B, A and 
C, A ; Then is ABC the A which was to be con- 
structed. 

for draw (E.Sl. 1.) AD parallel to LCj .\, 
the figure ADCL is a □, and (E. 34* !•) AD=? 
LC: And because AD is parallel to 'LC, and 
{coiutr.) the Z.LCD is a right Z., .*. (K29» 1.) 

tho z ADC is a right z.; i. e. AD is i to BC, 
and it hiis been shewn to be equal to LC^ which 
(canstr.) is equal to the given perpendicular. 
Also (constr.) the z. BAC is equal to the giveo 
vertical z ; /.ABC is the A which was to be 
constructed.* 



** If the straight line LA drawn from the extremity of CL, 
which 18 made equal to the given perpendicular, fidl without the 
ie^Bient BAC, the problem is manifestly impossible : It LA 
touch the circle BAC^ th^ problem has only one solution ; but if 
LA cut the segment BAC, the problem admits of two soImt 
tions. 
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Pkop. LXII. 

75. Problem. 'J^ofind a point in a given straight 
line J from which if straight lines b^ drcavn to txvo 
given paints, on the same side of the given Une, 
they shaU contain an angle equal to a given recti'' 
lineal angle. 

Upon the straight linejoining the two given poiDtSt 
describe (E. SS. S.) a segment of a' circle, capable 
of containing an z equal to the given rectilineal 
Z. , and the point in which it meets, or cuts, the 
given straight line, is evidently the point which 
was to be found : And if the circumference of the 
segment, so described,, cut the given straight line, 
it is manifest that the problem admits of two so- 
lutions : But if the circumference of the segment 
neither touch nor cut the given line, the problem 
is impossible. 



I 



Prop. LXIII. 

76. Problem. The vertical angles the base^ and 
the aggregate of the three sides qfa triangle bang 
given^ to construct the triangle. 

Let DE be the given base : It is required to 
describe on DE a A , which shall have its two re- 
maining sides equal together, to a given finite 
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Straight line, and the L contained by them equal 
to a given rectilineal angle. 

Upon D£ describe (£• 33. 3.) a segment of a 
circle DFE, capable of containing an l equal to 

the given rectilineal L j divide (S. 47. 3.) M^, 

in F, so that the aggregate of the chords of DF, 

EF shall be equal to the aggregate of the two re- 
\ maining sides of the A ; and join D, F and £, F: 
Then it is manifest that DF£ is the A which was 
to be constructed. 



Prop. LXIV. 

??• Problem. The vertical angUy the base, end 
the excess of the greater qf the two remahung 
sides, of a scalene triangle, above the kss, being 
given, to construct the triangle* 

» 

. 

Let AB be the given base : It is required to 
describe on AB a A /which shall have the difference 
of its two remaining sides equal to a given finite 
straight line, and the L contained hy them equal 
to a given Rectilineal angle. 
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Upon AB describe (E. S3. 3-) a segment of a 
circle capable of containing an /. equal to the 

given rectilineal z. ; divide (S. 48. S.) ACB in C, 

so that tbe difference of the chords of AC and BC 
may be equal to the excess of the greater of the 
two remaining sides of the A above the less ; and 
join A, C and B, C : Then it is evident that ACB 
is the A which was to be constructed. 



xProp. LXV. 

78. PaoBLEBf; I^om two given points^ in the cir^ 
cuniference of a circle, to draw two eqtwl chords 
of that circle, which, produced if necessary, shall 
nuike with one another an angle equal to a given 
rectilineal angle. 

Let A and B be two given points in the circum* 
ference of the circle AEFB j and let K be a giveui 
rectilineal angle : It is required to draw, from A 
and B, two equal chords of the circle AEFB, 
which make with one' another an ^ equal to the 



y 
t 
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Join A, B ; upon AB describe (E. 33. 3.) a 
segment of a circle AGB capable of containing 
an z.r= the zK, and complete the circle AGBHj 

bisect (E. SO. 3.) XgB in G, and AH^ in H; 



draw AG and BG, cutting ADB in D and C ; 

also draw AH and BH, and produce them to meet 

^^JE^ in F and E. 

It is manifest, from -the construction, that the 
L AGB, which the two chords, AD. BC, make 
with one another when produced, = z. K ; alsoj^ 
since (E. 22. 3.) the z AGB + ZAHB = twp 
right zt, and that (E. 13. 1.) the z AHE + 
L AHB = two right ^, .'. the L AHE == 
/AGB; but (constr.) the / AGB = -^ K; .% 
the /AHE, which the two chords AF, BE, make 
with one another, is equal to the / K. 
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Again, join A, C, and B, D ; and since (constr.} 



AG=BG.-.(E.29.3.) AG=BG; .*. (E. 5. i.) 
the z.GAB±= Z.GBA; alto (E. 21. 3.) the ^ 
ADB=/L ACB; .♦. (S. 26. l.) the third z. ABD, 
of the A ADB, is equal to the third z. BAG of 

the A BC A ; .-. (E. 261 s:) AD = B^, an^ (£. 29. 
3.) the chord AD = the chord BC. 

Lastly, if A, E, and B, F, be joined, it may be 

shewn, in the same manner, that the / H AB = 

zHBA, that (E. 21. 3.) the zEAF = /FBE, 

and .♦. that the /EAB=zFBA} .'. (E. 26. 3. 



and E. 29. 3.) BE=AF. 



P»op. LXVI. 

79. Probi^m. In a given parallelogram to in- 
scribe a parallelogram which shall have one qfits 
angles equal to a given angle, tend ported m a 
given point qfone qfthe sides qf^ given paralki 
hgram, 

* 

Let F be a given point in the side AB of the 




H Y 



_.v. 



X L Z 



' 
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CD ABCD ; and YLX a given rectilineal angle : 
It is* required to inscribe, in theaABC, a C3 
which shall have one of its Ji posited in F^ and 
equal to the ^ YLX. 

Join B, D J bisect BD (E. 10. 1.) in K; draw 

FK and produce it to meet DC in H ; .*. {constr. 
E. IS. 1. E. 29. 1. and E.26. 1.) DH=BF j pro- 
duce XL to Z ; upon FH describe (E. 33. 3.) a 
segment of a circle capable of containing an ^ = 

^ YLZy and let its circumference cut AD in E ; 
if.*. Fy E and H, E be joined, it is plain that the 

zFEH= z YLZ; from CB cut off CG=AE; 
join F,G and H,G: Then is FEHG the figure 
which was to be described. 

¥or(c(mstr. and S. 43. 1.) EFGH is a Oj .•• 
(E. 29. 1.) the ^ HEF4- ^ EFG = two right iLi 
^SD (E. 3. 1.) the / YLZ + ^ YtX = two right 

/L; and it has been shewn, that the ^HEF=: 

z YLZ } .-. the z EFG = z YLX j and it is 
posited in the given point F. Therefore, &c. 



Prop.LXVIL . 

SO. Problem. To produce a given straight line so 
that the rectangle^ under the given straight Une^ 
and the part of it produced, shall be equal to a 
given square* 

Let AD be a given finite straight line : It is 
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required to produce AD, so that the rectangle con- 
tained by AD and the patt produced may be equal 
to a given square. 

Through D draw any straight line XY, and 
from DX and DY cut off (E. 3. 1.) DE and DF 
each of them equal to the side of the given square } 
describe (S. 5. 1. cor.) a circle which shall pass 
through the three points A, E, and F ; and pro- 
duce AD to meet the circumference in C : Then 

(E.35. S.) it is manifest that the rectangle ADX DC 

cED X DF or ED* ; but ED was made equal to 

the aide of the given square ; .*. AD has beea 

produced to C, so that AD X DC is equal to the 
given square. 

81. GoR. By a similair method, it is manifest, a 
given straight line may be produced, so that the 
rectangle coptained by the straight line, and the 
part produced shall be equal to a given rectangle : 
That is, if three straight lines be given, a fourth 
may be found so that the rectangle, contained by 
it and any of the three given straight lines, shall 
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l>e equal to the rectangle contained by the re- 
maining two. 



Prop. LXVIIL 
82. Theob£K. Jf through any point in the com- 

• * 

mon chord of two circles, which intersect one an^ 
other y there be drawn any two oilier chords, one in 
each circUy their four ejctremitics shall all lie in 
the circtmference of a circle. 



Let P be any point in AB» which is a commoa 




chord of the two circles ABC, ABD ; and throngb 
P let there be drawn a chord CPE, of the circle 
ABC, and FPD a chord of the circle ABD 5 the 
four points C, F, E, D, lie in the circumference 
of a circle. 

For describe (S. 5. 1. cor.) a circle CFE, which 
shall pass through the three points C, F and E ; it 
shall, also, pass through D : If not let it cut FO 
in some other point as G» 
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Then (E. 35. 8.) CP X PE =:= AP X PB ; and 
APX PB =FPX PD ; ,.\ CP XPE=FPXPD; 
but (E. 35. 3.) CPX PE=FPX PG } .-. FPX PH 

= FPX PG ; L e. the greater rectangle is equal 
to the less; which is absurd ; therefore the circle 
which passes through C, F, E cannot pass other- 
wise than through D. ' 



Prop. LXIX, 

83. Theorem. If through the given extremity of 
any diameter of a circle straight lines be drawn 
to meet an indefinite straight line without the 
circle^ zvfUch is perpendicular to the diameter pro^ 
ducedj the rectangles contained by the segments of 
these lines lying between the given pointy the point 
in which each of them cuts the circui^erence 
agam^ and the indefinite line, shall be equal to 
each other. 



Through the extremity B of the diameter AB, 
of the circle AQB, let there be drawn any num- 
ber of straight lines, terminated one way by the 
circumference, and the other way by the indefi- 
nite straight line XY, which meets AB, producedf 
, at right angles in C : The rectangles contained 
by the segments into which the lines so drawn are 
divided by the point B, shall be equal to one an- 
other. 
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. For, let PBQ be. any of the lines so drawn 
through B ; join A, P and A, Q : And because 
(*jrp.) AQB is a semi-circle, .• (E. 31. 3.) the 

^ AQP is a right ^ , as is, also, (hj/p.) the ^ 
ACPj .•. (S. 29. 1. car. 2.) a circle described 
upon AP as a diameter, will pass through Q and 



. . 



(E. 35. 3.) PB X BQ=: AB X BC J and, 
in the same manner, it may be shewn that the 
rectangle contained by the segments of any other 
straight line, so drawn through B, is equal to 

AB X BC, and, .-., equal also to PB X BQ. All 
such rectangles are, .*., equal to one another. 

84. Cor. Hence, through a given point, (B) 
between an indefinite straight liiie (XY) and a line 
of any kind (VW), in the same plane with it, a 
straight line may be drawn to meet the two given 
lines, so that the rectangle, contained by the seg* 
ments into which it is divided by the given point, 
shall be equal to a given square. 

For draw (E. 12, !•) BC i to XY, and produce 

o . 
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CB (S. 67. S.) to A, so that CB X BA may be 
equal to the given square ; upon AB, as a diameter, 
describe the circle ABQ/ cutting VW in Q ; lastly, 
draw QB, and produce it to meet XY in P : Then 

since. (S! 69. S.) PB X BQ= CB X BA, and that 

{constr.) CB X BA is equal to the given square ; 

/. PB X BQ is, also, equal to the given square. 



Prop. LXX. 

85. Problem. From thjs obttise angle of an obtuse^ 
angled triangle^ to drctw a straight line to the base^ 

. the square qf which shall be equal to the rectangle 
contained hy the segments^ into ^hich it divides 
the base. 

9 
t 

Let BAG be an obtuse«tog!ed A, obtuse- 




afl^Ied at A : It is required to draw from A t9 



*«i>». 



« If the circumference of the circle ABQ do not.cut V W^ the 
problem admiUi not of a Bolution^ 



« ' 
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BC a Straight line, the square of which shall be 
equal to the rectangle of the segments into which 
it ^vides BC. 

About BAG describe (S. 5. !• cor.) a circle 
ABEC, and take its centre K j join K, A ; upon 
KA, as a diameter, describe the circle ADK cut- 
ting BC in D J join A, D : Theti AD* = BD X 

DC. 

For produce AD to meet the cirpumference in 
E9 and join K, D : And since (constr.) ADK is a 
semi-circle ; .% (E. 31. S.) the z. ADK is a right 

Z.; .% (E. S. S.) AD = DE; but (E. 85. 3.) 

BDXDC = ADXDE; ••. BDX DC = AS*- 
86. Cor. A segment of a circle being given, 
that is less than a semi-circle, the method of draw- 
ing, from any point of its circumference, a chord 
of the circle, that shall be bisected by the chord 
of the s^ment, k shewn in the solution of the 
above problem. 



Prop. LXXI. 

$7. Problem. To make a rectangle which shall be 
equal to a given square^ and shall have ii$ two 
adjacent sides, together ^ equal to a given straight 
line ; the side of the given square being less than 
the half of the given straight line. 

Let AC be. a given straight line : It is required 
to make a rectangle, which shall be equal to a 

o 2 
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given square, and which shall have its tw6 adj»- 

" cent sides, together^ equal to AC. 

Upon AC, as a diameter, describe the cirde 
ABC ; from C draw (E. 1 1. 1.) CG i to AC, and 
make CG equal to the side of the given square ; 
through G draw (£• SI. 1.) GF parallel to AC, 
atid through F draw FDE parallel to CG : The 

. rectangle AD X DC is equal to the given square. 

For (cew^^O DCGF is a □; /. (E. 34. 1.) DF 
sCG, and .•. (comtr.) DF = the side of the given 
square : Again, because {consir.) DF is parallel to 
CG, and the L ACG is a right L\ .-. (E. 29. 1.) 

the L CDF is, also, a right Z. ; and {constr.) ADC 
is the diameter of the circle ABC; .*• (E. S. 3.) 

DF=tDE; but(E.«5.S.)ADXDC=DFxi5E"; 

i.e., since DF = DE, AD X DC=DF* or CG*J 

•\ AD X DC is equal to the given square, and 
AD together with PC make up the given straight 
line AC. 
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88. CoRi 1. If the side of the given square be 
greater than the half of the given straight line» the 
problem admits of no solution. 

89* Cor. 2* In the same manner^ the greater 
side of a ^ven oblong may be divided into two 
parts, so that the rectangle contained by them 
shall be equal to the given oblong» a square having . 
first (E. 14. 2.) been found that is equal to the 
oblong : But, in this case, the half the greater 
side of the oblong must exceed the double of the 
lesser side. 

90. Cor. S. In the same manner, also, a straight 
line may be divided into two parts, so that the 
rectangle contained by them, shall be equal to 
a given rectangle ; if the side of a square which 
is equal to the given rectangle, do not exceed the 
half of the given straight line. 

91. Cor. 4. If the measure of the surface of 
an oblong be given, and if its perimeter be also 
given,' the rectangle itself may hence be con« 
structed. 



Prop. LXXIL 

92. Theorem. J(fJrom a given point mfhout a circle^ 
two eqtial straight lines be drawn to the convex 
circmr^erence^ one of which touches the circle^ the 
other shall also touch it. 

For, if not, draw (E. 17. 3.) from the gfven ' 



> 
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point a^ Straight line to touch the circle, and (S. 
19. 3. cor. 1.) it will be equal to the other tan* 
gent ; and thus more than two equal straight lines 
can be drawn from a point, without a circle, to 
the circumference ; which (£• 8. 8.) is absurd ; .\ 
the straight line which is drawn from the same 
point, without the circle, as the tangent, and 
which is equal to the tangent, itself also touches 
the circle. 



Prop. LXXIIL 

9S. Problem. To produce a given straight Une^ 
so that the rectangle contained by the whole line 
thus produced^ and the part of it produced, shall 
be equal to a given square. 



Let AB be a given straight line, and L the side 




E X 



of a given square : It is required to produce AB 
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BO th»t the rectangle, contained under the whole 
line pr.Qduced, and the part of it produced, may 
be equal to the square of L. 

Bisect (£. 10. 1.) AB in K, and upon AB, as a 
diameter, describe the circle ABC ; from B draw 

(K 11. 1.) BD i to AF, and make BD = L; join 

K,D, and let KD cut the circumference in Cjfrom 

C draw C£ jl to KC, and let CE meet AB pro- 
duced in E. Then since (constr. and E. 16. 3. cor.) 

CE touches the circle, and EBA cuts it, •*• (E. 

36. 3.) AE X EB ="EC' ; but, since the n KBD, 
KCE are right ^ , and the z at K is common to 
the two /h. KBD, KCE, and that (E. 15. def. 1.) 

the side KD = the side KC, .-. (E;26. 1.) EC = 

BD \ but (constr.) BD = L ; and it has been shewn 

that AE X EB = EC' ; .-. AE X EB= the square 
ofL. 

94. Cor. By the help of this proposition and 
(E. 14. 2.), a given straight line may be produced, 
so that the rectangle contained by the whole line 
thus produced, and the part of it produqed, shall . 
be equal to a given rectilineal figure. 



Prop. LXXIV. 

95. Theorem. If ^ from the bisection qfanjf given 
arch of a circle^ a straight tine be drawn cniting 
the chord of that arch^ or the chord ^Qdwed^ and 
the circumference also of the circle^ the rectangle 
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contained by the two parts of the straight tine so 
drawn^ the one fying between the "^oint of btsec- 
tion and the circumference^ the other between the 
point of bisection and the chords shall be equal to 
the square of the chords of half the arch. 

Let AB be the chord and let C be the bisec- 




tion, of the arch ACB of the circle ADBC ; and, 
first, let any straight line CD be drawn cutting the 
chord in E, and then meeting the circumference 

of the circle in D ; also let there be drawn CF, 



the chord of CB, the half of ACB: Then DC X 

CE'= CB*- 

For join C, A and B, D, and about the A DB£ 
describe (IS. 5. I. cor.) the circle DEB: And be* 

cause(AjrpO ACi=CB, ••. (E. 27. 3.) the z ABC= 
Z.CAB; and (E. 21. 3.) the /lCAB = z.CDB; 
.-. the ^ ABC = z. BDE j ••. (S. 59. S.) the straight 
line CB touches the circle DEB in B ; .•. (E. 86. 

3.)DCXCE"=CB\ 
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Peop. LXXV. 

96. Problem. Fr&m the bisection qf a given arch 

of a circle 9 to drcew a straight Uhe^ such that the 

part qf it intercepted between the chords or the 

chard produced^ of the given arch and the ctrctmu 

JerencCt shall be equal to a given straight line. 

Let ACB be a given arch of the circle ADBC ; 




let AB be its chord, and C its bisection, and let 
LM be a given straight line: It is required to 
draw from C a straight line such that the part of 
it between AB, and the circumference ^DB shall 
be equal to LM. 
Join C, B } and produce (S. 73. 3.) LM to N, 

so that LN X NM = C B* ; from C as a centre, at 
a distance equal to LN, describe a cirdle butting 



202 



A SUPPI,£MKNT TO THE 



jS^ in D ; join C, D, and let CU cut AB in E : 
ThenisED=LM'. 

For (S. 74. 3.) DC X CE = CB* ; and (constr.') 
i:NXNM = CB*; .-. DCXCE = LNXNMj 
but {constr.) DC = LN j .♦. CE = NM j and .♦. 
EDsLM. 



\ 



Prop. LXXVI. 

97. Problem. Through any given angle of a given 
equilateral four-sided figure^ to dralD a straight 
line terminated by the sides produced^ containing 
the angle opposite to the given angle, which shall 
be eqiud to a given straight line. 

Let ABCD be a given equilateral rhombus, and 





EF a given straight line : Tlirough any of the an- 
gular points of ABCD, as C, it is required to draw^ 
a straight line, terminated by AB and AD pro- 
duced, which shall be equal to EF. 
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Join A, C J upon EF describe (E. SS. 3.) a seg- 
ment of a circle EKF, capable of containing an 
^ equal to the ^ BAD of the rhombus, and 

complete the circle } bisect (£• SO. 3.) £GF in G \ 
from G draw (S. 15. 3.) GHK so that HK= AC ; 
join E, K ; in AB produced, take (£. S. 1.) AL = 
KE ; join L» C, and produce LC to meet AD pro- 
duced in M : Then LCM = ER 

For join K, F, and G, E, and G, F : And be- 
cause (E. 32. def. 1.) BA, AC are equal to DA, 
AC, each to each, and that the base BC, of the 
A ABC, ig equal to the base DC, of the A ADC,^ 
.-. (K 8. !•) the z.BAC = z.DAC, and the 
L BAC is, .-., the half of the L BAD :- Again, be- 

cause {constr.) EG = FG, .•. (E. 27. 3.) the ^ 
EKG = z FKG, and the z EKG is, .%, the half 
of the ^EKF, which {constr.) is equal to the ^.' 
BAD; .-.the /EKH = i:LAC; and {constr.) 
the two sides EK, KH of the A EKH, are equal 
to the two sides LA, AC, of the A LAC j .•. (E, 
4. 1.) LC=EH, and the zACL=/KHE; .% 
(E. 13. 1.) the /KHF= z ACM; also, as hath 
been shewn, the z CAM = / HKF, and the side 
KH (constr.) of the A KHF is equal to the side 
AC of the A ACM; .'. (E. 26. 1.) CM= HF; 
and it has been proved that LC = EH ; .•. LC + 
CMr=EH+HF; that is, LM = EF. 
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. , Prop. LXXVII. 

98. Theorem. ](f two circles cut each other^ and 
: from any pointy in the straight, line produced^ 
'- which joins their intersections^ two tangents be 
- dreamy one to each circle^ they shall be equal to 
one another. 



Let the two circles ACB, ADB, cut one another 

E 




in the points A and B, and from anj point £ in 

AB> produced, let there, be drawn £C and ED 
touching the circles ACB| ADB, in the points C 

and D respectively : EC = ED. 

For (E. 36. 3.) EC* = BE X EA ; also ED* = 

BEXEA; .-. EC* = ED*; and.-.EC = ED. 

99. Cor. The straight line" AB which passes 
through the intersections of two circles ACB, 
ADB, that cut one another, bisects the straight 
line HL, which touches both the circles. 
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Prop. LXXVIII. 

100. Theorem. If two circles cut each other^ and 
if two tangents drawn, one to each circle^ Jrom 
ar^ point without them, be equal, the straight line, 
joining the intersections of the circles, shall, if it , 
be produced, pass through the common extremity 
qf the equal tangents. 

Let the two circles ACB, ADB, cut one an- 

E 




other in A and B, and from any point E, without 

the circles, let there be drawn EC touching the 

circle AC6, and ED touching the circle ADB : 

If EC = ED, the points E, A, and B, are in the 
same straight line. 

For join E, A ; then shall EA produced ^pass 

through B ; if not, let it pass otherwise, as £ AFG : 

Then (E. 36. 3.) FElX EA = EC* ; also GE X EA 



«« 
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=lD' ; and jhyp.) EC' = ED* ; .-. FE X E A = 

GEX EA; .-. rE = GE; i. c. the less of two 
straight lines is equal to the greater, which is im- 
possible ; .*» EA, produced, cannot pass otherwise 
than through B j so that the three points E, A, 
and 6 are in the same straight line. 



Peop. LXXIX. 

« 

101 . PaOBLEM. Two circles being given, neither of 

which lies within the other ^ to drcnv a straight UnCy 

stxh that the tangents to the two circles, drawn 

Jrom any ^ point of the Une^ shall he equal to one 

another. 



Let ABC, DEF, be two given circles, neither 




% 

of which lies within the other : It is required to 
draw a straight line, such that the tangents to the 
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two circles, drawn from any point of the line, 
shall be equal to one another. 
Find (E. !• 8.) the centres K and L, of the two 

given circles, and draw KL; draw (S. 52. 3.)1BF 
touching the two circles, on the same side, in B 
and F; bisect (E. 18. 1.) BF in G; and through 

draw (E. 12. 1.) XY i to"KL: The tangents 
drawn to the two circles ABC, DEF, from any 

point in ITY are equal to one another. 

For take any point P in 5rY, and draw (£• 17. 

3.) from Pthe straight lines PA and PD, touching 
the circles in A and D respectively ; and draw 

PK, AK, BK, KG, LG, LD and LP. 

And because (constr.) the n sttH are right n ; 

.-. (E. 47. 1 .) PK* + LG' = PH* + HK* + LT+ 

HG ; and PL + KG = the same four squares ; 

.-. PK* + LG* = PL* + KG* J but (constr. and E. 
1 8. 3.) the /L PAK, KBG, GFL, and LDP, are 

right ^ ; .-. (E. 47, IQ PK*4-LG*=PA* + AK* 

+ I:F* + PG*; and PL* + KG*=PD* + 1^'* + 

AK* + GF*, because (constr,) GF=(jB; and DL 

=LF,andKB=KA; .-.PA'+AK^+LF+FG* 

=PD* + LF* + AK* + FG* ; take away, .-., from 

both^ the squares of AK, of LF and of FG, and there 

reraainft PA*=PD* ; .-. PA=PD. 

102. Cor. 1. The difference of the squares of 
the distMices of any point P in the line XY so 
drawn, from the oentves K aad L, of the two given 
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circles, is equal to the difference of the squares of 
the two semi-diameters of the circles. 

lOS* Cor. 2. If from any point Pin the straight 
line XY, so drawn, any two straight lines be 
drawn, PCM, PEN, the one of them^ cutting the 
one of the given circles, the other the other, the 

j^ectangles, MPxPC, NPXPE, contained by 
the whole lines and the parts of them without the 
circles, shall be equal to one another. 

For draw (£• !?• 8.) from P, PA touching the 

circle ABC, and PD touching the circle ADE: 

Then (E. 36. 3.) MP X PC = PA' j andNP X^ 

PD*j but (S. 79. S.) PA* = PD% .-. MP X PC 

= NPXPE, 



Peop. LXXX. 

104. Problem. To Jind a point Jrom which {f 
straight lines be drccwn to touch three given circles., 
none of which Ues within another^ the tangents so 
drawn shaU he equal to one another. 

Draw (S. 79. 3.) the straight line which is the 
locus of equal tangents drawn to two of these 
given circles; draw likewise, the straight line^ 
which is the locus of equal tangents drawn to the 
remaining circle and to either of the two circles 
first taken : It is manifest that the intersection of 
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the two straight lines, so drawn» will be the point 
which was to be found. 

105. CoR. If from the point, thus found, any 
number of straight lines be drawn cutting the 
three given circles, the rectangles contained by 
the whole lines, so drawn, and the parts, of them 
without the circles, shall (£. S6. 3. and S. 80. S.) 
be equal to one another. 



Prop. LXXXI. 

t 

% 

106. Problem. To divide a gvoen straight line in^ 
to two partSj so that the square qfthe one shall be 
eqtuil to the rectangle contained by the other and 
a given straight line. 

Let AB and L be two given finite straight 



» 
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lines : It is required to divide AB into two parts,' 
so that the square of the one shall be equal to the 



»IQ 
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rBct»ngl0 cotttaiped by the other and by the giye^ 
line L. 

From B drmr (£.11. l.) BC 4. to AB; make 
ICasL, (wd (£. SI. lO complete the a ABCD i 
produce (S. 73. S. cor.) CB to E, 80 that (!1^ X 15 
maybe equal to AB X L ; lastly upon BE describe 
(E.46. 1.) the square EFGB : Then, KS is di- 
vided in G, so BG*'= A5 xX: 

For produce FG to H j then (constr,) the rect- 
angle CE X EB, =; ABX hi but CF is the rect- 
angle CE X EB, because EF = EB ; and CA is 

the rectangle AB X L> because CB was made 
equal to L ; ,\ the rectangle CF = C A j take 
away the common part CG, and there remains 
BF= HA i and BF is the square of BG, and HA 

= AG X L> because {constr. and E. 24. 1.) AD=: 

SC, which was made equal to L. 



Prop. LXXXII. 

107* Theorem. If a given circle be cut by <xny 
number qf circles^ which all pass through the same 
two given points without the given circle^ the 
straight lines f joirdng the points of each of these 
intersectionSj are either all parallel^ or all. meet 
when produced in the same point. 

/ 

Let CDF be a given circle ; and» firsts let the 
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circle ACD6, which passes through the two given 
points A and B, cut the circle CDF in C and D ; 

let the straight line joining C,D, be parallel to AB ; 
then shall the straight line joining the points, in 
which any other circle that passes through , A, 

B, cuts the circle CDF, be parallel to AB and 

cS. • 

For, find (E. 1. $.) the centre K of the circle 

CDF, and from K draw (E. 12. 1.) KeKi to CU; 

.•. (E. S. 3.) KX bisects CD at right /L; .*. (K 1. 
3. cor.) the centre of the circle ACDB is in KX, 
which (hyp. and E. 29. 1.) ^cuts AB at right ^, 
and •% bisects it ; the centres, •%, of all the circles 
that pass through A and B are (S. 8. 1. cor. 3.) in 

KX; •** (S. l.S*) KX cuts all the straight lines, 
which join the intersections of these circles, with 
the i^ven circle CDF, at right i^; .\ (E.S8. 1.) the 

, pf 
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Straight lines joining the several pairs of intersec- 
tions are parallel to one another and to AB. 

But, secondly, let the circle GLMH^ which 
passes through the two given points G, H, cut the 
given circle CDF in L and M } and let the straight 
line joining L and M be not parallel to AB; pro^ 

duce, ••., LM to meet GH produced in N; and let 
any other circle GIFH, passing through G and 
H, cut the cu*cle CDF in I and F ; then are the 
points I, F and N in the same straight line. 

For join N, F, and if NF, produced, do 
not pass through I, let it, if it be possible, 

pass otherwise, as NFPQ: Then (E. 36. S. 

cor.) PN X NF=GN XNH^ also QN X NF = 

i:NXNM,andLNXNM = GNXNH^ .-. QN 

XNF=GNXNH} also PN X NF=GN X 

NH} .•.QNXNF = PNXNF; .-.QNrrPN; 
that is the less is equal to the greater, which is 

impossible ; •*. NF, when produced, cannot pass 
otherwise than through the point I, so that the 
three points I» F and N are in the same straight * 
line. 



Pkop. LXXXIIL 

108. Theorem. If a perpendicular be 'let fall 

from the right angle, of a right-ungled triof^lcy 

on the hypotenuse, the rectangle contained hy the 

hypotenuse and either of the segments, into which 
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it is divided b^ the perpendtctUar^ is equal to the 
square of the side adjacent to that segment* 

Let the l BAQ of the A ABC,1)e a right angle. 




and from A let AD be drawn x ^ the hypote-. 
nuse BC : Then CB X BD= AB\ and BC X CH 

= AC\ 

For if upon AC, as a diameter^ a circle be de- 
scribed, it will pass (S. 29. 1. cor. S.) throujgh the 
point D, because {hyp.) the /. ADC is a right l ; 

and (E. 16. S. cor.) it will touch AB in A, because 

the z. CAB is a rights ; .-. (E. 36. 3.) CB X BD 

= AB\ 

And, in the same manner, it may be shewn 

thatBCXCD = AC\ 



Prop. LXXXIV. 

109. Theorem. To draw a tangent to a circle^ such^ 
that the part of it intercepted between two straight 
lines, given in position, but qf indefinite lengthy ^ 
shall be equal to a given Jinite straight line : 
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Ifity When the ind^mte straight Unes U^h pass 
throygh the centre qfffie circle. 

2dly, When they are parallel to one another. 

Sdly, When they are riot parallel^ but are eqtd* 
distant Jrom the centre. 

Let AB be a given circle, and CD a given 




strai^t line; and first let KQ and KR be two 
given straight lines, of indefinite length, passing 
throogh the centre K of the circle : It is required 
to draw a straight line, touching the circle AB, 
so that the part of it intercepted between KQ and 
KR, shall be equal to CD. 

Upon CD describe (S. 61. 8.) a A CED, having 
its vertical z CED equal to the given Z QKR, 
and its altitude EH = KB, the semi-diameter of 

the given circle ; from KQ cut off Kt = EC ; 

andfirom F draw (E. 1 7. 90 tbe tangent ffiG to the 

given circle: Then, the tangent f^ = CDi. 
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. For let FG Much the circle in B, and iota K»B:, 
And stDce (£» l& 3.) tbd z. KBF is a right ^i , as 
19 ako iconsfr.y the z EHQ and that (conA^.) 
£CsKF, and EHrrsKB, /. (& 78. l.) the L 
ECH = /. KFB ; but (c<wM«r.) the l CED =3 z, 
FKG } and the side EC of the A ECD, is equal 
to the side KF, of the A KFG ; .-. (E. 26. !•) 
FG = CD. 
Secondly^ let AB be the given circle^ and FQ, 




D 



RS, two inde^nite but parallel straight tines : It 
is required to draw a tangent to the drcte AB, 

such that the part of it intercepted between f^ 

and RS shall be equal to the given straight line 
CD. 

Take iny point E in either of the two pa^Ilel 
stira^ight lined, as PQ, and from the centre £, at a 

distance equal toCix> cf escribe a drcle ^ttiiig j^ 
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in F ; join E, F ; .-. EF = CD } lastly, draw (S. 
8. S:) the straight line GH, touching the circle 
AB, and parallel to EF j since, .•., EGHF is a □, 
GH (E« S4. 1.) = EF; and EF was made equal to 

CD ; .-. the tangent GH = CD. 
Thirdly, let the two indefinite straight lines PQ, 




PR, whichr meet in P, be equi-distant from the 
centre K, of the circle AB : It is required to draw 
a straight line touching the circle AB, so that the 

part of it intercepted between PQ and PR shall 
be equal to the given straight line CD. 

Join P, K ; upon CD describe (E. S3. 3.) a seg- 
ment of a circle CED, capable of containing an 
L equal to the given l QPR, and complete the 

circle CEDG; from D draw (K 11. 1.) DH j. to 

CD, aijd make xDH=:KB the semi-diameter of 
the given circle AB ; through H draw (E. 31. 1.) 

HIF parallel to DC ; bisect (E. 30. 8.) ^gI in G j 



^ 



BLEMENTS OF EUCLID. 217 

from G draw (S. 75. 3.) GLE, so that LE = KP j 
join E, C and E» D ; from PQ cut offPM=EC j 
and from M draw (E. 17. 3.) MBN touching the 
circle in B : The tangent MN = CD. 

For join C, L, and D, L, and K, M, and K,N, and 
K,B} anddraw(E.12.1.)LTi toCD; .-.LTDH 
is a □, and (E. 34. 1 .) LT= HD j and HD (j:(mstr.) 
= KB; .*. LT = KB : Again, because (con««r. and 

S. 35. 3.) c5=DG, .-. (E. 27. s.) the l CEG 
= z DEG; .♦. the L CEL is the half of the l CED; 
and because (%;>.) PQ and PR are equi-distant 
from the centre K of the circle AB, .•. the L QPK, 
or MPK, is the half of the z QPR, which {comtr}) 
is equal to the l CED ; .•. the z. MPK = z CEL, 
and the two sides MP, PK, of the A PKM, are 
equal [fxmtr:) to the two sides CE, EL of the A 
ELC, each to each j .♦. (E. 4. l.) KM = LC, and 
the Z PMK, = z ECL; and because in the two 
right-angled ^ KBM, LTC, KM = LC, and KB = 
LT, .-. (S. 74. 1 .) the Z KMB = z LCT; and it has 
been shewn that the Z PMK= zECLj .*. the 
whole z PMN is equal to the whole z ECD • also 
(constr.y the z MPN= z CED, and the side PM, 
of the A PMN, is equal to the side EC, of the A 
ECDj .-. (E.26. 1.) SiN = eD. 
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Phop. txxxv. 

\ 

110. Theorem. If from the intersection qfanytwa 
tangents to a circle j uny straight line be drasm^ 
cutting the chord which Joins the two points of con* 
tact and again meeting the circun^erence^ it shall 
he divided by the circumference and the chord into 
three segments ^ - stick, that the rectangle contained 
by the whole line and the middle part, ihaU be 
equal to the rectangle contained by, the ertreme 
parts. 

From the intersection A of two itraight li 

A 




AB and AC which touch the circle BCR in the 

points B and C, let there be drawn any straight 

^ line APR, cutting the circumference of the circle 

in P and R, and BC in Q: Then AR X PQ= 

aFx^. 
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For since (S. 1 9. 5. cor. 1 .) AB = AC, the A ABC 
is isosceles, and .% (S. s. 2.) AQ* + BQ X QC = 
AB*} and (E. 3S. s.) BQX QC = PQ X QR ; 
als<y (E. 36. 3.) AB* = AP X AR : 

.-. AQ* + PQXQR = APX AR; 

i. e. (E. 1.2.) AQX AP + AQ X P^+ PQX 

QR = AP X AQ + AP X ^; 
Ffom these equals take away the c(nnmon rectan- 
gle AQ X AP, and there remains AQ X ^0"+ 
i^R X PQ = AP X QR; 



i. e. (E. 1. 2.) AR X PQ = AP X QR. 



P»op. LXXXVI. 

111. Problem. To make a rectangle whieh shall 
be eqiuU to a given square^ and have the difference 
between its two adjacent sides equal to a given 
straight Une. 

Let AC be the side of a given square, and let L 
be a given finite straight line : It is required to 
describe a rectangle which shall be equal to the 
square of AC, and shall have the difference between 
its two adjacent sides equal to L» 

Describe any circle CBGF capable of contain* 
ing a straight line equal to I^ and having its centre 

in a 1 to AC at the point C ; the circle CBGF 19, 

/. (E. 16. S.-) touched by AC in C ; from the.cen- 
tre C) at a distance s L, describe a circle cutttiy 
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L 



the circumference of CBGF in B, and draw CB; 

.•. CB = LTj from the centre of K of the drcle 

CBGF, draw (E, 12, 1.) KD i to BC"; and from 
K, as a centre, at the distance KD, describe the 
circle DEH, which .•., (E. 16. S.) touches BC in 
D ; lastly, from A draw (E. 17. S.) a straight line 
AFG touching the circle DEH in E, and let AG 
cut the circumference of CBFG in F and G: 

Then is the rectangle contained by GA and AF 
that which was to be described. 

For join K, E ; .-. {comtr. and E. 18. 3.) the il 
at E are right IL V •*• GF^ which is the difference 
of GA and AF, is (E. 14. S.) equal tp BC, which 

was made equal to L ; .•• GF = L j Also, since 

(E. 80. 3.) GA 



. « 



AC touches the circle CBGF, 

XAF=AC*. 

112. Coiu Hence, and from E. 14. 2. » rect- 
angle may be found which shall be equal to a 



I 
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given rectangle, and which shall have the differ- 
ence between its two adjacent sides equal to a 
given straight line. 



Prop. LXXXVII. 

118. Problem. From a given point without a circle, 
to draw a straight line cutting the circle^ so that 
the rectangle contained by the part of it without, 
and the part within, the circle, shall be equal to a 
given square. 

Let ABC be a given circle. Da given point 

' y^-' -,. 





without the circle, and L a given finite straight 
line : It is required to draw, from D, a straight 
line cutting the circle ABC, so that the rectangle 
contained by the part of it without, and the part 
of it within, the circle, shall be equal to the square 
of L. 



\ 
\ 
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FiAd (E. 1. S.) the centre K of the drde ABC; 
take any diameter AKB^ and produce it (S. €7* 8.) 

to £, so that AB X BE = the square of L ; from 
the centre K, at the distance KE, describe the 
circle EFG ; from D draw (E. 17. 3.) the straight 
line DF touching the circle EFG in F; join K, F, 

snd let KF cut the circumference of ABC in C ; 

lastly, draw DC, and produce it to meet the cir- 
cumference of ABC again in M: Then shall 
DCXCM be equal to the square of L. 

For, produce CK to meet the circumference of 
ABC again ia H j then (E. 15. def. 1.) HC = AB, 

and CF = BE ; .-. HC X CF = AB X BE ; but 

(S. 69. 5.) DC X CM = HC X CF, and (constr.) 

ABXBE = the square of L; ••. DCXCM = 
the square of L. 



Pkop. LXXXVIII. 

114. Problem. To describe a circle which shall 
touch a given straight Une^ and pass through two 
given pointSf both on the same side qf the given 
£ne, and in the same plane with it. 

Let CD be a given straight line, and A, B, two 
given points without it, both on the same side of 
CD ; it is required to draw a circle through A 
and B, which shall touch CD. 

Join A, B ; and first, let AB be parallel to CD : 
Bisect (E. 10. 1.) AB in L; though L draw (^. 
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c IP a JO 

il, !♦) IiH perpendicular to AB or CD ; join A, 
H ; at the point A, in HA# m^ke (E. 33t Jl.) the 
angle HAK equal to the angle AHK, and join 
K,B; then (E. 6. 1.) KH is equal to .KA» and 
£• 4v 1.) KA is equal to KB ; from the centre K^ 
at the distance KA, or KB, or KH, describe the 
circle AHB ; it shall pass through the three points 
A, H^ and B, and (£. 1 6. s* cor J) shall touch CD 
in H. 

But if AB be not parallel to CD, let AB, pro- 




duced, meet CD in the point D. Upon AB as a 
diameter describe tha circle AJBE, and from D 
draw (E. IT. S*) the straight line D£ touching it 
in £ } from DC cut off DH (£. S. 1.) equal to 
DE, and describe (E* 5. 4.) the circle AHB passr 
ing through the three points A, H, and B» The 
circle AHB, which passes through A and B, 
touches CD in H. 
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For (E. S6. 3.) the rectangle contained by AD 
and DB ill equal to the square of DE, and, there- 
fore, is equal also to the square of DH, because 
DH was made equal to DE ; wherefore (E, S7* 8.) 
the circle AHB touches Cp in H. 

115. Cor. . AB subtends a greater angle at the 
point Hy in the straight line CD, than at anj 
other point whatever in CD. 

For, let P be any other point in CD ; P is with- 
out the circle AHB ; join A, P, and B, P ; let BP 
cut the circle in Q ; also join A, Qc The angle 
AHB is equal (E. 21. 3.) to the angle AQB ; but 
the exterior angle AQB is greater (E. 16. 1.) than 
the interior opposite atigle APB ; wherefore, also, 
AHB is greater than APB. -^ 



Peop. LXXXIX. 

116. Problem. To describe a circle which shall 
have its centre in a given straight Une^ vc/iich 

' shall pass through a given pointy and shally alsOf 
touch another given straight line. 

Let A be a given point, between two given 
straight lines ; and first let the two given straight 
lines PQy ^RS, between which A is posited, be 
parallel to one another : It is required to describe 

a circle, which shall have its centre in RS, which 
shall pass through the . given point A, and touch 

pq; 
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. Through A draw (E. 12. 1.) BAG x to PQ; 
from A, as a centre, at a distance equal to CB^ 

describe a circle, and let it cut RS in K ; from K 
draw KE (E. SI. 1.) parallel to CB ; .% the figure 

EC is a Ojand, .-. (E. 34. 1. and E. 29. 1.) KE= 

CB, and the L KEB is a right angle ; also, since 

(canstr.) KA = CB, and that CB, as hath been 

shewn, is equal to KE, .*. KEnKA ; and .*. a 
circle describe^ from K as a centre, at the di- 
stance KE, will pass^ through E and A } and, 
because the Z. KEB is a right Z. , it will (E. 16. 3.) 
touch PQ in E. 

Secondly, let K be a given ppidt in the given 
straight line RQ which meets another given 
straight line PQ in Q ; and let it be required to 

describe a circle which, having its centre in UQ, 

shall pass thrbugh K, and which shall touch PQ. 

. From K draw (E, 12. 1.). KC i to pQ ; bisect 
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(E.9. 1.) the ilCKQ by KB, and from B draw 

(E. 11. K) BE ± toPQ; .-. (E. 28. 1.) BE is 

parallel to CK; .•. (E. 29. 1.) the z. CKB=z. 
KFB; but (constr.) the .iEKB=z.CKB; .-. 
the 2iEKB= ZKBE; .-. (E. 6. l.)EK=EB; 
and .•. a circle described from the centre E, at ' 
the distance EK, will pass through B, and (E. 
16. 3.) touch PQ in B, because (constr.) the z. 
EBQ is a right angle. ' 

Lastly, let the given point A be between two 




given straight lines PQ and RQ which meet in Q; 
and let it be required to describe a circle which 
riiall have its centre in RQ, which shall pass 

through A, and touch PQT 

^ From A draw (E. 12. 1.) AN i to KQ^ and 
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produce AN to. I, so that NIstrNA; describe 
(S. 88. S.) a ckde which ihall pass tkrough A and 

I and touch PQ ; and 3iiice EQ biadcta AI 
light z^) the centre of the circle wili (R* L 9. 

eor.) be itt EQ. 



Prop- XC. 

117« PR0B|/£Af. To describe a arcle which shall 
touch two given straight lineSy and pass through 
a given point between them. 

Let A be a given point, between two giVen 




r .• , 



■traiffht linei PQ, TV, and, finrt, let PQ b« paralTe) 

ft 2 
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to TV : It is required to describe a circle^ which 

rimll pais through A and touch both PQ and TVT 

Through A draw (E. 12. 1.) BAD x to PQ^ 
and therefore (E. 29. 1.) also ± to TV; bisect 
(E. 10. 1.) BD in C, and through C draw (E, 31. 

1.) RCS parallel to PQ, and .-. (E. SO. i.) also 
parallel to TV ; lastly, describe (S. 90. 3.) a cir- 
cle which shall pass through A and touch PQ : It 
will also, since its semi-diameter is equal to CB or 

CD, touch TVT 

Secondly, let the given point A be between two 
given straight lines TQ, and PQ; which meet 




in Q: Bisect (E. 9. l.) the z TQP by RQ, and 
since (E. 26. l.) the perpendicular distances of 
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any point in UQ, from 1 Q, and PQ, are equal to 
one another, it is manifest, that, if (S.89.8.) a 
circle be described having its centre in RQ, pass- 
ing through A, and touching either of the two 
lines TQ) PQ, it will touch the other alsa 



Prop. XCI. 

118. Problem. To describe a circle whkh shaU 
touch two given straight Unes^ and^ alsa touch a 
given circle^ which does not lie wholly without ihe 
two given straight lines. 



Let Pfi and TD be two given straight lines^ 



H 



p 


1 

1 




5 
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a 


v^ 




V. 



and let HG be a circle, which does not lie 
wholly without PB andTD: It. is required ti> 
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describe a circle which shall touch both Pii and 

TD, and which shall also touch the circle GH. 
Find (E. 1. S.) the centre L of the circle GH ; 

from D draw (E. 1 1. 1.) DX j. to TUand make 
it equal to tl;^e semi-diameter of HG ; through X 

draw (E. 91. 1.) XW parallel to TD ; also^ as in 

S. 90. S. draw KK, equi-distant from PB and TD ; 
describe (S. 89. 3.) a circle which shall have 

its centre in RK, which shall pass through L, and 

touch WX ; let K be the centre of the circle^ so 

described, and let it touch WX in X ; join K, M 

and K, L ; and let KM and KL cut 'rC, and the 
drcumference of GH, F and G, respectively : 
Thea, siqce (E. 18. 8.) the l KM W is a right L , 
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6nd that (cojMfr.) WX is parallel to TD, ..% tha 
L KFT is also a rigbt z. ; and, becauaiB (eotu^.) 
MD is a □, (E. 84. l.) jliF = XD ; but (cojw/r.) 
XD=LG; .•.l!5f=rGj and (co»w/r. and E"; 

jf def. 1.) KM=TrE; .-. KF=KG', and a cirl 
cle described from the centre K, at the distance 
KF, will (E. 16. 8. cor.^ touch TD in F, wfll pass 
throagh G, and (S. 6. 3.) will touch the circle 
HGinG. 



■ I 



Prop. XCIL 



♦ 

119. Paoblcm. To describe a circle which shot! 
touch Both a given circle^ and a given straight 

• Hne, and which shaUy also^ pasSy Jirst, through a 
given point without tJie given circle ; and^ se- 
condly 9 through a given point within the circle. 

• 
I^t BCH be the given circle, PQ the .given 




* .straight line^ and first let the given point A be 
without the circle: It is required to describe .a 
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circle which shall pass through A, and which shall 

touch both PQ and the circle BCH. 

Find (E. 1. 3.) the centre K of the circle BCH, 
and draw (E. 12. 1.) the diameter BDKC x to 
PQ } join C, A^* and produce CA to E (S. 67. 3. 

car.) or divide it (S. 71. 3, cor. 3.) so that ECTx 

SA = BC XCD; describe *(S. 88. ».) a circle 
AEF, which shall pass through A and E, and 
touch PQ : It shall also touch the circle BCH. 

For, let the circle AEF touch PQ in F ; find its 
centre G; and draw the diameter FGL, which 

(constr.E. 18. 3. and E. 28. 1.) is parallel to BC; 

join, B, F, and C, F ; and let CF dut the circum- 
ference of BCH in H ; join, also, B, H and F, H 

and K, H ; and let KH meet FL in G ; upon ^F 
as a diameter, describe the circle BDHF, which, 
because the £ BDF, BHF (constr. and E. 31. 3.) 
are right IL , will pass (S. 29. 1. cor. 2.) through D 

and H j .-. (E. 36. 3. cor.) BCTx CU= FC X CH ; 

but iponstr.) BU X CD = EC X CA ; .-. FtTx 

CH = EC X CA, and, .-., the point H is in the 
circumference of the circle AEF; otherwise (E. 

• If AC* > BC X CD, then CX must i)e divided into two 
parti, sb that the rectangle contained by AC and the aegment 

toward C ahall be equal to BC x CD. Also, in this apph'ca- 
tion of S. 67. 3« CA must Ifirst be produced, so that the rectangle 
contained bv C A and the part produced, shall be of the given 
magnitude ; and then from the whole line, CE must be cut off 
equal to the part produced. 



, 
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86. S. cor.) the grei^ter of two rectangles would be 
equal to the less. The point is, •'., common to 
both the circles AEF; BCH. 

And, since (constr.) FL is parallel to BC, .•. 
(E. 29. 1.) the 4 GFH = z. HCB; but, since 
Icanstr. and E. 31. 3.) the L BHC is aright z, 
the z HCB+ z CBH=(E. 32. 1.) a right z ; ••. the 
zGFH +• z KBH = a right z ; that is (E. 15. 
def. 1. and E. 5. 1.) the zGFH + Z KHB = a 
right Z; and (constr. and E. 31. 3.) the z BHF 
isarightz} .-.(E.IS. 1.) thezKHB + zGHF= 
a right z ; .*., the z GFH = z GHF, and (E. 6. 
I.) GF =: GH : But G iis in the diameter of the 
circle AEF j .•. (E. 7. 3.) G is the centre of the 
circle AEF, which •'• (S. 6. 8.) touches the circle 
BCH in H. 

And, in a similar manner, the problem may be 
solved, M(hen it admits of a solution, if the given 
point be within the given circle : It is manifest, 
however, that, in this latter case, the given straight 
line which is to be touched cannot lie wholly 
without the given circle. 



Prop. XCIII. 

120* Problem. In a straight line of indefinite 
lengthy but given in position^ xvhich cuts a given 
circle^ to Jind a pointy from which if a straight 
line be drawn to touch the circle^ it shall be equal 
to a given Jimte straight line. 
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Let LM be a given finite ttraight line, PAB a 




M 



straight line given in position, but indefinite in 
length, cutting the given circle ABC in A and B : 
It is required to find a point in PB, frorii which, 
if a tangent be drawn to the circle ABC, it shall 
Ibe equal to L. 

Produce (S. 73. 3.) AB to D so that AD X DF= 

LM* J and from the centre D, at a distance = LM, 
describe a circle cutting the circumference of the 
>circle of ABC in C; draw DC; /• DC=iTMI 
.\ but {constr.) AD X DB = LM* ; .•• AD X DB 

z= DC* ; .•. (E 37. 3.) DC touches the circle 
ABC^ in C ; and [constr.) it is equal to LM, and 
is' drawn from a point D in the given indefinite 
straight line PAB. 
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Paop. XCIV. 

191. Problem. To describe a circle that shall touch 
4 gioen straight Une^ and that shall also touch 
iw) given circles. 

Let AB and CD be the two given circles, and 




PQ a given straight line ; 'and first, let neither of 
the two givfen circles lie within the other: It 
is required to describe a circle which shall 
touch both the given circles AB and CD, and 

which shall also touch PQ. 

Find (E. 1. 3.) the centres K and L of the cir- 
cles AB and CD ; and if the circles be unequal, 
let CD be the . greater j from any semi-diame- 
ter, as LC, of the greater, cut off CF equal to a 
semi-diameter of the less circle ; from the centre 
L, at the distance LF describe the circle FGE ; 

from any point P, in PQ, draw (E. 11. 1.) PR jl 

to PQ, and make PR also equal to the semi-di- 
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ameter of the less circle AB ; through R draw 
(E. 31. h) RS parallel to PQ ; describe (S. 92. 3.) 
a circle KHG, passing through the point K, 

touching R89 in H, and touching the circle £GF, 
in G J let I be the centre of the circle- KHG ; 
join ]^, I, and L, I^and I, H ; .*. (£. 18. 3.) the 
Z. IHR is a right Z. » and .v (constr. and E. 29. 1.) 
the exterior L IMP is, also, aright z.; and the 

figure PH is a □ j .-. (E. 34. 1.) MH = PR ; and 

(ccww^r.) PR = KB or DG; .-. SiH = KB or 

DG; .-. IB, rSTand ID are all equal? and (E. 16. 
3. car. and S, 6. 3). a circle described from the 

centre I, at the distance IM, will touch PQ in M, 
the circle AB in B,/and the circle CD in C. 

But if the two circles AB, CD, be equal to one 
another, find, as before, their centres K, and L, 

and draw RS at a perpendicular distance from PQ 
equal to the semi-diameter of AB or CD : Then, 
if (S. 88. 3.) a circle be described passing through 

K and L, and touching RS, it is evident, that its 
centre will be the centre of the circle which is 
to be described, and its semi-diameter will be 
found, as in the former Case, by joining that 
centre and the centre of either of the two equal 
and given circles. 

And, in a similar manner, the problem may be 
solved, when it admits of a solution, if the two 
given circles do not lie without one another. 
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Prop. XCV. 

t 

I22i Problem. To describe a circle "which shall 
touch a given circle^ and pass through tivo given 
points J either both mthout the circle^ or both xvith- 
in it. 



Let A, B, be two given points, and CDE a given 




G'-. 

^^ • 
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circlej It is required to describe a circle which 
shall p^ss through A and B, and which shall also 
touch the circle CDE. 

First, let the two given points, A and B, be 
without the circle CDE: And if A and B be 
equally distant from the centre of CDE, it is 
manifest (S. 6. S.) that a circle described (S. 5. 1 . 
cor.) so as to pass through the two given points, and 
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through the extremity of a diameter of the given 
circle drawn perpendicular to the straight line 
joining those points^ will touch the given circle., 

But if the points, A and B, be not equally di- 
stant from the centre of the circle CDE, take any 
point F, without the circumference of CDE, and 
through A, B and F, describe (S. 5. 2. cor.) the 

circle AFB; draw (S. 79. 3.) HX, so that the 
straight lines which are' drawn from any point of it, 
touching the two circles CDE, AGB, shall be equal 

to one another, and let BA, produced, meet HX 

in H; from H draw (E. 17. 3.) HC and HD, 
touching the circle CDE in C and D ; lastly, de- 
scribe (S. 5. Ucor.) two circles, the one passing 
through B) A, and C, and the other through B, 
A, D ; the circles so described shall touch the 
given circle CDE, in the points C and D, re- 
spectively. 

For, from H draw (E. 17. 3.) HG, touching the 

circle AGB in,G : Then (E. 36. 3.) BH X HA = 

HG% but (constr.) HG=Hc ; .-. BH X HA = 

HC ; .-. (E. 37-. 3.) HC touches the circle de- 
sciribed through B, A and C ) and (constr.) it also 
touches the cirde CDE; .•. (E* 3, def. d;).the 
circle BAC which passes through A andB, toocbes 
the circle CDE in C. 

In the same manner it may be shewi), that the 
circle described so as to pa^s through A, 6 and 
D, touches the circle CDE in D: Ami by a^like 
construction may the problert be solved^ when 
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the two given points are both within the given 
circle. 



Prop. XCVI. 

12S. Problem. To Jind a point in a straight line^ 
given in positioHy from which if two straight Ihes 
be drawn to two given points^ without the given 
linc^ they shall have^ frst^ their d^ff^ence^ and^ 
secondly ^ their aggregate^ ^tuil to a given finite 
straight line. 

Let A, B be two given points, XY a straight 



X^ 




line of indefinite length, but given \\x position ; 
and let C be a given finite straight line : It is re- 
quired to find a point in XY; from which if two 
straight lines be drawn- to A and B, they shaH 
have, first, their difference equal to C. 

Ffom A draw (E. 11. l.> AD i to XY; pro- 

duce AD to E, and make DE = AD; from the 
etntrt B, at a distance equal to C, describe the 
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circle FG ; also, describe (S. 95. S.) a circle 
£AF, which shall pass through E and A, and 
which shall touch the circle GF, in F; let K be the 
centre of the circle E AF, which centre (E. 1 . 3. 

cor,) is in XY : Then is K the point which was to 
be found. 

For join K, A and K, B ; .-. (E. 1 1. 3. or E. 12 

S.) KB passes through the point of contact F ; 

and (E. 15. def. 1.) KA = KF^. K¥- KA = 

BF; and (corwfr.) BF=C; .-.KB- KA = C 
And, by a like construction, may a point be 

found in XY, from which if two straight lines be 
drawn, to A and B, their aggregate shall be equal 
to a given straight line. 

But, in this case, the two points A and E must 
fall within the circle described frdm the centre B, 
at a distance equal to that given line ; othisrwise, 
the problem is impossible. 

124. Cor. 1. Let ABbe (E. 10. 1.) bisected in 
I, let (E. 12. 1.) KM be drawn i to AB, and 
let the circumference EAF cut AB in A and R, 
and BK produced in H : Then, it is manifest^ 
(constr. and E. S. 3.) that 2lM = BR; and (E. 

36. 3. cor.) AB X BR = HB XliF ; L e. 2AF X 

IM = HB X BF; or HF xTF + BF (E. 3. 2.) 
Let now IN be taken in IM (S, 67. 3.) so thi^t 

2AB X IN=: BF' ; .-., if 2AB X IN be jtaken 

from 2AB X IM, and if BF*' be taken from HF X 

BF + BF', there will remain 2AB x"nE=11F X 
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BF or 8AK X BF } A ABX NM= AK X BF^ 
' 125* Cob. 2. There is only <Mie point K, in 
YXy from which if straight lines: be drawji to A 
and B, their difference shall be equal to the givtti 
lineC« 



• « V 



Prop. XCVII. 

126. Problem* The base and the altitude qf a tri* 
> 'wigkbehig giveuy together mth the aggregate or 
'the diffefente, of the two remaining sides^ to can* 
^ struct the iriangie. 

V 

Let fiC be the given base of a A> and BE, drawn 




B C 

I 

, . ^ * 

1 to BC, eqiial to its given ^Ititilde : It is required 

to construct^ a A, which shall Iiave fiC for its 

base, its altitude equal to BE, and, first, the ag- 
gregate of its two remaining sides of a given 
length. 

Through E draw (R 31. 1-)EF parallel to BC"} 
fad (& 96. 3.) a point A from which, if i^4i|[4 
AC be drawn, tiieir segregate. shall be exj^ank'ttM 
tb^igifeir'aggr^ate; ii; .r;/'A, B and 'i^c:C>tafi 

B 
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joinfid^ a k numifnCibii AfiCis tlieik» irhieh 
was to be^desoribed. 

Andt m the sama mtamert by tbe bdp <^ SL 
96b 8., tnagr tbe problem be aolveil if tiit difit 
ferefice, instead of the aggregate of the two kidea 
of the A> be given. 

Prof. XCVIII. 

IVIp. PftOBLEM. Three points being gwtn, tojind m 

/curthijrtm ^kkhtfMta^ht Unes he dramk to 

the other ihree^ two of ihem ihaU he equals and 

the difference between either ofAese and the third 

. shMhetfual to a given strai^ line. 

Let A, B and L be three given points, and M 




a givMi fitiite Mraiight line : It Is te^ired io 4Mt 
a foltftb potbt, from frfatoh, if ditee atra%ht lio* 
be dfa^Mi to I^ At and B; two cf them iball bk 
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equal, and the difference between either of these 
and the third shall be equal to M. 

From L as a centre, at a distance equal to M, 
describe the circle CDE ; describe (S. 95. S.) a 
circle CAB, which shall pass through A and B, 
and which shall touch the circle CDE ; and let K 
be the centre of the circle CAB : Then is K the 
point which was to be found. 

For join K, Lj .%, (E. 11. S, or {1. 12. 3.) Kl^ 
produced, passes through the point C, in which 
the two circles CDE, CAB touch one another; 

Join, also, K, A and K,B ; .-. (£. IS. dof. 1.) ^KX, 

KB ftna KC are ec|uai to one another ; and m.=: 

KC'- LC i but ^Bonatr,) LCTsrM} .% KLv equal 
to the difference between KC and M, that is, tc> 

tiie difibceooe between K At ^or KB and M. 



128. PaofiLBM. To describe q ank that shall 
touch threegwen circkSp .of mkkh tifpoare e^l 
to one Mother. 

• 
Let AB, CD, EF be three given circles, of 
which the two AB and CjD are equal to one an- 
other : It is required to describe a circle which 
fkM, toudh the three given circles AB, CD, iand 
BP. . 

R 2 
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Find (E. 1. «.) the centres-6, H and I of the 
three given circles ; find, also, (S. 98. S.) a point 
Kr the distances of which from 6 and H; shall 
be equal to one another, and shall either of them 
differ from the diatance between the pointa K and 
I, by the semi-diameter of the given circle EFj 

if, then, GK» HK and IK be drawn, it is manifest 
that KB, KD, and KF, are all equal to one another, 
and, •*., that a circle, BDF, described from the 
centre K at the distance KB, will pass th;*ou^h 
B, D and F, and (S. 6, 3.) will touch the cifclea 
Afi, CD, and £F in the points B, D and F, re^ 
i^ectively. 



Prop. C: ^ ' 

» • ■ ■ 

229. Problem. Ta ^nd a point^^in tha circum* 
Jerence of a given circle^ from which \f ttcQ 
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Straight ikies be drceam to two given points'^ mtiu 
out the circle, the chord joimng the intersections 
of the Unes so. drawn and the drcuntfer&nce, shall 
be pandiel to the straight line joining the twa 
given points. 

Let CDE be a giveq circle, and A, B, two 




given points without it : It is required to find a 
point in the circumference of CDE, from which if 
two straight lines be drawn to A and B, tlie chord 
joining their intersections with the ciiscmnferenc^ 

^ of CDE shall be parallel to AE ' - 

Find (E. 1 . 3.) the centre K of tlie circle CDE ; 
find, also, (S. 9& S.) a point L, the distances of 
which from A and B, shall be equal to one an* 
other, 4ind shall, either of them, dilfer from the 
distance between L and K, by the semi-diameter 
of the given circle CDE ; join L, A and L, B 
and L, K, and produce LK to meet the circum* 
ference. of CDE, in D: Then is D the point 

< 

which was to be found. 
For (constr.) LD is equal to LA or LBj tmd 
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a~ drcle* ADB deacribed from X, as a centre, 
at the distance. LA, wUl <S. 6.. 3,) touch CDE 

in D, and will pass through B; draw DA and 

5Si catting the circumference of CDE in C 
and £ ; join, likewise, C, E, and K, C and K, 
£: And since (constr.) the Z.CKE is an z at 
the centre, and the a CDE is an z at the cir- 
cumference of the circle CDE, the Z.CKE is 
(E. 20. 3.) the double of the /L CDE ; in the same 
manner, it tnay be shewn that the z ALB i& the 
double of the z. ADB or CDE ; .-. the L CKE = 
Z ALBj .-. (£• 32. 1. and E. S. 1.) the zlKEC, 
LB A, at the bases of the isosceles Zb^ CKE, ALB,- 
are equal to one another : Again, since (E. 15. 
def. 1.) the Zh^^EKD, BLD are isosceles, the z. 
KDRi^ilKED, and the zLDB or KDE=z 
I,BD ; /. the z KED=;z LBD ; arid it has been 
4b$wn that the. z KEC = z LB A ; ,\ the whole 

zCEDsKthe whote z ABD} •-.(£. as. L)"CE 



, 19 parallel to AB. 
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BOOK IV. 



PftOP. I. 

1^ Ti|.^B|Bii^ If an cquilaUral iriangk be de* 
scribed about a given circle^ Ae straight lines 
joining the points of contact shall contain another 

' eqidtaferal triangle ; and the side of the ctrcvm- 
scribed^ triangle is the dauUe qf thsi side: (^tha. 

iwribed trimgh ^ iSftfmed. 

X^t ABC be a given circle : About it describe 
(E. U K aQd£«S. 4.) the equilateral 2^ D£F, the 
sides of which touch the circle in the points A, B 

and C, respectively ; draw A5, 5C and CA: 

Then is A3C an equilateral A^ and any side, as 
EF, of thei A DBF, is the double qf ' any side, as 
AC of the A A5C. 
.For (constr. E 5. 1. car. E. S2. 1.) each of the 
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IL D, E, F, is the third of two right IL\ .-. (S. 1 9. 1 . 
E. 5. 1. E. S2. 1.) each of the IL of the Zfcs. DAC, 
EAB, FBC, is the third of two right ^, and they 
are all equal to one another; /. (E. 32. 3.) the 
A AlBC is equiangular J and, >.,(£• 6. l.cor.) it* 
is also equilateral. 

^ Again^ since it has been shewn that AB = ACi 

.\ {%, 2S. 5.) AB = AC; .-. (S. €0,S.) DEm 
parallel to CB ; and iit^tte «ame manner it may 
be. shevn,. that £F is parallel to AC, and OF 
parallel to "XB-y >. the figures ACBEj ACFB 
arejDj •% (E. 34. 1.) ZC =15; also AC = 

if; .-. EB + BF, that is EF, is the double of 
AC. 

2, Cor. 1. ' If K be the centre of the circle^ 
and if K, and any angular point of the circum- 
tcribed equilateral A 9 as I), be joiped^ ^K- is 
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bisected in G, by the arch AGC, and KG is bi- 
sected in H,by the side AC of the inscribed equi- 
lateral A . 

' For draw AG, Ht, CG, CK, and produce DK 

to meet EF: Then since (S. 19.«* cor. 1.) DA 

=.DC,and(E- 15* def. l.) AK=CK, .-. (S. 1. s.. 

eor.) DK and AC bisect one another at right n 

in H J and the Z ADK == zCDKj d8oED:= 

FD ; .\ (E. 4. L) DK produced bisects Ef; and 
>. passes throngh the point of contact B. 
: Agam (E. 32. S.) the z EAB = ' Z AGB or 
AGKi and(E;.5. 1.) the zKAG = zAGK; .-. 
(E. S2. 1.) t^ Zf. of the A AKG are equal to the 
£ of the A ABE, wipch in the proposition wa& 
sheiwn to be equilateral and *\ equiangular; .\' 

(E. 6^ 1 . cor.) the A AKG is equilateral j ••. AG 

= AK ; and in the same manner, it may l)e shewn 

, thatCe ="€£ • .\ {^.\\. 3. corO .HG== M'; and' 

* ' • _ , • _• 

it has been shewn that HD =; HB; from these 
' equals take the equals HG and HK, and there 

remains 6D equal to KB or KG; .% AGC bisects 

,DK in G, and AC bisects KG in H.» ' 

3. CoR. 2. A straight line which touches .a 
circle, at the extremity of a diameter drawn from.. 



* From Uiifl corollary may be derived aa easy practical me- 
thod of inscribing an equilateral triangle in a given circle, and 
of describing an equilateral triangle about a given cirple. 
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the poiat of contact of any side of an equilateral 
A described ubout the circle* md, which is Ur^ 
minated by the two remaining sides, is this side of 
sm equilateral and equia^^lar hexagon described 
about the circle. 

For, from the point 6, m which the side £F, 
of the equilateral A D£F, touches the circle 
AB(X let thfti diameter BQ be dcawv, ^iMeliu aa 
hath been shewn, pa^ea tfiroHgU D, and tow 
(£. 1T«I0 IM toucblug the circle Jn G ; draw, 

also, AG aad G6 : Then, since it baftbeeB proved 
(c9n 1.) that AG and CG are each of (jheas equal 

ta the 8lemi»diai»etef of the circle, .\ (R I A. 4^) 
tbey are tbe sides of an aquilatieral and equ&ngu-* 
kr hexagon taqcribed in the circles And If two 
other tangent^ be drawn at the eoctreniities of tho 
diameters ^tbieh pass tbrongb the two pcdnta A 
and C the remaiAu^ points of coptact may, in 
the same manwir, be shewn, to be tiie remavung 
angular points of the inscribed hexagon of which 
AG and GC are sides : And in the same manner 
as the pentagon described about a ch'cle is proved, 
in £, 12, 4»^ to be, equilateral and equiangular^ 
may the hexagon thus described about the circle 
ABC be shewn to be equilateral and equiangular. 
4. CoR« 3. An equilateral triaqgle inscribed^ 
in a given circle is a fourth part of the equilateral 
triangle described about that circle. 
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Prop.il 

5. Theorem. ]^ a triangle he demnihed about a 
, given etrckf the rectangle contained by the peri^ 
meter of the triangle and ffte sefni-diameter qf 
Ae circle shall be double qfihe triangle. 

» 

Let F£6 be a given circle : Describe (E. s. 4.) 

•> 
A 




any A» ABQ the sides of which touch the circle 
in the points F^fiyG: The rectangle contained 
by the semt-diameter of the cirde, and the peri« 
meter of the A ABC» is double of the A ABC. 
For take D the centre of the circle F£6, and 

draw W, D6» Dl, DA» DB and DC: Then 

(£. 4U t.) the rectangle contained by DFand AB 
is double of the A ADB, the rectangle contained 

by ^ and SC is double of the A BDC, and the 

rectangle contained by D^ and AC is double of 

the A ADC ; but (E. 15. def. \.) DF, 0E and 

PG af e equal to one another ; if, .*•, XB, BC. and 

CAs be yupposed to be plaeed in the sam^ straight 



252 



A SUPPXEHBNT TO THE 



line, the rectangle contained by their aggregate 
and a semi-diameter of the circle FEG, is (£• 1. 2.) 
double of the three ^ ADB, BDC, CD A, that is, 
of the whole A ABC. 

6« Cor. 1 • If any number of ^ be described 
about a given circle they shall be equal to one 
another. 

?• Cor. 2. In the same manner it may be shewn 
t^tt the rectangle contained by the perimeter of 
any rectilineal figure described about a given cir- 
cle and the semi-diameter of the circle is double 
of the rectilineal figure : And, therefore^ all rec- 
tilineal figures described about the same circle 
that have equal perimeters, are equal to one 
another. 



Prop. III. 



a. Problem. ' Three straight Imes being gioenj 
^hkhy when produced^ do- not aU^ three meet M 
* (he same point, and of which the middle Une is 
( not parallel to either of the others i tp describe, 
. a circle which shall touch each qf^ them. . 

• ft 

Let PQ, RS, TV, be three given straight lines, 
■which, when produced, do not all meet in the same 
point: It is required to describe a circle which 

shall touch PQ, RS and TV. 

Let PQ and RS cut TV in A, and B ; bisect 
(E. 9. 1.) the IL PAB, ABR, QAB, ABS, by 
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AC, BC\ AD and Bl>, and let AC and BC meet 

in C, and AD and BD in D ; fbom C and D draw 

(E. 12. 1.) CFand DF j. to AB: Then shall a 
circle described from, the centre C at the distance 

C£, touch AB and AP and BR ; and a circle 
described from the centre D, at' the distance 

DF, shall touch AB and A^and VS. 

For draw (E. 12. !•) from Q ^G £ to AP, and 

CH J. to BR, and join C» A and C» B : And 
because (constr^') the z. EAC = L G AC, and the 

^ at E and 6 are right n , and that AG is com- 
mon to the two triangles AEC, AGC, .\ (E, 26. 

1.) 06 = CE { and in the same manner it may 

be shewn that CE = CH; .-. CE, CG, and CH 
are equal to one another } and..% a circle described 
from the centre C at the distance CE will pass 
through G and H, and (constr. and £• 1 6. 3. cor.) 

will touch AB in E, AP in .G, and Sft in H. -1 
In the same manner it may be proyed that, a 
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circle described from the centre D» at the distance 

DF, will touch AB, AQandBS. 

9. Cob. The four points A» C, B and D are 
in the circumference of a circle. 

For join C, D : The two /L CAE, DAE, to- 
gether^ are (constr.) the half of the two £ PAB, 
QAB taken together ; that is the whole Z CAD 
is (E. IS. 1.) the half of two right /Li •% the z. 
CAD 18 a right Z. : In the same manner it may 
be shewn that the z CBD is a right z ; .% (S.29. 

1. car. 2.) a circle described upon CETas a di. 
ameteri will pass through A and B» 



Peof. IV. 

10. Thxoauc. Tke thru straight /mei, tiAicft 
bisect the Hiree angles qf a triangkf meet m 
the same point. 

Let ABC be a given tribngle : The three 




straight ikieB which bisect ita JL, ineet in the 
same point. 
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For (Ei 9. 1.) bisect the a ABC, ACB, by SO 

atod 1^, which meet in D, and join A» D i also 

from D draw (E. 12. 1^ 51 i to BC, 6f i to 

aB, and DG i to AC"r Then it may be shewn 

as in the next preceding proposition^ that DF = 

uG ; and Ca is common to the two right-angled 
ifc^ AFD; AGD; .-. (S. 74. 1.) the L FAD= l 

fcrADj /. AH bisects the I BAC, and the three 
straight lintss .which bisect the three H of the A' 
ABC meet in the same point D. 



i . Theoeem. If a drck le inscribed in a right- 
imgkd triangkt 'ffie excess qf (he two Hdbs^ ion- 
k&mfig Vie Wg%f Mgle^ tdore #te Onrd side^ is 
equal to die diameter qf the inscrihed circle. 

Let ABC be a A having one of its a. BAC, a 




right L I and let (£. 4. 2.) the circle FEG, of 
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which D is the centre, be inscribed, in it The 
excess of AB 4- AC above BC is equal to the di- 
ameter of the circle FEG. 

For join the ceptre D, and the points of contact 
£, F, and G ; join^ also, D, A : Then since (S. 19. 

S. cor. 1.) BE = BF, and CE = CG, it is evident 

that AF+AGTor sAF.is the excess of AB + AC 

' above BC : Again, since AF = AG, and ^D ==^ 

GD, and AD is common to the two ^ AFD, 
A(GD, .♦. (E. 8. 1.) the z. FAD = Z.GAD j but 
(hyp.) the z. FAG is a right z. ; .*. the z FAD 
is half of a right z j also (constr. and £. 18. 3.) 
the z. AFD is a right L ; .*. (E. 32. l.) the z 
FDA is half of a right z ; .*. the Z FAD = z 

FDA; /. (E. e. 1.) AF = FD, a semi-diameter 

* ■ ■ ■ ■ * I ' • I 

of the circle FEG ; /. 2 AF, which was shewn to be 

the excess of AB + AC&bove BC, is equal to ^he 
diameter of FEG, . 



Prop. VI. 

12. Theorem. 1^ straight line bisecting any 
angle qfa triangle^ incribed in a given circle^ cuts 
the circun^erencey in a point which is equi^distant 
from the extremities qf the side opposke to the 
bisected angle^ and from the centre qf a circle in- 
scribed in the triangle^ 



r^n 



' ^ 



J 



SI.XMENTS OF EUCLID* 

K 



357 




. Let KEF be a A inscribed in the circle KEGF, 
Mid let "WOi, which bisects the L £KF, meet the 
circumference in G : The point G is equi-distant 
from £ and F, and from the centre of the circle 
inscribed in the A KEF. 

For, join G, E, andG, Fj draw (E. 9.1.) EI 
bisecting the L KEF ; .-. (E. 4. 4.) I is the centre 
of the circle inscribed in the A KEF : And since 



(%p.) the £ EKG =z.FKG, .*. (E.26. 3.) GEn 



GF, and .-. (E. 29. s.) GE=GF: Again, be- 
cause (E. 21.8.) the z. GEF= L GKF, .% (comfy'.) 
the two aGEH, HEI, that is, the z. GEI, are 
equal to half of the two a EKF, FEK } also the 
exterior z. EIG, of the A EIK, i8(E. 82. 1.) equal 
to the two a IKE, KEI, that is (consfy-.) to half of 
the two K FKE, KEF ; .-. the jL EIG «= z GEI ; 

.'. j(£. 6. 1.) G£=(jI; md it has been shewn 

that UE =s Gf J «\ G is equi'distant from £, and 
F, and from the centre I of the ' circle inscribed 
in the A KEF. 
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which (E. 12. S.) passes through I ; and nnce the 
two circles are equal, EF is bisected in I ; join, also, 

E,G, andF, H; EG is (E. 18. S. and E. 28. 1.) 

parallel to FH; and 1(7= FH, .-.(E. 33. 1.)1eF 

is parallel to BC, and (E. 29. 1.) the ^AIE, 
AIF, are right zc J if, .*., from the centre £, at 
the distance EF, a circle be describea, cutting AI 

in K, and if K, F be joined, KF (E, 4. 1.) = KE^ 

, and the A KEF is equilateral ; and its vertical z. 

EKF, which (E. 32. i.) is equal to the z. BAG, is 

the zEKI = 



bisected by AKI j .*. the z. EKI = Z BAD ; .-. 
(E. 28. 1.) KE is parallel to AB ; join E, N, and 

draw (E. 12. l.) KL x to AB and .*. (E. 28. 1.) 
parallel to EN ; .*. KLNE is a O, and (E. 34. 1.) 

El = EN, or EI, or the half of EK ; and if KM 

be drawn j. to AC, it is equal (constr. and E. 26. 

1.) to KL. It IS evident, .•., that a circle, LM, 
described from the centre K, at the distance KL, 

or KM, will (E. 16. S. cor. and S. 6. 3.) touch "AB 

and AC, and each of the circles GI, and HI: 
And thus will three circles have been inscribed in 
the isosceles A ABC touching one another, and 
eftch of them touching two sides of the triangle. 



Prof. IX» 

15. Theorem. Tke square j inscribed in a circle^ 
is equal to the half of tlie square upon its dia* 
meter. 
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Jjet ABCD be^a circle : Inscribe ia it (£. 6« 4.) hj 




draieiDg the diameters AC, and BD i to one an^ 
otherj the square ABCD, and describe about it (E. 

. 7. 4.) the square EFGH : And since (E. 4L 1.) the 
A BAD is half of the □ EBDH, and the A BCD 
is half of the □ BFGD, the two ^ BAD, BCD 
are, together, half of the two OEBDH, BFGD; 
that is, the inscribed square ABCD is half of the 
circumscribed square EFGH, which is equal to 
the square upon the diameter, because (E. 34. 1.} 

' its side FG= the diameter BD of the circle. 



Prop. X. 

16. Probl£m. In a given circle^ to inscribe a recU 
angle equal to a given rectilineal figure^ not eiv 
jceeding the haif of the square upon the diameter. 

Let A be the given rectilineal figure, and BCD 
the given circle : It is required to inscribe, in the 
circle BCD* a rectangle equal to the figure A. 
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Draw any diameter CD of the given circle ; 

find (S. 55. 1* cor.) a A equal to A ; and to CD 
apply (E. 44. 1.) a oCDEF, equal to that A, 
and, r.j equal to the given figure A ; let the side 
EF of the CUCDEF cut the circumference of the 
given circle CBD in B ^ draw the diameter BKG, 
and join C, B, and B, D, and C, 6 and D, G : 
And, since (E. SI. 3.) each of the ^CBD, BDG, 
DGC, GCB, are right ^, .-. (S. 36. 1.) BDGC is 
a rectangular a ; and .*• (£, 34. 1.) it is double 
of the A CBD ; also (E. 41. 1.) the o EDCF is 
double of the A CBD; .-. the rectangle CBDG 
=ClEFC!D, which has been shewn to be equal 
to A; ••. the rectangle CBDG= A. 

Pttop. XI. 

!?• Theorem. If from ant/ point, in the circum- 
ference of a given circle^ straight Unes he drawn 
to the four angular points ofaii(i inscribed square, 
the aggregate of the squares of die four Unes, so 
drawn, shall be the double of the square qf the 
diameter. 

Let ABCD be a given circle; inscribe in.it «(E. 
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6* 4.) the square BADC, and fr6m any point T, 
ra the circumference, let there be drawn to the 

angular points A, B,C, D, PA, PB, PC and PUt * 

Then PA' +;PB* + PC* + PS* shall be double of 
tlie square of the diameter. 

For let It be centre of the circle, and AKC, 

DKB the two diameters perpendicular to one an- 
other, by joining the extremities of which (E. 6. 4.) 
the square was inscribed in the circle : Then since 
(E. 31. 3.) the ^ APC, BPD are right ^, .-. (E. 

47.10 F^*H^*=APV and PB^+F©^ 

or AC*4 -•.?!•+ PB*+ PC* -f PD* = a AC\ 



I.: 



Prop. XII. 

.18. I^ROBLEM* In a given circle^ to inscribe four 
cireks equal to each other, and in mutual contact 
with each other and the given circle* . 

. Let ABCD be. the given circle : It is required 
,t^ inscr^e in it four equal circles touching one 
, aaothq'^ and the circle ABCD. 



. ' 
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About the circle ABCD describe (E. 7. 4.) the 
square £FGH» and draw its diagonals EG, HF, 
which cut one another in the centre K, so that 
(E.26. 1.) the four ^EKF, FKG, GKH, HKE, 
have their sides and IL respectively equal to one 
another: It is manifest, .*., from the demonstra- 
tion of E. 4. 4., that if a circle be inscribed in 
each of the four equal tt^ the circles so described, 
will be equal, and will touch one another, and the 
given circle ABCD. 

19. CoR. In the same manper, four equal 
circles may be inscribed in a given square, touch* 
ing each other and the sides of the square. 

« • 

Prop. XIII. 

"20. Problem. To inscribe a circle in a given trapc^ 
zitunij qf "which two opposite sides are^ together^ 
equal to the other two sides taken together. 

Let ABCD be the given trapezium, having the 
two sides AD and BC equal, together, to the tw6 
remaining opposite sides AB and DC : It is re- 
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quired ' to inscstbe a circle in the trapezium 
ABCD. 
Bisect (E. 9. 1.) each of the e. BAD, ADC, by 

AK and DK, which meet in K; from K draw 

(E. 12. 1.) KS" 1 to AD, KF ± to AB; KL 1 to 

BC,andKN j. to^CD : Then {demonstr. of S. 3. 4.) 

KE, KF, and KN are equal to one another; as 

are, also, A F and AE, and DE and DNj and KL 

is equal to KF or KN : For if TTL be not equal to 

KF or KN, it is either greater or less j if it be 

possible, let KL > KF or KN ; and join K, A, and 
K, D, and K, C, and K, B : Then (consir. and E. 

47. 1.) KB*=KF+ BF*; and, likewise, KB*= 

KX* + BL* }••. ^+ W=KL*+ BL* ; but KL* 

>KF, .-. BL*< BF*, and El < BF: In the same 

manner it may be shewn that HC < CN ; .*. BL + 

LC, or BC, < BF+CNj add AD to BC, and AF 

+PN, which = AD, to BF+CNj .-. AD + Sc< 



. » 
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AB.+ DC, which is contrary to the supposition; 
.•. KL is not > KF; and in a similar manner it 
may be shewn that KL is aot <'KF ; .% KL=KF, 
or KN, orKE: ^rora K, .%, as a centre, at the 
distance KF, describe a cir^ile EFLN, and it will 
pass through the points L, G, and E,,and (E. 16. 

3. cor.) will toufch AB, BC, CD and DA, respec- 
tively, in the points F^ L, N, and E. 

21. Coiu If two bpposite sides of a trapezium 
be together equal to the other two sides, taken 
together, the four straight lines, which bisect the 
four, ff of the figure, all of them meet in the same 
point. 



, Phop. XIV. 

22.. Problem* Upon a given Jinite straight line, 
' to describe an equilateral and equiangular de» 
cagon. 

Let AB be the given straight line:. It is re- 
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quired to describe upon it an equilateral and equi- 
angular decagon. 

Describe (E. 10. 4.) the A PQR, having each 
of the IL PQR, PRQ, douHe of the z P ; at the 

points A and B, in AB, make (E. 1^3. 1.) the iZ 
BAK, ABK, each of them equal to the L PQR, 
or PRQ; .-. {§. 26. 1.) the iiAKB = ;dQPR, 
and the z^KAB, KBA, are each of them the 
double of the Z.AKB, which z is, .•., the fifth 
part of two right IL ; from the centre K, at the 
distance KA or KB, describe the circle ABCD, 

cutting AK'and BK, produced, in C and D; bisect 

(E. 9. 1.) the kDKA bylO; which (E. 15. 1.) 
also bisects the L CKB \ again bisect the ZL DKE, 

EKA, by GKH, LKM, which also bisect the IL 

FKB, CKF ; lastly, draw BH, HF, FM, MC, CD, 

DG, GE, EL and EA : The ten-sided figure 
ABHFMCDGEL is an equilateral and equi- 
angular decagon. 

• _^ ' ' ' 

For the L AKB has been shewn to be the fifth 
part of two right iL \ ••• (E. 13. 1.) it is the fifth 
part of the IL AKB, AKD ; .-, the L AKD = 4 ^ 
AKB; .-. (co/w/r.) the 2t.BKA, AKL, LKE, 
EKG, GKD, and (E. 15. l.) their vertical (L are 
equal to one another ; •*. (E. 26. 3. and E. 29. S.) 
the ten-si4pd figure is- equilateral; and since 
(constr. and E. 32. 1.) the isosceles /t^^ into which 
it is divided by the straight lines drawn from K to 
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Its angular points, have the il at their bases all 
equal, the figure is also equiangular. 

£S. Cor* 1 . It is manifest from this propoii- 
tion» and from £. 10. 4., that if the semi-diameter 
of a circle be divided into two parts» so that the 
rectangle contained by the whole and the leaser 
part may be equal to the square of the greater 
part, the greater segment shall be equal to the 
side of an equilateral and equiangular decagon in- 
scribed in the circle; and thus may such a de- 
cagon. be inscribed in a given circle. 

24. Cor. 2. In the solution of the proposition, 
is shewn the method of describing, upon a given 
ignite straight line as a base, an isosceles A, hav- 
ing each of the n at the base double oi the third 
angle. 

25. Cor. S. The figure ABHFMCDGEL 
being an equilateral and equiangular decagon, if 
the points A, H, and H, M, and M, D, and D, £, 
and E, A, be joined, it may be shewn, from £• 4. 
1., that the figure AHMDE is an equilateral and 
equiangular pentagon. , 

. In the same manner, if an equilateral and equi- 
angular rectilineal figure of any even number oi 
sides be given, a similar figure, having half that 
number of sides, maybe constructed: Also, if a 
circle be described about the given figure, which 
can always be done by the method used in E. 14. 
4., and, each of the equal a of the figure having 
(E. 9. 1.) been bisected, if the points in which the 
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•Circumference is met by the bisectiDg lines, and 
the angular points of the given figure be joined, a 
figure o^ twice as many sides as the given figure 
. will have been constructed, which (£. 26. a., and 
E* 29. S.), is equilateral, and, •*., equiangular: 
For in the same manner, that an equilateral penta- 
gon, inscribed in a circle, is shewn (£• 11.2.) to be 
equiangular, may any other equilateral rectilineal 
figure, inscribed in a circle, be shewn to be equi- 
angular. 

Thus, by the help of E. 9. 1, E. 2. 4, E. 6. 4, 
E. 11.4, and E. 16. 4., equilateral and equiangular * 
figures may be inscribed in a given circle, of three, 
six, twelve, &c., equal sides ; of four, eight, six- . 
teen, &c. equal sides; of five, ten, twenty, &c, 
equal sides ; and of fifteen, thirty, sixty, &c. equal 
sides* 



Paop- XV. 

26. Problem. JJpon a given^nite straight Une^ 
to describe an equilateral and equiangular pen-' 
iagon^ 

If upon the given finite straight line an isos- 
celes A be described (S. 14. 4. cor. 2.) having 
each of the IL at the base double of the third l , 
and if, also, a circle be described (E. 5. 4.) about 
that A, it will be manifest, that the equilatefral 
and equiangular pentagon inscribed in the circle, 
according to the method used in E. 1 1. 4., is the 
figure which was to be constructed. 
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Prop. XVI. « 

27. Theorem. The angle of a regular pentagon 
exceeds a right angle by one-fijVi part of a right 
angle ; anS is three times as great as the angle con^ 
tainedly any two sides of the Jigvre J which ore not 
adjacent to each other ^ produced so as to meet. 

% 

m 

Let ABDCE be the given equilateral and equi- 

c 




angular pentagon, and let any two of its sides,. as- 
E A, DB, be produced, so as to meet in H : Any 
of its /I exceeds a right-angle by one-fifth part of 
a right z. , and is three times as great as the Z. 

ahb: ' 

About the pentagon ABDCE describe (E. 14. 

4.) the circle AECDB ; bisect (E. SO. 8.) AB, m G, 
and join C, A and C, B, and C, G and E, G and E, B : 
And nince (Ja/p. and E. 28. S.) the circumferences 
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CE, EA, CD, D^, are equal, (5e^ = (555 ; .-. 

CEG is the semi-circumference of the circle, and 
(E. 31. 3.) the; z. CEG is a right z ; also (E. 21. 
St) tlie z. AEG = z. ACG ; and it is manifest from 
the demonstration of E. 11. 4. £• 32. 1., th&t the 
Z. ACB is the fifth part of two right zt, and .-. 
that its half, namely tlie Zl AEG, is the fifth part 
of a right z ; .\ the z. AEG, which is the excess 
of the z. CEA above a right z. , is the fifth part of 
a right z. . 

Again, the two opposite ^ AEC, CBA, of the 
trapezium AECB are (E. 22. 3.) together equal to 
two right £ ; and (E. 27. 3.) the ^ CBA = 
ZlBCE; .-.the Z AEC + z:ECB= two right 2t, 
and .•;:(£. J2a. 1.) CB is parallel to EA or EH ; •% 
(E. 29. 1.) the z EHD = Z. CBD, which, since (E< 
27. 8*) the three Z^ CBD, CBE, and EBA, are equal 
to one another, is a third part of the z. ABD of 
the pentagon ABDCE. . 

S8. Cob. It is manifest from the demonstra- 
tion, that the straight line joining 'the extremities 
of the first and second side of an equilateral and 
equiangular j)entagon is parallel to the fourth 
side of the tigure ; the sides being taken in order 
from any one of them assumed as the first. 



Prop. XVIL 

29. Theorem. 2'he square of the side of a regular 
pentagorty inscribed in a given eirck, vi> equal to 
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tfie square of the ude qf n regular decagon^ to- 
gether with the square of the side of the regular 
hesagouj both inscribed in that given circle. 

Let AECB be the given circle, of which K is 




the centre, and AB the side of a regular decagon 
inscribed (S. 14. 4, cor. 1.) in it: Place, in the 

circle, BCzs'ZB, and join A, Cj .•• (S. 14. 4. 
cor. 3.) AC is the side of a regular pentagon in- 
scribed in the circle, and if iCA, KB, and KC be 
drawn, any one of these lines, as KA, is (E. 15. 4.) 
the side of a regular hexagon inscribed in the 

circle : Then AC' t=*KA* + AB\ 

For, in KA take KD c="AB, draw BD and pro- 
duce it to meet the circumference in £ ; also, 

draw EE,KC, CE"and CD : Then, it is mani- 
fest from S. 14.4. cor. I. and £• 10.4., that the 
Z KBD = z AKB; but (constr. and E. 8. 1.) 
the L AKB=: zBKCi /. the 2lDBK or^ EBK 
= Z^BKC; .-. (E.27. 1.) ED is parallel to KG: 
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Again, (E. 20. s.) the /i EKA or £KD = 
SZ EBA; but, (£. 32.' 1.) tbe exterior z 
EDK is equal to the z. DKB + z KBD> that is, 
(constr,) to twice the Z.KBE, or to twice the 

Z EBA J .-. the z EKD = z EDK, .-. ED=EK"j 

and (E. 15. def. l.; EK = KQ ; .-.ED = KC, and 

it has been shewn that ED is parallei to KC ; .*. 

(E. SS. 1.) £K is equal and parallel to DC, and 

the %ure EKCD is a rhombus -, .-. (S. 45. 1.) KD 

is bisected at right £ in H, By CE : And since 

KD is bisected in' H and produced to A, 
.♦. (E. 6. 2.) 

kaxad+Sh*=ah* 

.-. kaxad+dh*+hc*= ah*+hc* j 

but (constr. and S. 14. 4. cor, 1.) KAX AD=: AB* j 

and (K47. 1 .) DH*+ HC*=DC*, or KC\ or KA* ? 

«ndAH*+~C*=:AC*j 

.-. AC*=K*+AF. 
SO. Cob. Hence, if ABC be a given circle, 

B 




I 
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and AC> BK two dismietets drawn (£• 11* J.) jft 
right a to dne another, if KC be (K 10. ).) 

bisected in D, and if fVom DA there t>e cut off 

DE = DB, £K is the aide of a regular decagon 

inscribed in the circle ABC, KB is the side of a 

regular hexagon inscribed in it, and SfiTis the side 
of a regular pentagon inscribed in it. 

For(E. 1 1.2.) EK is equal to that part of KB, the 
square of which equals the rectangle contained by 

KB and the remaining part of KB; ••. (S. 14. 4^ 

car, 1 .) £K is the side of a regular decagon ; and 

KB (E. 15. 4.) is the side of the regular hexagon, 
inscribed in the circle ABC ; since, .%, (constr. 

and E.47. 1.) EB*=EK*+KD\ EB is (S. 17.^.) 
the side of a regular pentagon inscribed in the 
cif cle ABa* 



Prop. XVUL 

31. Problem. Upon a given ^nite straight Une^ 
to describe an equilateral and equiangular hejca- 
gon. 

Upon the given str^ght Une^ aa a base, describe 



* ThiB corollary furnishes the bestpnptical method of deter- 
miniog tjbe sides of a regular pentagon, and of a r^ular de- 
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(£• 1. L) an equilateral A ^ from its vertex as a 
centre, at the distance of either of its sides, de- 
scribe a circle: Then, if a regular hexagon be 
inscribed m the circle by the method used in E. 15. 
4«, taking either extremity of the base of the equi- 
lateral A , for the centre of the cirole to be next 
described, it is manifest that the given straight 
line will be one of its sides. 



Peop* XIX. 

S2. Problem. A circle being given^ to describe 
six other circles^ each of them equal to ity and in 

contact with each other and with the given circle. 

' •• * ' ' { . ' 

Let IGH be the given circle : It is required td 
describe six othdr circles, equal each of them to 
the circle IGH, and touching that circle and^fieh 
other. 

Find (E. 1. S.) the centre K, pf the circle IGH; 
take any of its. semf-diameters, as KG ; prodii^e 

KG to A, anfd make GA =: GK ; from the centrd 
K, at the distance KA, describe the circle ABCD; 
and in the cirale ABCD inscribe (^. IS* 4.) the 
.equilateral and ^biangular hexagon ABFCDE^ 
bi8e<:t (£• 10. 1.) dte ^ide AB off live hexagon in 



i* 



cagon, to be inscribed in a- given circle Vfti^ thus makes. i^ 
Easier to describe a regular pentagon, or a regular Secagon, on 
a given finite straight libe. ; ^ ' 

T 2 
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L : Then since (E. 15.4.) SB's: KK or KS^ and 

(canstr.) AG and BH are» each ofthtm^thehalf of 

KA or KB ; /• AG and BH are each of then 

equal to AL or BL : If, .*., from the centres A 

and Bf at the distance AG, or BH, two circles be 
described, they will be equal to one another and 
to the given circle, and they will touch (S. 6. S.) 
the given circle m G and H, and will, also, toach 
one,another in L. In the same manner, from the 
points E9 D» C, F, as centres, may four other 
circles be described, each equal to the given circle 
and in contact with it, and touching also each 
other. 

SS. CoB« No more than six circles can be de- 
scribed touching one another and a given circle, 
and each of them equal to the given circle. 
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Prop. XX. 

34. Peoblkm. In a given circle to inscribe six 
circles equal to on^ another ^ touching j each qf 
fhem^ the given circle^ a$id touching^ also^ one an^ 
other. 



Inscribe (£•' 15. 4.) an equilateral and equi- 
angular hexagon in the given circle, and through 
the points^ in vrhich are its ^^ draw, (E. 17* 3.) 
fltraiekt lines touching the circle } and it may be 
sheiim, by. the method used in E. 18. 4., that 
the figure contained by these tangents is an equi- 
lateral and equiangular hexagon.; from the centre 
of the circle draw straight lines to the several H 
of the circumscribed hexagon, thus dividing it 
into six equal equilateral iS:^ ; and if (E; 4. 4.) a 
circle be inscribed in each of these ^, it will be 
manifest from the demonstration of £. 4. 4, that 
the circles, so inscribed, will be equal, and that 
they will touch one another in common points of 
the sides of the ^, and will, also, touch the given 
circle, each of them in one of the points of coo- 
tact of the circumscribed hex^^oa. 
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Prop. I. 

1. Theorem. If ike first of four proportional mag' 
nitudes be greater than the second^ the third is 
also greater , than the fourth ; if equals equal ; 
and if lesSf less* ^ 

Let A : B :: C : D ; and first, let A > B j then 

c>b. 

Take the doubles of the four magnitudes j and 
since (Ayp.) A > B, twice A > twice B ; .•. {hyp. 
and 5 def. 5.) twice C > twice D ; ••. C > D. ^ 

In like manner it can be shewn, if A = B, that 
C = D; andif A<B, thatC<D. 



Prop, II. 
2. Theorem. If Jour magnitudes are propof- 
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' tiowds^ tkey are proportiMots also when taken 
inversely. 

LetA:B::C:Dj then BtA::D:C. 

Let tbere be taken of A and C any equi-multi- 
pies p A, pC, and of B. and D any equi-multiples 
qB, qP : Then (hyp.) A : B : : C : D, .•• (5. def. 5.) 
if pA>qB, pC>qDj if pA = qB, pC = qD ; if 
p A < qB, pC < qD j .\ accordingly as qB is greater 
tbatt^ equal to^ or less than p A, qD is greater thai\ 
equal to, or less than pC ; 

.-. (5. def. 50B:A::D:a 



I 
\ 
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3. Theorem. If the first of four, magnitudes be 
the same multiple qfthe second^ or the same part 
of it J that the third is qf the four thy the first is 
to the second, as the third is to the fourth* 

/ 

First, let A 's pB, and C = pD j then A : B J: 
C:D- 

Let there be taken of A and C any equi-multi- 
ples qA^ qC, and of B alul D any equi^muki^let 
tB^ rD. And since A s pB, nocordingly as qA 
>, =, or < rB, will q times pB be >, =, or < 
rB, i. e. q times p will be > , ■=, or < r ; and .•. 
q times pD will also be > , =, or < rD; i. e. (hyp.) 
qC will be >, =, or < rD ; .•. (5. def. 5.) 

A:B::C:D. 
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Secondly, let p A = B, and pC = D j th«n, also, 

A:B::C:D. 

For in that case, as hath been shewn, 

B:A;:D:C; 
,-. (S. 2. 5.) A:B::C:D. 



Paop. IV. 

4. Theorem. If the first qffimr proportional 
magnitudes be a multiple^ or a party of the s&- 
condj the third is the same multiple^ or tJie same 
part^ qf the fourth. 

§ 

If A : B :: C : D, and if A= pB, th6n C = pD. 
For (hifp. and S. 3. 5.) A : B : : pD : D ; 

and (%».) A : B : : C:Dj 

.♦. (E. 11. 5.) C:D::pD:D; 

.'. (E.9.5.)C=pD. 

Again, if A : B :: C : D, and if pA =: B, then 

pC = D. 

For(Asfp.) A:B::C:D; 

.'. (S.2.5.)B.:A::D:Cj 

aod {hyp,') B = pA ; .*., as in the former case, 

D = pC ; ue. C is the same part of D, that A is 

of B. 
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Prop. V. 

• 

5. Thsorem. If my number of equal ratios be 
each greater than a given roHoj the ratio qf the 
mm qf Jheir antecedents to the sum qf their 
consequents^ shaU be greater than Aat given 
ratio. 

Let the ratios (A : B), (C : D), (E : F), kc. be 
equal to one aootber, aiid let each of them be 
greater than the ratio (P : Q) : then (A + C + £ 
: fi+D+F) > (P : Q.) 
For (E. 13. 5.) A+C+E : B+D+F : : A : B j 
and (Ayi».) ( A : B) >(P : Q) ; 
.♦. (A+C+E: B+D+F)>P:Q. 



Prop. VI. 

6. Theorem. Jff'the^rstqfjbttrfnagmhtdeshave 
a greater ratio to the second than the third has to 
thejburffh the second shall have to titejirst a less 
ratio than (he fourth has to the third. ^ 

If(A:B)>(C:D), then is (B:A)<(D:C). 
For 9 let E be a magnitude such that 

(E:B)::(C:D)} 
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and since (lofp.) 

(A:B)>(C:D).-.,(A:B)>(E:B); 
.♦. (E. 10. 5.) E < A ; 
.-. (E; 9. 5.) (B.: E) > (B : A) ; 

Bqt (A^;?. and S. 2. 5.) (D:C)::(B:E)j 
..-. (E. 13.50(1) :C)>(B: A): - 
Or, (B : A) < (D : C). 



f iiQk vir. 
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7/irH£0EfiM. Ifthefihfofpurmag^ c^ 

the same kind, have a greater rdtio to the second 

"^ than the third has 1o the fourth^ th^ Jirst shall 

have to the third a greater taHo than the second 

has to (he fourth. 



■ If (A : B) be greater than (C : D), then is 
(A:C)>(B:D). 

• ^ 

For, let E be a magnitude such that 

(E:B)::(C:D): 
.'. {hyp. and E* 10. 5.) A > E 
.-. (E. 8. 5.) ( A I C) > (E : C) J 

But (E. 16. 5. and hyp.) (E : C) : : (B : D) 
.•.(A:C)>(B:D). 
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Pftop. VIII. 

8, Theorem, If four magnitudes of the* same kind 
be proportionals^ and if the first of them be the 

« grkiatesty thef&urth shall bA ihe Uas^; in» if ike 
first of them be the leasts the fourth '€ksU be the 

{ ^greatest. . .. 



M ^ • 



Let A, B»:C9 jD, be fou^- magaitudes jo£ the same 
kind, which are prpportibnals ; and, firstt let A be 
the greatest; then D shall be. th^lea^t* of them. 

For,; since (Ja/p.) A >C, /..(E. 14f.5.)B^Iki ; 

Again, since (hyp.) A : B : : C > ,D, 
.>(E. 16.5.) A:C::B2D: 
But (hi/p.) A>B; .-. (E. 14. 5.) C>D: And it 
Ms been shewn that B >D ; /• D is in this case 
the least of the four proportionals. And, if A be 
the least of the four proportionals, it may, in like 
manner, be proved that D will be the greatest of 
them. 

9. Cor. If four magnitudes, of the sai^ie kind, 
be proportionals, the difference between the two 
extremes is greater than the difference^ between 
the two means* 



Prop. IX. : 

10. Theorem. If ihe firsts together with the se* 
condy.offour magnitudes^ have a greater^ ratio 
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to the tecondf than the thirds together mtk the 
' JburAj has to Ae/aur^ the^st shall hoot a 
greater ratio to the second than Ac third has 
to the fourth. 

If (A + B : B) be greater than (C + D : D), 
tbeni8<A:B)>(C:D) 

For, let £ be a magnitude such that (E+B : B) 
::(C+D:D)j 

.*. (£. 10. 5.) A+B > E+B ; 

.*. A > E ; 

.*. (E. 8. 8.) (A : B) > (E : B) : 

But (Ayp. and E. 17. 5.) (E : B) = (C : D) j 

.-. ( A : B) > (C : D). 



Prop. X. 

11. Theorem, ^f the first of fmtr magnitudes 
haoe a greater ratio to the second than the third 
has to the fourih^ the Jirst^ together with the 
secondf shall haoe to the second^ a greater ratio 
than the thirds together mth Ihejburih^ has to . 
ihejbttrth. 



If (A : B) be greater than (C : D), then i8(A + 
B:B)>(C+D:D). 

For, let £ be a magnitude such that (E : B) : : 
(C:D)i 
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.•. (E. 10. 5.) A>E} 

. .\A+B>E+B; 

.•. (E. 8. 50 i(A+B : B) > (E+B : B) : 
But(E.l8.5.and^p.)(£+B:B.)::(C+D:D); 

.-. (A+B : B) > (C+D : D). 



Prof. XL 

12. Theorem. Jff" ffiejrst term of a ratio be less 
than the second^ the ratio shall be iticreased by 
adding the same guantitgf to both terms; but tf 
the Jirst term be greater than (he second^ ihe 
ratio shall be diminished by adding the same 
quandiy to both. 

Let A be less than B, and let C be any other 
magnitude: 
Then is (A+C : B+C) >(A : B). 
For, (E. 8. 5. and hyp.), (C : A) > (C : B) ; 

,•. (S. 10. 5.), ( A+C : A) > (B + C : B) ; - 
.•. (S.7.5.) (A+C : B+C) >(A : B)- 
Andy if A be greater than B, it may, in the 
same mannert be shewn that (A+C: B+C) < 
(A:B.) 



Prop. XIL 

IS. Theorem. J^ the Jirst qffour magfdtudes, 
qf the same kind^ have a greater^ ratio to the se* 
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cond than thi' third has t6 the fourth^ the Jirst^ 
together withiihe thirds shall .have to the second^ 
together with 4hejburth^ ik greater raUd than the 
third hiats ta the fourth, and a less ratio than thS 
first has to Uie second* 

If ( A : B) be greater than (C : D), then is 
(A+C:B + D)>(C:I»j apfl (A + C:B+D)< 
(A:B). 

, For, (S. 7. S. and hyp.). (A : C)'> (B : D) j ; . . 
.-. (S. 10.5.), (A+C:C).>.(B+D:D>} 
.-. (S. 7. 5.), (A+C:;B+D) > (C:D) : 
Again, since. (%p..and S. 6. 5.), (3 : A) < (D : C), 
or (P:C) >(B:A), it njay be .shewn, in the^same 
manner, that . ... 

(A+C:B+D)<A:B. 



Paop. XIU. 

< • • 

14. Theo:RBM, If the firsts together mik the 

agcondt have to 0ie second^ . a greater ratio Outn 

the third, together xoith . Hie Jittirthy has to tlie- 

■ Jburthf then shajl thejirst^ together with the second^ 

. have to the Jirstf a less ratio, than the tfUrd^ to-, 

gether voith the Jour th, has to the third. 

If(A+B:B) be greater than (C+D:D), then 
i8(A+B:A)<(C+D;C), 

For (S.. 9. 5. and hyp.) ( A : B) > (C : D) j 
.-. (S. 6. 5.> ■ ■ («B:A)<(C:D)j " - ■' 

.-. (S. io, 5.) ( A + B : A) < (C+ 1> : C). 
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15» Theorem* i/* the Jirst^ togeiher w^th the 
seamd; have, iq the thir d^ together ^ith thefourihi 

: a greater ratip than the Jifst hus to ^ thirdi 

then shall the second have to^th^Jpurth jH greater 

ratio J than the Ifirstf together mth the second^bas 

' to ffie thirdy together with the fourth. 

• , .•«."^. ...» 

I 

If (A+B:C+D) be greater than (A:C), then 
is(B:D)>(A+B:C+D). 

For (ht/p. and S. 7. 5.) 

<A+B:A)>(C+D:C)j 
.-. (S. 13.5.) (A+TB:B)<(C+D:C); 
.-. (S. 7.5.) (A+B:C+.D)<(B:D)j, 
Or, (B:D)>iA+B:C+D), ' 



f • 



■' « 



Prop. XV. . , 

16. Theorem. J[f^ any number of magnituiies be 
continudr propoi-tiomls, thbir ' differences shatt^ 
qlsOf be ^oporUonals. * i 

I 

<^ • 

Let A;B:;B:C;:C:D, &c^, then shall A— B; 
B— C::B— C:C— D,and so on. 
For {hyp. and £. 19. 5.) 

,A:B::A— B:B— C; 
andB:C::B-C:P-D; 
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/. {hfp. and £• U.S. cor.) 

A-B:B-C::B-C:C— D. 

17. Com. From the demonstration It is manifest, 
that, if three magnitudes^ A, B, C, are propor- 
tlonalSf the excess of the greatest. A, above 
the mean B, is greater than the excess of the mean 
B above the least, C. 

» _ 

For it has been shewn that A:B:: A— B:B— C; 
Aadihtfp.) A>Bj .•. (S. 1. 5.) A-B>B-C. 



Pttop. XVI. 

8. Theorem. J^ Jour tnagtuhuks he propor* 
thnabf they are oka proportionals by cofwer-^ 
sion t that i>, ffte Jirst is to its ejccess above the 
second^ as the third to its ejccess above the 

Jburth. 



Let A+B:B:: C + D: Dj then Ah-B:A:; 
C+D : C. 

Tor (dividendo) A:B::C:D; 
.\ (invertendo) B:Al:D;C; 
.\(componendo) A+B: A ::C+D:C. 
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Prop. XVIL 

19. Theorem. If there be three magnitudes^ and 
other three ^ and ifthejirst have a greater ratio to 
the second J in the former set^ than the first has to 
the second^ in the latter ; and If, also^fiie second 

« 

have to the third, m theforrher set, a greater ratio . 
than the second has to the thirds in the latter ; 
then shall the first have a greater ratio to the 
Airdf in the former set, than the frst has to the 
thirdy in the latter. 

Let A^ B, C, be three magnitudes, and D, £, F, 
three other magnitudes : If ( A : B) be greater than 
(D:E), and (B:C) greater than (E:F), then is 
(A:C)>(D:F). 

For let G be a magnitude such that (G : C) : : 
(E:F)j 

.*. {kyp, and £. 10. 5.) B > 6 ^ 
.-. (E. 8.5.), (A:G) > (A:B). 
Again, let H be a magnitude such tbat (H : G) 
:: (t>:E); 

.'. {hyp. and .E. 1 S. 5.) (H : G) < ( A : Bj : 

Much more then is (H : G) < (A: G) j 

.♦. (E. 10. 5.), A > H ; 

.-. (E: 8. 5), (A:Cy>(H:C): 

But {hyp, and E. 22. 5.), (H : C) : : (D : F) j 

.-. (A:C)>(D:F). 



u 
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piop. X vm. 

20. Theorem. If there he three magnitudes^ and 
other three f and if thejirst have to the second^ in 
thejbrmer set^ a greater ratio than the second has 
to the thirds in ihe latter ; and if also, the second 
have to the thirds in thejbrmer set, a greater 
ratio than thejirst has to the second^ in the latter; 
then shall the- Jirst have to the thirds in thejbr^ 
mer set, a greater ratio, tlian the Jirst has to ike 
third, in the latter. 

\ 

Let A, B, C, be three magnitudes, and D, E, F, 
three other magnitudes : If ( A : B) be greater than 
(E:F), and (B:C) greater than (I>:£), tbeti i^ 
(A:C)>(D:F). 

For let G be a magnitude such that (G:C) :: 
(D:E)} 

.'. {hyp. and £. 10. 5.) B > •& ; 
.-. (E. 8. 5.), ( A : G) > (A :t)\ 
Again, let H be a magnitude suc^ that (H: G) 
::(E:F); . 

.', {hfp. and E. 1 3. 5.), (H : G) < (A : fe) j 
.'. (E.10.5.), A>H} 
.-. (E. 8. 5.), (A:C)>(H:C); 
But (%. and E. 2^. 5.) (H:C) - (D:F) j 
.\ ^A:C)>(D:il. 
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Prop. XIX* 

21. Theorem. If three magniitules be propoT' 
tionalsy the two extremes are, together, greater 
than the dottle of the mean. 

Let A, B, C, be three magnitude!^ which are pro- 
portionals : Then A+C > 2B. 

For (hyp. and E. 6. def. B. 5.), (A : B) : : (B: C) } 
.•- (E- 25. S.) A+C > B+B 

2. e. A+C>2B. 

t. 

23. Cor. An arithmetic mean proportional, 
between two given magnitudes, is greater than a 
geometric mean prcyortional between the same 
two magnitudes. 



Prop. XX. 

aSk THB0Rld&£^ Iff' there he two sets of magnitudes, 
4ke une getmttrk, and the 'ether arithmetic^ pr^ 
portionals, and if the two first magnitikdes.be ike 
same in both, any other magnitude in ike former 
set, shall be greater than the ^drresponding mag^^ 
nitude in the latter. . ... 

« 

Let thems^itudes A,B, C, D, £, &£• be g?D« 
tamtrjK pra^ottioiiftls, and kt &e magnitttdM A, 

u a* 
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B, c, d, e, &c. be arithmetic proportionals ; then 
is C > c, D > d, E > e, and so on . 

For, first, let A be the least magnitude, in each 

series i 

.'. (S. 15. 5. cor.y C-B>B-A: 
But, from the property of arithmetic propor- 
tion, 

B-A=c-Bj 

.-. C-B>c-B; 

.♦. C>c. 

Again, (S. 15. 5. cor.) D - C > C - B, and 
as hath been shewn, C — B > c- B ord - cj 
... D— C>d— cj and C>c; .•. D>d. In the 
Mime manner it may be shewn that E > c, and so on. 

Secondly, let A be the greatest magnitude in 

each series : 
Then (S. 15. 5. cor.) A-B > B-C j 
But, from the property of arithmetic propor- 
tion, 

A-B=B-cj 

... B-c >B-C 
.-. C>d. 
Again, (S. 15. 5. cor.) B— C > C— D; and it has 
been shewn that C > c } much more then is B— c 

> C-D : 

ButB— c=2C — dj 

.-. c-d>C-D} 
.•.D>d: 
And, iri the same manner, it may be shewn 
that, in this case, also, E > e, and so on. 
S4. Cob. The two first magnitudes, in both 
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the sets, being the same, if the second of the geo- 
metric proportionals be greater than the second of 
the arithmetic proportionals, then, much more^ 
will every other magnitude^ in the former set, be 
greater than the corresponding magnitude in the 
latter. 



Prop. XXL 

25. Theorem. If there be two series of magnu 
tudes^ the one arithmetkaUy proportional, the 
other geometrically proportional^ but each having 
. the same magnitude for its Jirst term, and if the 
last term qf the arithmetic series be not less than 
the last term of the geometric series, any other 
term of the former series shall be greater than the 
corresponding term in the latter. 

Let the magnitudes A, B, C, D, E, &c. Q, be 
geon^etric proportionals ; and let the magnitudes 

A, b, c, d, e, &c. q, be arithmetic proportionals ; 
then if q be not less than Q, b > B, c> C, d >D, 
and so on» 

For (S. 20. 5. and cor.) if B be equal to b, or 
greater than b, Q > q ; which is contrary to the 
hypothesis ; .\ b > B : 

Again,in the two series B, C, D, &c. Q, b, c, d,&c^ 
q, let b, which has been shewn to be greater than 

B, be supposed to become equal to B, and q to re- 
main of a magnitude not less than Q ; then it is 
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manifest, from the nature of arithmetic proport 
tion, that the intermediate terms C, d, &c. muat 
each, also, become less than they are in the given 
arithmetic series ; and yet, as hath been shewn, 
the second of them will be greater than C ; much 
more, then, is the term c, in that given series^ 
greater than C : And, in the same manner, it may 
be proved that d > D ; and so on. 



SUPPLEMENT 
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BOOK VI. 



I ' 



Peop. I. 

1. Theorem. If the hoses of four rectangks be 
proportionals, and their alHtudes,he also pro- 
portionals, tiie rectangles themsehes shall like, 
vise he proportionals. 

Let the four rectangles AC, DF, GI, KM, have 



C 




E Q. 





their bases AB, D£, GH, KL proportionals, and 
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let their altitudes BC, £F, HI, LM, also, be pro- 
portionals : Then AC : DF : : GI : KM. 

■ FoTf in EF and LM, produced if necessaiy, 

take EN = BC, and IJP = HI, and complete the 
rectangles DN and KP. 

Then since (fofp.) AB : i5E : : GH : ICEi 
.'. (cottstr. E. 1. 6. and E. 11. 5.) 

AC:DN::GI:KP: 

Also, (hyp. and canstr.) EN : EF : : LP : LM. 
.-. (E. 1.6. and E. 11.5.) DN:DF::KP: KM. 
.-. (E. 22. 5.) AC : DF:: GI : KM. 
2. Cor. 1 . If four straight lines be proportion- 
als, their squares shall also be proportionals. 

S. Coa. 2. Conversely, if four squares be pro- 
portionals, their sides shall likewise be propor- 
tionals. 



Paop. II. 

4. Theorem. If Ae outward angle of a triangk^ 
made by producing one qf its sides^ be divided into 
two equal angles^ by a straight line which also 
cuts the base produced^ the segments between the 
dividing line and the ejctremities of the base have 
the same raHo^ which the other sides of the iri^ 
angle have to one another .- And if the segments 
qfthe base J produced^ have the same ratio which 
the other sides qf the triangle have, the straight 
line, drawn from the vertex to the point of section^ 
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divides the outward angle of Ae triangle itUo two 
equal angles. 

Pint, let the outward Z.CAE, of any A ABC, 




be divided into two equal iSL , by AD, which cuts the 
base BC, produced, in D : Then BD : DC :: BA 
:AG. _ 

Through C draw (E. 81. 1.) CF parallel to AD j 
.% (E.29. 1.) the ^ ACF= Z.CAD; but (^p.) 
the z. CAD = A DAE j .-. the z. ACF= z. DAE. 
A^in (constr. and E. 29. l.) the z. DAE = z. CFA j 
and it has been shewn that the z ACF = z DAE; 
.'. the Z. ACF = Z. CFA, and (E. 6. l.) AF = AC. 
Also (constr. and E. 2. 6.) BD :DC:: BA : AFj 
i. e. BD : DC : : BA : AC, because AF = AC. 

Secondly, let BD : DC : : BA : AC, and let AD 
be drawn j, then the Z.CAD = z. DAE. 

The same construction having been made, since 

(%p.) BD : DC : : B A : AC, 
and {constr. and E. 2. 6.) BD : DC : : BA : AF, 

.«. (E. ll.5.)BA: AC::BA:AFj 
.-. (E. 9. 5.) AC = AF. 
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Wbsre^^ (F. S. 1.) tl»e zAFC== ^AGF; 
but {constr. and E. 29. !•) the Z E^D =:4 AFC, 
and the zCAD = z^ACF; .-. the zEAD = / 
PAD. 

5. Cor. 1. Hence a given finite straight line 
may be cut in harmonic proportion. 

For let BD be the given finite straight line : 
Take any point A, out of BD, and through A 

draw BAE ; join A, D ^ at the point A, in DA, 
make (E. 23. l.) the z DAC = z DAE, and 
bisect (E. 9. 1.) the z. BAG by AG : Then is BD 
cut harmonically in the points 6 and C. 
For (constr. and E. S. 6.) BQ : GG : : BA : AC 

And (constr. and S. 2. 6.) BA : AG : : BD : DC 

.•. (E. ll.5.)BG:GC::BD:DC 
J. (E. 16.5.) BG:BD::GC:DC 
that is, BG : BD:: BC-BG : BD— BC 
which is the property of harmonic proportion. 

6. Cor. %. If any straight line be dr^wn be- 
tupeen BJ^ and BD, it may, in the s^me manner, 
be shewn to ^ cut harmonically by the straigljt 
lines AG, ACi and AD. 



Prop. III. 

7. TkilSPEEM* Eiih^ qf the equal sides qf an iso- 
spfilet triangle^ is a mean proportional between 
the hascy and the half(^ the segn^ent qftke base, 
produced if necessary^ which is cut off' by a 
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straight line draton Jrom the vertex at right 
armies. to the equal side. 

Let ABC be an bosceles A, having the side 




AB sf? AC, and let AD, dra^ x to AQ, qaeet BC, 
pTpduced, if it be oecessaty, in D; also, let BD 
b^ bisected in £ : Then BC : AB : : AB : BE. 

F^r draw AEj and (S. 29. l.) EA=EBj 
(E. S. 1.) the L EAB=? 4. ABE = ' c ACBj 
(E.S8. 1.) the z.AEB== ^BACj .-. (E..4. 6.) 
gB;3A::BA:BE. 



• f 



• • 



Prop. IV. 

.8. TiiEoigBM. The diameter of a circle is a mean 
jproporfiomt between the sides qf an eqvUaterol 
triangle and hexagon described about the circk. 

Let DBF be an equilateral A , described about 
the circle ABC, of which the centre is K ; let the 
sides of the A DEF touch the circle in the points 
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A, B, C ; let D, B be joined, cutting the circum- 
ference in G, and'let LM be drawn touching the 
circle in G; so that (S, 1. 4, cor. 2.) LM is the 
side of a regular hexagon described about the cir- 
cle ABC, and GB passes through the centre K; 

Then, UE : GB : : GB : LM, 

Jor join A, K; .-. (E, 18; L) the iL DAK, 
DGL, are right IL^ and the ^ ADK is common to 
the two^ DAK, DGL, which (S. 26* 1.) are, ••., 
equiangular j 

••. (E. 4. 6.)DA:AK::JDG:GL: 
But (S. 1. 4. and cor. 1. 2.) UE is double of DA; 
the diameter GB is double of AK, or ofDG, which 
(S. 1. 4. cor. 1.) is equal to AK ; and LMis double 
ofLG: 

.-.(£. 15.5.) DE:GB::GB:LM. 
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Prop. V, 

9. Theorem. Equiangular parallelograms have to 
one another the same ratio as the rectangles eon* 
tained by the sides about equal angles in each. 

Let AC, DF> be two equiaogular parallelograms. 
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B D E 

/ ABC=s-^DEF: Then AC: DF:: 



ABXBC:DEXEF. 



For draw (£. 11. 1.) £6 and £1 j. to AB and 



DE, respectively; make BG=BC, and £I=£F } 
and complete the rectangles ABGH and DEIK ; 
and produce the sides of the given IE)> that are 

opposite to AB and D£, to meet AH and DK, 
in M and P, respectively. 

And, since (hyp.) the Z ABC = z. DEF, and 
(constr.) the z ABL = Z DEN, /. the z LBC= 
Z NEF; abo(%;>.) the z LCB = Z NFE; .-. (S. 26. 
1 .) the two ^ LBC, NEF, are equiangular : 

.♦. (E. 4. 1 .) BL : BC or BG : : EN : EF or EI : 
But (E. 1.6.) BL : BG : : AL : AG i 
Also, EN:£I::DN:DIj 
.-. (E. 1 1. 1.) AL : AG : : DN : DI J 
.'. (E. 16. 5.) AL : DN : : AG : Dl i 
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But (E. 35. 1.) □ AL = a AC; and □ DN = 
□ DF: 

.-. AC : DF : : AG or AB X BC : DI or DE X EF. 
10. Cor. Triangles, having equal vertical 
angles, are to one another as the rectangles con- 
tained by the sides about those equal angles. 



Prop. VI. 

11. Theorem. The straight lines, drawn from the 
bisections qf the three sides qf a triangle to the 
i>pposite angleSj meet in the same point. 

Let the sides AB, AC, of the A AfiC, be bi« 




sected (E. 10. 1.) in E and F; and let IF ftfid CE 
cut one another in the point R : The straight Um 

which is drawn from A, to the bisection of Bcj 
shall also pass through R. 

For join A, R, and produce AR to meet BC in 
D ; join, also^ £, F; and throu^ R draw (E. 51. 

1.) PRQ parallel to BG. And, since (c^omfr. and 
E.2.6.) £F i« parallel to BQ .\ (EiS9. l.> the 
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two ^ BPE, BRPy are equiangular ; as are5 ako, 
the ii^ CEF, CRQ- 

.•.(E.2.6.) BF:BR::CE:CR: 
Also (E. 4. 1.) BF : BR : : EF : PR ; 

And CE:CR::EF:RQ; 
.% (E. 11.5.) EF : PR : : EF : RQ } 
.••(E.9. 50 PR = RQ; 
.-. (S.61.1.)BD = DC; 
.•., D is the bisection of BC ; and there rannot be 
two straight lines joining the same two points A 
^hd D, which do hot coincide; •'; the stmight 

line, drawn from A to the bisection of BU, pMhiB 
through the point R^ 



PltOP. Vll. 

12. Problem. To Jindj mthin a given redi&neal 
angle^ first ^ the locus of all the pbtnlSyfiriM edb% 
qfwhichy iftrdo stttirgkt Hrtes he drtNviij io tkt MHiH 
containing the given angle, so as alwct^'s ift) % 
parallel to ftx)0 ^trttight lines gi^en in posiHon^ 
they shall bh to one cfiother in a ^'tien pathi 
And secondly, to find the locfusr of aU tine pointy 
fir&m each of'oohkh ff tm> straight lines be dram$^ 
in like manner, they shall cut offfirom two^gk^ 
parts of'thk strdight Vms dMtdtfhg the ^iven 
angle, segtkents ffikt ^hatl be to cfnt uMthkf Jn a 
given ratio.' 
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Let CAB be the given L ; let AK, aI., be the two 




«traight lines given in position ; and let AL be to 

AK in the given ratio : It is required, first, to find, 
within the Z. CAB, the hcus of all the points, fi*om 

which, if straight lines be drawn to AC and AB, 
parallel to AL and AK, respectively, they shall be 
to one another as AL to AK. 

Through K and L draw (E.S1. I.) KnT, and 



LM , parallel to AB and AC, respectively, and 
meeting in M ; draw AM, and produce it, inde- 
finitely, toward X } AX is the locus which was to 
be found* 

For take any point P in AX, and from P draw 



PQ parallel to AL, and PR parallel to AK : And, 
since {constr. and £; 29. 1.) the ^ APR, KAM 
are equiangular, as are, likewise, the ^APQ, 
MAL- 

.•• (E. 4.6.) PR : AK : : AP : AM: : PQ : AL 
\\ (E. 11.5.) PR : AK : : PQ : AL 
.-. (E. 16. 5.) PR : PQ : : AK : AL. 
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Secondly, let B and C be two given points in 
AB and AC : It is required to find the locus of 




\ 



all the points, from wliich if straight lines be 
drawn parallel to AK and AL, they shall cut off 
from CA and B A two segments, which are always 
to one another in the samQ ratio as the given 
finite straight lines AK and AL, 

From CA cut off CE = AK, and from BA cut 
off BF=iAL; from C and B, draw (E. SI. 1.) 
CD parallel to AL, and BD parallel to AK, and 
let CD and BD meet in D ; likewise from E and 
F draw EG parallel to AL or CD, and FG parallel 
to AK or BD, and let EG and FG meet in G : 

Through D and G draw the straight line DGX : 

inen is DGX the locus which, in this case, was to 
be found. 

For take any point in it, as P, and draw PH 
parallel to DC, and PI parallel to DB : Then it is 
manifest from the demonstration of E. 10. 6. that 
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HC:EC::PD:GD::IB:FB} 
•% (E* 1^. 5.) HC : IB : ; EC : FB : 

That is {constr.) HC is to IB in the givea ratio : 
And it is easily shewn, es absurdo, that no point 
'Which is out of the locus so determined, has the 
property described in the proposition. 

13. Cor. The intersection of the one locu^ 
with the other, determines a point, from which if 
two straight lines be drawn to AB and AC, in the 
given directions, they shall be to one another in 
the same given ratio as the segments are, which 
they cut off from CA and B A. 



Peop. VIII. 

14. Theorem, ^a circle be touched^ in the same 
pointy both extemaily and internally ^ by two other 
circles^ and ihroiigh the point of contact two 
straight lines be drawn, the parts of them inter- 
cepted between the circun^erence qf the given 
. circle, and that qf the circle which touches it in- 

' temally^ shall have to one another the same ratio 
as the parts which are chords qfthe other circle. 

Let the given circle ABC be touched in the 
same point A^ internally by the circle DAE^ ^ti6. 
externally by the circle FAG \ aad thrdugh A let 
there be dra^i^n any two straight lines, BAG^ CAF, 
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each cutting the three circles ABC, DAE, FAG : 
ThenBD:CE::AG:AF. 

For, draw BCJ DIT, and F5^ j and through A 
draw (E. 17. 1.) HAL touching thie circle BAG, 
in A, and .*. touching the two circles DAE, FAG : 
And since (E. 15. 1.) the <iDAH=z.LAGi and 
that (E. 32. s.) the ^DAH=^4tDEA, and the 
^LAG=^AFG, .-.the iiDEF=iiEPG, and 

^. (E.S7vlO FG is parallel to DE: Alsp, «nc^ 
(E. Sg; 3.) the Z.DAH or,BAH| is eqi^al to ^qh 
of the /L DEA, BCA, they are equal tp one an- 
other, and •% (E. ?8. l.j BC i3 parallel to SE; 
••. (E. 2. 6.) BD : CE : : AG : AF. 



P^f.JX. 



'• J 



¥5;' pRO^L&M. JRr(wft ihe cen&er of a' gtoen circiei 
to draw a straight line to meet a gix^n tangettt.to 
the circle^ so that the segment qf the Une Ix^'fL^en 
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the circle and fhe tangent shall be any required 
part qfthe tangent. 

Let ABC be a given circle, of which K i» the 




centre, and let BD touch the circle iii B : It is re- 
quired to draw a straight line from K to BD, so 
that the segment of it, between the circle and BD 
shall be any required part of the segment BD. 

Draw EB} divide (S. 49. 1.) KB into a number 
of equal parts, equal to the number of times 
which the segment of BD is to contain the seg- 
ment of the straight line to be drawn from K to 

BD} and from BD cut off BF equal to one. of 
them ; from F draw (£. 17. S.) FC touching the 
circle ABC in C ; through C draw KCD; Then 
shall CD be the required part of BD. 
For (cQMtr. and S. S& 1.) the two iZ^ KBD, 
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DCFf are equiangular; t^ao {corutr. andSi. 19. 8. 

cor, l.)F5=FCj 

.'. (E. 4. K) KB:BD::CF or BF:CD} 
.♦. (E. 16.5.) KB:BF ::BD:CD; 
.*. (corutr. and S. 4. 5.) CD Js the required part 

ofBD. 



Paop. %. 

16. Problem. From a given trumgk to cut off a 
rhombus; the base of the rhombus being part qf 
the base €fthe triangle^ and having its .ejptrenUty 
in a given point rfthat base. 

Let ABC be the given A » and D ihe given 





|K>intin its base BC : It is required to cut off from 

the A ABC a rhombus, having its base in BC» and 
tenninated by the given point D. 
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'-' Dmw 5d, ahd prepuce it j from the centre % 
at the distance BC, describe a cirde, cutting AD 

produced in E, an^ join B, E^ .•. b£=BC ; 

through D draw (E, 31. 1.) DF parallel to EB; 
alto through F draw F6 parallel to BC, ^nd 

through G draw, GH parallel to FD or BIT; .\ 
the figure FDHG is a O : And since (consir. and 
E. 28. 1.) the ^BAC, FAG, are equiangular^ as 
are» also, the ^ AB£> AFD, 

.».(£. 4. 6.) AB:BCof BEi.AFiFG: 
And AB:BE::AF:FD; 

.••(Ril. 5.) AF:FG::AF:FD; 

..-. (E. 9. 5.) FG=r*FD: 
But (E. 84. 1.) FG = DH, and FD = GH ; .-. 
the figure FDHG» having its base DH in' BC, and 
terminated by the given point D, is a rhombus. 



Prop. XL 

17. Theorem. If two triangles have one angle of 
the one, equal to one angle of the other ^ and also 
another angle of the one, together with another 
angle of the other, equal to two Hght angles, the 
sides about the two remaining angles shall be pro* 
porlionals. 

• 
Let the two ^ ABC, D£F, have the l BAG « 
Z. EDF, and another z. , as ACB, of the one J^, 
together with another z. » as DEF, of the other»' 
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i 

€^al to two right angles : Then AB : BC:: DF -. 
FE. 

Front F draw (S. 95. 1,) PG making with 151 
an £FGE=zFEG; 



• • 



(E. 6. 1.) FG = FE: 
And since (%p.) the Z ACB + z. DEF = two 
right H, and that (E. 13. 1.) the z.DGF+^ 
FGE= two right /Ly .-. the z ACB + z DEF= 
Z DGF + z FGE j but {constr.) the z FGE = 
zFEG; .-. the zACB=zDGFj and (%,.) 
the zBAC = zGDF; .♦. (S. 26. l.) the two ^ 
ACB, DGF, are equiangular j .-. (E. 4. 1.) AB :. 
BC;:DF:FGorFE. 



Paop. XII. 

18. Theoeem* If .Jrom the extremities of the base 
of a given triangle, there be drawn two straight 
lines, both on the same side of the base, and each 
equal to the adjacent sldcy and making with that 
side an angle equal to the vertical angle of the 
triangle, then the straight lines which join, the ex. 
iramties qf the lines so dramiy and the further 
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eMremities of the base, shall cut off^ from the 
sides, equal segments towatds the vertex ; and 
each qf those segments shall he a mean propor* 
tional between the other segments, that are io^ 
wards the base. 

From the extremities B and C of the base BC, 




of the A ABC, let BD be drawn (B. 81. I.) 
parallel to AC, and made equal to AB ; and let 
C£ be drawn parallel to AB, and made equal to 

AC; 80 that (E. 29. 1.) each of the £ ABD, 
ACE, is equal to the vertical L BAC ; also, let 
DC and EB be drawn, cutting AB an d AC in L 
and M, respectively : Then AL = AM ; and 
BL;LA:: AM orLAtMC. 

For {constr. and E. 15. 1.) the Zfc^DLB, ALC, 
are equiangular, as are, also, the Zb^ EMC, AMB ^ 

/. (K 4. 6.) DBorAB:AC::BL:LA; 
.-. (E. 18. 5.) AB + AC: AC : : AB : AL : 
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Again (E. 4. 6.) CEpr AC:AB::CM:MA} 
.-. (E. 18.5.) AC + AB:AB:: AC :AM j 
.-. (E. 16. 5.) AC + AB: AC : : AB : AM j 

.♦. (E. 9. 5.) AL=AAi. 
Also> since it has been shewn j that 

AB:AC::BL:LA, 

and AC: AB : : CM : MA> 
.♦. (S. 8. 5.)AB:AC;:AM«CM; 
.-. (E. 11. .5.) BL:LA :: AM or LA:MC. 



Prof. XIII. 

19. Theorem. Xf<^ ^^ Mtremities qfthe hypote^ 
nuse qfa right*angkd triangle two straight lines 
be drawnf on the same side of the hypotenuse as 
tlie right angk^ each equal to, and each perpen^ 
dicular tOf the adjacent side^ the two straight lines 
joining each of their extremities and the further 
extremity qf the hypotenuse^ shall cut each other 
ht the same point qf the perpendicular drawn to 
ihe hypotenuse from the right angle. 

From the extremities A and B, of the hypo- 




tenuse BC of the right-angled A ABC, let BD 
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and CS be drawn i to AB and AQ and equal to 
AB and AC) respectively, and let XK be drawn 
X to BC : Then if D, C and E, B be joined, DC 
and £B shall cut one another in the same point 
ofAK. 



For, if it be ptfssiUe, let DC cat AK in P, and 

let ES cut aR ift H } and from D and E draw 

(E. 12. 1.) DF and!EG i to BC produced both 

ways; ••. (& S8. 1.) FB=GC, and .-. FC = BG: 
And, since (con^tr.) the n PKC, DFC, are right 
^9 and that the ^ PCK is common to the two 
yjs^PCK, DCF, .\ (S. 26. 1.) the two ^PCK, 
DCF are equiangular ; and, in the same manner, 
the two 0^ HKB, EGB may he shewn to be equi- 
angular } .\ (E. 4. 6.) CF : FD : : CK : KP. 

But (S. fl8. I. cor.) FD= BK, and CK =5^ ; 
and it has been shewn that CF n BG^; 

.-. BG;BK::GE:KP: 
But (E. 4. 6.) BG^BK : : GE : KH ; 

.•. (E. 9. 5.) KH ="KP } which is absurd ; .% 
DC and EB cannot cut the perpendicular drawn 
irom A to BC, in two different points. 



Pkop. XIV. 

^O. Theorem. <The semi^circumference of a circle 
having been divided into any number of equal 
parts J and chords hmuing ieen df&wnffnm either 



^Hftiili/'oJsthe'Samdet^ to the ievend points of 

dMsi&n^'Ike^rstvhordhaslo thesecond^ the same 

rafii wbkh the second has h theaggregeUe ofttk 

first 4nd third f or the same rath which dnif other 

. *€h6rd has to the aggregate of the two dhords that 

X are neat to 4t. 



K . * 



IjCt the semi-citcumference 'A£L of & cirde. 




be divided into any number of equal parts, in the 
points B, C, D, E, F, &c. j and let AB, AC, AD, 
A£^ AF, 2cc., be drawn : Then 
AB: AC :: AC : AB + AD :: AD : AC + AE,and 
so on. 
For, from C, as a centre, at the distance CA, 

describe a circle cutting AD, produced, in M, 
and join B» C, and C, D, and C, M ; and since 

(hyp.) ABciBC, .-. fE. 29. 8.) AB=:BC;*aIso 
(E. 27. 3.) the ^BAC=/.CAD} .% (E. 5. l. 
and S. 26* I.) the isosceles i!fcj.ABC, ACM, are 
equiragttlar.;. . 
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«\(E.4.60AB:AC::AC:AM, orDM+AD: 
But (E. 22. 8, ) since ABCD is a quadrilateral 
figure inscribed in a circle, the /l ABC+ z. ADC=; 
two right Hi also (E. IS. \.) the / ADC+ j^ 
CDM = two right m .-.the z.CDM=z.ABC; 
and the / BAC= ^ CAD, or {coMtr.nnd E. 5. 1.) 
z. CMO ; and the side CM, of the ACDM, is 
equal to the side CA, of the A ABC; /. (E. 26. 

1.) DM=^Afi; and it has been shewn that 
AB:AC::AC:DM+AD} 
*•. AB:AC::AC:AB+AD: 
And, by a similar construction, and a similar me- 
thod of proof, the remaining part of the proposi- 
tion may be demonstrated. 



Prop. XV. 

21. Problem. From a gioen pointy either mthin 
ar mthmU a given rectilineal angle^ to draw a 
straight line cutting off from the lines which con- 
tain the angle^ segments^ towards Ifie summit of 
the angle J whidi shall he to one another in a given 
ratio. 

Let PAQ be the given z. , and iirst let B be a 
given point without it: It is required to draw, 
from B, a straight line which shall cut off froBi 

AP and AQ, two segments, towards A, which 
shall be to one another in a given ratio. 

From AP and XQ cut off AC and AD, equal 



J 
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to the two straight h'nes which exhibit the given 
ratio, each to each ; join D, C ; and through B 

draw (E. 31. 1.) BEF parallel to DC : Then, since 
(canslr. and E. S9. J.) the two /t^ ADC, AEF are 
equiangular, x 

••.(E.4.6.) AF:AE::AC:AD} 
.*• (coMir.) AF is to A£ in the given ratio. 
And the problem may be solved in the same 
manner, when the given point is within the given 
angle. 

Prop. XVL 

SS. Problem. To draw throttgh a given paint a 
straight line cutting the tines which contain a 
given rectilineal angUj so that the segment of it^ 
between those Unes^ shall be divided by the straight 
line that bisects the given angle^ into two parts, 
which are to one another in a given ratio. 
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Let PAQbe the given i ; let ARbe drawn (E. 9. 

A 




1 bisecting it ; and let B be the given point : It is 

required to draw, from B, a straight line cutting ^SP 

and AQ, so that the segment of it, between aF 

and AQi shall be divided by.^.^, into two parts^ 
which are to one another in a given ratio. 

Draw (S. 15: 6.) BEF, so that AF sliatt be to 
AE in the given ratio, and let BF cat AR in H ; 

then, (K S. 6.) since Ail bisecte the/. FA£, FH 
:HE::AF:AE; that is, FGis to GE in the 
given ratio. 



Prof. XVH. 

23*. Theorsh. If two traptzmms have an ungie 
of the one equal to an angle of the oihkrj and if, 
aUOf the sides of the two figures^ about eaeh of 
their angles, be proportionals,ther(rmaining angles 
of the one shail be equal to the renmirmg angles 
of the other. 
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Let the two trapeziums ABCD^ £F6H, which 

A . . 

E 





B C F & 

have the sides about each of their il proportiQuals, 
have the z ABC equal to the L EFG : The two 
figures shall be equiangular. 

For draw AC and EG : Then (%jpu and E. jS^ 6.> 
tlie z^ ABC, EFG, are equiangular, and have 
their equal angles opposite to the homologous 
sides. 

.-. (E. 4. 6.) B A : AC : : FE : EG ; 
and(%.)DA:BA::HE:FE; 

.-. (E. 22. 5.) DA: AC:: HE:EG : 
And in the same manner it may be shewn, that 

DC:CA::HG:GE: 
And (Ayi?) AD : DC : : EH : HG ; 
•% (E.5. 6.) the Zb. ADC, EHG^ are equiangular, 
and have their equal IL opposite to the homolo- 
gous sides ; and it has been shewn, that the tt^ 
ABC, EFG, are likewise equiangular ; .•. the tra- 
peziums ABCD^ EFGH are equiangular. 



Prop. XVIII. 

24. Theorem. If two straight lines touch a circle 
' at opposite extremities of its diameter^ any other 
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tangent of the circle, terminated by them^ is so 
divided in its point of contact j that the radius of 
the circle is a mean proportional between its seg' 
ments. 

For (S. 70. S. cor.) the tangent, so terminated, 
subtends at the centre of the circle a right ^ , and 
(E. 18. 3.) the straight line drawn from the centre 
to the point of contact, meets that tangent at 
right i£, and is, /., (E. 8. 6. cor.) a mean propor- 
tional between the segments ^f tiie tangent. 



Paop. XIX. 

S5. Theorem. If two given circles touch each 
other^ and also touch a given straight Uncy the 
part of the line between the points of contact, is a 
mean proportional between the dicmeters of the 
circles. 

Let the two circles ABC, EBD, which touch 
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a 

one another in B^ be each of them touched by UD 

in the points C and D : Then is CD a mean pro- 
portional between the diameters of the two circles 
ABC, EBP. 
For draw the diameters C A and DE, which (£• 

18. S.) are j. to CU} also draw (E. 17. S.) BF 
touching each of the circles in B, and join A, B, 
and C, B, and £, B, and D, B : Then, since (S* 

19, S. cor. 2.) Fa's FC^ and FB = TO, a circle 
clescribed from the centre F, at the distance FB« 
would pass through C and D ; .*. (E. 31. S.) the 
.^ CBD is a right z. , as is, also, the Z. EBD ; •*. 

(E. 14. 1.) CB and BE are in the same straight 
line ; and, in the same manner, it may be shewn 

that AB and BD are in the same straight line ; 
but (E. 8. 6.) the ^ CAD = / DCB or DCE $ .-. 
(S. 26. i.) the two right-angled ^ EDC, DCA, 
are equiangular; .-. (E. 4.6.) £D:X>C::DC:CA. 



Peop. XX. 

126* Problem* 2\ro straight Unes being giveth 
iwhkh care the twojirst of a series, of proportionals^ 
tojind the rest; andf if the series decrease^ tojind 
a line which shall be greater than the aggregate 
qfany number j whatever^ qfits termSf but to which 
the aggregate may approjimate indefinitely* 

Let A, B be the two iirat of a decreasing series 
of proportionals : It is requhred to find a line 
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which shall be the limit of the aggregate of the 
proportionals. 

Make 05"=? A, and EF=B ; and let EF be 
dra^n (E. 31. 1.) parallel to CDj join C, E and 
D^ F, and let CE and DF be produced, so as to 
meet, in 6 ; join E, D^ and through G draw GL 
parallel to ED, and let it meet CD, produced, in 
J4 ; Then 19 CL the line which was to be found* 

For, through F draw HFQ parallel to ED } and 

throagh H draw HI parallel to EF or CD : 

Then {constr. and E. 34. l.)DQ=EF} also, 
(constr. and E. 2. 6*) 

CD:DQ::CE:EH::DF:FI: 

But since (constr. and E* 27. 28. 1^ tl»e /fc^^EFD, 
HIF are equiangularr 
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.% (E. 4. 6.) DF.FI :: EF : HI; 
.•.(E.11.J.) CD:DQorEF::EFtHI: 

So that HI is the next of th^ proportionals to 
EF ; and» by a similar cotistruction, the next of 

them NP, may be found; and so on: ButCL=: 

CD + DQ + QR, + &c. ; and, by the construction, 
I)Q, QR, &c. are equal to the several proportionals: 

It is manifest, .*., that CL is their limit. 

27. CoR« The first term of a decreasing series 
of proportionals is a mean between the excess of 
the first term above the second, and the line which 

is the limit of all the terms. 

' i- 

For draw E V parallel to DG ; then siace (K 

29. r.) the Zbi. CVE, CDG are equiangular, as ares, 

also, the ^ CED, CGL, 

.-. (E. 4. 6.)CV:CD::CE:CG::CD:CL; 

.••(E. ll.l.)CV:CD::CD:CL. 

And, since (E. 34. !•) VD = EF, .•• CV = 

CD-EF. 



Prop. XXL 

28. PaoBLEM. To describe a square V)hich shall 
have a given ratio to a given rectilineal Jigvre. 

Find (E. 14. 2.) a square that shall be equal to 
the given rectilineal figure, and from its ^de, pro- 
duced if it be necessary, cut oflT (E. 10. G.) a part, 
which shall be to the side itself in the given ratio: 
The rectangle^ contained by the side of the square 

y2 
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and the part so cut off, will (E. 1.^6.) have to the 
given square the given ratio : If, •*., lastly^ a square 
be found (E. 14. 2.) that is equal to the rectangle, 
it will have to the given square the given ratio. 

29. Cor. Hence a square may be cut off from 
a given square, which shall be any required part 
of it. 



Pkop. XXII. 

80. Problem. To divide a given Jitute straight 
line into two parts^ the squares qf which shall be 
• to one another in a given ratio. 

Let AB be the given finite straight line : It js 




required to divide it into two parts^ the squares of 
which shall be to one another in a given ratio. 

Draw (E. 11. 1.) AX i to AB; find (S. 21. 6.) 
the sides of two squares^ which shall be to one an* 
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Other in the given ratio, and from AX cut off AC 

equal to one of them, and CD equal to the other } 

join D, B; and from C draw (E. 31. 1.) CEparallel 

to DB : Then is AB divided in £, so that the 
squares of AE and EB are to one another in the 
given ratio. 

For (camir. and E. 2. 6.) AE : EB : : AC : CD ; 

.\ (S. 1 . 6. cor. 1 .) AE* :lB* : : AC* : CD* • 

But (constt.) AC* is to CD* in the given ratio ; 

.*. AE* is to EB* in the given ratio. 



Prop. XXIIL 

SI. Problem. Tojind two points^ situated in two 
a^acent sides of a given oblongs at equal distances 

from two opposite angles^ Jrom xohich^ if hoo 
straight Unes be drawn parallel to the sides of the 

Jigure^ ihcy shall cut off from it any part re^^ 
quired. 



Let ABCD be a given oblong : It is required to 
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find in two of its adjacent sides* as ip AB aad 3C, 
two points equidistant from the n A and C, from 

which if straight lines be drawn parallel to BC and 

B A, they shall cut off a given part of the oblong 
ABCD. 

From AB"cutoff Al'=BC; produce CB; find 
(S. 21. 6.) a square which shall be the same part of 
the given oblong, as that which is to be cut off, 

and in CB, produced, make BF equal to the side 

of that square; bisect £B in G; from the centre 

G, at the distance GF, describe the circle HFL„ 

cutting AB produced in L, and AB in H ; from 

CB cut off CM = AIT: Then are H and M the 
points which were to be found. 

.For, since («w^/r.) AE = BC, and AH =r CM, 

.•.,"5S=SM : Again, since (constr.) HG=GL 

and"EG=GB, .-. 51=11; and it has been 

shewn that HE = BM ; .-.MTzzrHM; but (constr. 

Md E. S5. 3.) HB X BL=BF ; ••. HBXBM = 

BF* ;. ••. (fionstr.) HBX BM is the required pact of 

AB X BC ; and the points H and M are equi- 
distant from A and C. 



Paop. XXIV. 

SS. Problem. Within a given oblongs to describe 
another oblong which shall be any required part of 
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i7, and shall have its four sides all egnaUg distant 
from theJbuT sides qfthe given rectangle. 



Let ABCD be a given oblong : It is required 
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to describe within it another oblong, which shall 
be a given part of ABCD, and have its sides 
equally distant from the sides of ABCD^ each 
from each. 

From ABCD cut oS (S. 23. 6.) the oblong 
HBMV, the same part of it as that which is to be 
described, is required to be, and having the ex- 
tremities H and M, of its sides BH and BM, 

equally distant from A and C } let HV, pro- 
duced, meet DC in I; bisect (E. 10. 1.) DI in K, 
and CM in N i .-. DK = CN ; from K draw (E. 
31. 1.) KQ parallel to BC, and from N draw Wi 
parallel to AB ; from BC and NR cut off"BP and 
NS^ each equal to DS or CN"j through P draw 
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PQ parallel to AB, and through S draw S f pa- 
rallel to BC ; .*. the figure QRST is an oblong : 
And it is manifest, from the construction, that 

5S= HB and RQ=BM, and that, .•., the gno- 
mon QRW is equal to the gnomon HBW, for the 
one may evidently be applied to the other so as to 
coincide with it ; add to these equals the rectangle 
VT, and it is plain that the oblong QRST is equal 
to the oblong HM, which was made the required 
part of the given oblong A BCD. 



Prof. XXV. 

33. Problem. TTie bascj the vertical angk^ and 
the ratio of the two sides of a triangk being given^ 
to construct it. 

Let EF be a given straight line : Upon EF, as 




• - » 



a base, it is required to construct a A» having its 



\ 



SLBMBNTS OF RUCLID* S29 

vertical z equal to a given z ^ and ita two re- 
maJning sides in a given ratio to one another. 

Upon EF describe (E. SS. S.) a segment of a 
circle EKF, capable of containing an z. equal to 
the given /: , and complete the circle EKFG ; 

divide (E. 10. 6.) EF in H, so that EH is to HF 

in the given ratio ; bisect (E. 90. 8.) l^G^in G ; 

draw VtH., and produce it to meet the circumfe- 
rence in K; lastly, join E, K, and F, K : Then is 
EKF the A which was to be constructed. 



For since (canstr.) EG = FG, .% (£• 27. S,) the 
z. EKG = L FKG, so that the z: EKF is bisected 

byKH; 

.:. (E. 3. 6.) KE : KF : : EH : HF : 
Tbat is (coniir.) KE is to KF in the given ratio, 
and the vertical z. EKF is equal to the given 
angle. 



Prop. XXVL 

34. Problem. A given finite straight Une being 

divided into any two given parts^ to divide it 

againj so that the rectangle contained hy (he two 

former given parts shall have a given ratio to the 

rectangle contained by the two latter parts. 

Describe (S. 21. 6.) a square which shall be to 
the rectangle, contained by the given parts of the 
given Une, in the given ratio ; and divide (S. 7 h 8.) 
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the givea line into two parts, 00 that the rectangle 
contained by them shall be equal to the square so 
described : It is manifest that thia rectangle will 
be to the rectangle, contained by the two given 
partS| in the given ratio. 



Prop. XXVIL 

35. Peoblem. To draw a straight line to touch a 
given arch of a circle^ so that being terminated bjf 
the semi'diameters^ produced^ which bound the 
arch J it shall be divided by Ike point of contact, 
into two parts that are to cne anotJier in a given 
ratio. 

|Let LBMbe a given arch of the circle ALBM» 




terminated by the two semi-diameters KL and 
KM : It is required to draw a tangent to the circle, 
so that, being terminated by KL and KM^ pro- 
duced, it shall be divided, by the point of its 
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contact, into two segments, that are to one an- 
other in a given ratio. 

Take any straight line CD, and divide it (E. 10. 
6.) in H in the givea ratio; draw (E. 11. 1.) 

HE X to CD, and let HE be cut in E^ by a seg- 

meiDkt of a circle described (E« 3S. S*} upon CD, 
ciq>ahle of containing an l equal to the given 
L LKM ; and join C, £, and D, £ \ .\ the l 



GED = z LKM J lastly, draw (S 8. 8. cw'.) FBG 

touching the circle ALBM, and making with KE, 
produced, an L KFG =± L ECD : Then is the 
tangent FG divided in B, so that FB is to BG in 
the given ratio. 

For join K, B; •*• (canstr. and E. 18. S.) the £ 
at B are right a ; as are, also, the /jf at H ; 9nd 
(consir.) the L ECH = ^ KFB ; .-. (S. 26. !•) the 
^ ECH, KFB are equiangular ; and since the 
L CEH = z. FKB, and that (constr.) the whole z; 
CED = whole/. FKG, .-. the z. HED = z.BKG, 
and (S. 26. 1.) the ^ EHD, KBG are equiangular,, 
as are, likewise, the /t^ CED, FKG j 

••.(E.4.60 CH:HE::FB;BKj 
and HE:HP;:BK:BG; 
.-. (E,«2. S.y CH : HD : : FB: BG: 
But (constn) CH is to HD in the. given ratio;, 
•% FB is to BG in the givei> ratio. 
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Prop. XXV III. 

36. Problem* 2\ro poitiis being given^ one m 
each qf Wo parallel straight lines^ and a Mrd 
point being also givettj without them^ to draWf 
from that third points a straight line so to cut the 
parallels^ as tliat the segments of the parallels^ be- 
tween it and the two first points^ shall be to one 
another in a given ratio* 

Let PQ and RS be the two given parallel 



■p. 


A 


E/ 


a 


TP ^M 




><^ 


- 


R 


F 


J 


3 S 



« 

Btraight lines ; A and B the two given points in 
them ; and C a given point without them : It is 
required to draw from C a straight line cutting 

PQ and SS, so that the segments of PQ and RS, 
between the cutting line and the given points A 
and B, shall be to one another in a given ratio. 

Join A, B ; and divide (E. 10. 6.) AB in D, so 
that AD is to DB in the given ratio ; through D 

draw CEF, cutting PQ and RS^ in E and F : Then 
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is. CEF the straight line which was to be drawn. 

For, since PQ is (hyp.) parallel to RS, /. (£• 29. 
lOthe L AEF = z.EFB; and the L EAB = z 
ABF J also (E. 15. 1.) the l ADE = l FDB; 
so that the tt^ ADE, BDF are equiangular; 

.-. (E. 4. 6.) AE: BF:: AD: DB : 
But (jconstr.) AD is to DB in the given ratio ; 
•% A£ is to BF in the given ratio. 



Prop. XXIX. 

S7. Problem. To find a point within a given 
iriangkj from ^hich if, three straight lines be 
drawn to the three angles of the triangle^ it shall 
thereby be divided into three parts that are each 
to each in given ratios. 



Let ABC be the given A, and let PQ, QR, RS, 

Br-- 4 :E 




a- 



R 
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placed in the sam^ straight Une, be three given 
straight lines : It is required to find a point within 
the A ABC> from which if straight lines be drawn 
to . At B and C, the A shall thereby be divided 

into t^ree parts that are to c»ie another as Pi^ 

QR^andSS. , 

.Through A draw (E. 31. 1.) DAE parallel to 



BC, and from B and C draw (E. 11. 1.) BD and 

CE J. to BC ; in like manner, describe upon AB 
another rectangle ABGF, about the A ABC; 

divide (E. 10. 6.) 155 in H, so that PS : PQ : : 

DB : BH ; divide^ also, B6 in K, so that PS : 

QR : : BG : BK $ through H dnw HI parallel to 

BCi and through K draw KL parallel to SA, and 

let HI and KL cut one another In M : Then 
js M the point which was to be found. 

For draw 50l, MB, and MC: And since (E. 41. 
1.) each of the rectangles DBCE, ABGF, is 
double of the A ABC, they are equal to one 
another; also (E. 41. 1.) AK is double of the A 
AMB, and HC is double of the A BMC : 
But (E. 1.6.) 

HBCI : DBCE : : HB :DB: : PQ: PS ; 
and ABGF: ABKL : : KB : GB : jPS : QR; 
.-. (E. 22. 5.) HBCI : ABKL : : PQ : QR ; 
.% (E. 41. 1. and E. 15. 5.) 

A BMC: A AMB::PQ:QR: 
"Whence it follows, also, that the A AMB : 
A AMC : : QR : RS. 
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Prop- XXX^ 

38* Problem. To divide a given circufar arch 
into two parU9 so that the chords of those pt^rts 
shaU he to each Qther in a given ratio^ 

Let EKF be the given circular arch : It is re- 




G 

quired to divide it into two parts, the chords of 
which shall be to one another in a given ratio. 

Join £9 F ; and describe (£. 25. 3.) the circle 
KEGF, of which EKF is a given segment } bisect 

<E. SO. 3.) fo^ in G } divide (E. 10. 6.) EF in 

H, so that EH shall be to HF in the given ratio j 

draw GH, and produce it to meet the drcumfe* 
rence in K ; lastly join £, K and F, K. 

Then, since {comtr. and £• 27. 3.) the z EKF 

is bisected by KHG; .-. (R 3. 6.) KE : KF : : 

EH : HF ; that is, {consir.) KE : KH in the given 
ratio. 
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Prop. XXXI. 

S9. Problem. To inscribe a square in a given 
trapezium^ which has the two sides about any 
angk equal to one another^ and the two Mies 
about the opposite angk also equal to one 
another. 

Let AKCL be a trapezium having the side 




K A = KC, and also the side LA = LC : It is 
ifequired to inscribe in AKCL a square. 
V Draw the diameters of the figure, AC and KL ; 

divide (E.lO.e.) AK in F, so that AF:FK:r 

AC: KL} draw (E.Sl. 1.) FG parallel to AC, 

I: 



and 61 and FU parallel to KL \ and join 
Then is the inscribed figure FHIG a square. 

For (S. 1. S. cor.) KL bisects AC at right £ j 
.*. (constr. and £.34. ].) the ZL at F and G are 
right JL : Again the /t^ AFH, AKL (E. 39, l-) 
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are equiangular, as are, also, the £b^ KFG, KAC ; 

.-. (E. 4. 6.) AK : KL: : AF:FH: 

And (constr.) KL : AC : : KF : AF j 

.% (E. 23. 5.) AK : AC : : KF : FH : 

But(E.4.6.) AK:AC:: KFiFG; 

.-. (E. 9. 5.) FG = FH : 

And since (E. 2. 6.) CG : GK : : AF : FK, it may, 

in like manner, be shewn that GI = GF; and 

(constr.) GT is parallel to FH j .•. (E. S3. 1.) IH 
is equal and parallel to GF } .\ the figure FHIG 
is an equilateral O } and its £ GFH, FGI, have 
been shewn to be right IL i •'• (E. 34. 1.) dl its 
IL are right zt j ••• (E. SO\ def. 1.) FHIG is a 
squarej 

Prop. XXXII. 

40. Problem. To inscribe a sqtuire in a given 
trapezium. 

Let ABCD be the given trapdzium : It is re-^ 
quired to inscribe in it a square. 

Since (E. 84. def. 1.) ABCD is not a □, one 
pair, at least, of its opposite sides must meet if 
they be far enough produced; let, .*., DA and CB 
t>e produced so as to meet in T : Take any straight 
line Jgf and upon it describe (E. 46. 1 .) the square 

Jghi ; join^ h ; and upon hf^ hg^ and Hi describe 
(E. 33. 3.) segments of circles, ich^ flhj and gbh^ 
capable of. Containing ZL equal, respectively, to 
the a T, B, and C,andlet Ar, /, and m, be the se- 
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HC ^ 




trend cell tres of the circles ; draw km^ and divide 
it (E. 10. 6*) in p^ so that mp : |?Ar : : CB : BT j 
also jom jp, /; through h draw (E. 12, 1.) chq i 

to jp/ producedf and meeting it in j^ ; also let cq, 
produced, meet the circumference ftk in /, 
the circumference gbh in h^ and the circumFe-i 

rence icft in c: Again/ divide (£. 10. 6«) 5Cin H^ 
so that BH : HC : : bh : he ; make (E. 2S. l.), at 

the point H» in BH, the L BHG =i l hhg, the 

zBHFr: L ftA/Jandthe L CHI= ZcWjlasUy, 

join F). 6 and F, I : Then is the inscribed figure 

FGHI a square. 

For draw (E. 12. 1.) kr and jpj^, x to fc-- Then^ 

since (con^#r. and £• 5. 3.) bh=siqK^ and he 

!?= 2hSy it is manifest that Tc n 2q$ ; and, inthe 

same manner, it may be shewn that tb =: 2rq ; 
.'. (E. 15. 5.) tbibciirq : qs : 

But (constr. and E. 10* 6.) / 

rqiqs:: kpipm: :TB:BCi 
.•.(E.11.5.) tb.bciiTB'^BC. 
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Again {constr. and S. 26/1.) the z^ gbhj GBH 

are equiangular, as ^re^ also, the ^ icht ICH ; 

.-. (E. 4. 6.) hg: hbi : HG: HB : 

And (constr.) hbihciiUBiUCi 

Al%o(E.4^6.)bc:bi: :HC:HI; 

.% (K 82, 5.) hgihii: HG : HI : 

But (consiri) ^=Ai} .•. HG==:HI; and it is 
manifest, also, from the construction, that the 
Z GHI = A. ghif of the square fghi ; .*. the 
L GHI is a right L - 

Again, since {constr.) bh : he : : BH : HC, 
/. (amp. and div.) th ibhi: TH : BH : 
Lastly, (constr. and S. 26, 1 .) the two Zfc^ tf7ij 
TPH, are equiangular, as are, also, the tyo ^ bhg^ 

BHG; 

.-. (E. 4. 6.) /A : /A : : FH : TH : 
And <ft:M::TH:BH; 
Also(E.4.6.) 6ft:Ag-::BH:HGj 
.•. (E. a«- S.)fh ihgi: FH : HG : 
Whejttfbre, lie two ^ /SfiT^ FHG, having their 
^des sdiout the equal H fhg, FHG, proj^ortiooals, 
are (E. 4.6.) equiangular; »% the i FGIf is a 
ngbi angle; and (£. 4. 6.) fG 2 GH, because 
(fionsir.)]^^ g^ t And, as hath been shewn, f!ie 
a FGH, <JHI, are right jl j .-. (E. «8. 1.) GF is 

paisatlel to Hi. 

It has been idiewn, also, that HI = HG i •?• 
(^ SS. 1. and E. 84. 1.) the figure FGHI is equi- 
lateral and rectangidar : Hiat is (£• SO. defvl.) it 

is a square. 

z 2 
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Peo^. XXXIII. 

4). Problem. To determine the locus of the 
summits qfaU the triangles which can be described 
on a given hdse^ so^that each qfthem shall have its 
two sides in a given ratio. 

Let AB be a given finite straight line : It is re- 




quired to determine the locus of the summits of 

all the Z2::^ which can be described upon AB, as*a 
base, having their two remaining sides, in each, 
in a given ratio to one another. 

Divide (E. 10. 6.) AB in C, so that AG shall be 
to CB in the given ratio { from the greater seg- 
ment AC, cut off CD = CB J find (E. 11. 6.) a 
third proportional to AD and CB, and in AB, pro- 
duced, make BK equal to it; from the centre K, 
at thQ distance KC, describe the circle CPE : The 
circumference CPE is the locus whiclKwaa to be 
determined. 



t 
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For, take any point P, in the circumference 

CPE, and draw PA, PB, PC, and PK". Then 
since, 

(constr.) AD:CB::CB:BK, 
,-. (E. 18. 5.) AD + CB or AC : CB : : CK : BK; 

.♦. (E. 16. 5.) ACt CK : : CB : BK ; 

.-. (E. 18* 5.) AK : CK ; : CK : BK-, 
Le. (E. 15. def. 1.) AK : KP : : KP: KB j 
.*. (E. 6. 6.) the two/t^ APK, BPK, are equiangular:- 

.-. (E. 4. 6.) PA : PB : : AK : PK or CK : 
And it has been shewn that 

AK:CK::CK;BK::AC;CB, 

.♦. (E. 1 1. 5.) PA ; PB ; : AC : CB : 
And (constr.') AC is to CB in the given ratio.; .*. 
PA is to PB in the given ratio, wherever,. in the 
circumference CPE, the point P is taken.* 



Prop. XXXIV. 

« 

42. Problem. The base, the perpendicular di- 
. stance qf the vertex from the base, and the ratio 
ofthe^ two sides of a triangle being given y to con^ 
struct it. 

Draw (E. 31. i. and E. 11. 1.) a straight 
line parallel to the given base, and at a per- 
pendicular distance from it equal to the given 
perpendicular distance; draw, (S. 35. 6.) the 

* If the given ratio be a ratio of equality ^ the locus to be de«' 
tennined 19^ maDifestl j, the straight line drawn at right angles 
to AD, tlurough the point which divides AB into two equal parts. 
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locus df the suflbmits bf all the ibi. Iirliicfa can 
be described on the given base^ having their 
sides to one another in the given ratio ; and it 
is manifest that the pointy in which this locus 
meets the line drawn parallel to the base^ will 
be the summit vf the A which was to be de^ 
scribed. 



f aop. XXXV. 

4S. Problem. The segrAents into 1a>hfch ih^ pHr^ 
pendkular^ drmM JreiH tke vertex to the base of 
a hiangldj dhkhs the base^ ami the tdtio of the 
ttoo t^f/kAniAg stdes being giveH^ to cdhstf^Met 
pie tridngk. 

The segments beitig placed in the same straight 
Jine, upon their aggregate draw (S. 8S. 6.) the 
locus of the summits of all the iQSi^ which can be 
described on that line^ as a baise, so as tb have 
their remaining sidies in the given ratio : A^d it 
iS evident that a perpendieular drawn (K ll« 1.) 
to this base, from the point, which is Common to 
the two segments, will cut the locus in a point, 
Which ' is the vertex of the A that was to be 
di^scribed. 

Phop. XXXVL 

44. Problem. To find a pointy from which if 
three straight lines' be drawn to three given fioints^ 
thegf shall be each 4o each in given ritioe. 
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Upon the straight line joining two of the given 
points, describe (S. SS. 6.) the hens of the sum- 
mits of all /t^ having that line for a base, and 
having theiif sidei^ to one another in one of the 
given ratios ; upon the straight line, also, joining 
the third given point, and either of the other two, 
describe the hew of the summits i^sH/t^ having 
that line for a base, and having their sides in an- 
other of the given ratios : Then it is manifest, 
that the point, in which the one heus cuts the 
other, is the point which was to be found. 



Prop. XXXVII. 

45. Problem. A straight line being divided into 
three given parts^ to find a point ioithout it, at 
which the three parts shall subtend equal angles. 

Upon the aggregate of the first and second of 
the given parts, describe (S. 33. 6.) the locus of 
the summits of all tj^ having that line for a base, 
and having their aides to one another, as the first 
is to the second of the given parts : Again, upon 
the aggregate of the second and third of the given 
parts, describe the locus of the summits of all ^ 
havmg that line for a base, and having their sides 
to one another as the second of the given parts is 
to the third : Then it is manifest, from £• 3. 6., 
that the point, in which the one locus cuts the 
other, is the point which was to be found. 
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Prop. XXXVIIL * 

f 6. Problem. To find a point in a given line, 
Jrom whichj if two straight lines he drcmm to two 
given points, both on the same sfde of the giveti 
lim^'they shaU b^ to each other in a given ratio. 

Upon the straight line joining the two giveqi 
points, describe (S. S3. 6.) the Unms of the sum- 
mits of all ^ having that line for a base, and 
having their sides in the given ratio ; and it is 
evident, that the point, in whidi the locus, so de- 
scribed, cuts the given line, is the point whic)i 
was to be found. 



Prop. XXXIX. 

47. Problem. In a given parallelogram to ifu 
scribe a parallelogram that' shaU haoe its two 
adjacent sides in a given ratio to one another, 
and that shall he the ha\f of the given parallelo^ 
gram* 

Let ABCD be the given O : It is require^ to 
inscribe in it a O, which shall be the half of 
ABCD, and which shall have two adjacent sides 
in a given ratio to one another. 

Bisect (E. 10. 1.) AB in E, and through E draw 

(E. 31. 1.) EF parallel to AD or BC : And, first. 



£LSM£NTS OF BUCLID. 345 



if the given ratio be a ratio of equality, bisect, 

also, £F iq K; through K draw (E. 11. 1.) LKM 

± to £F ; and draw EL, LF, FM, andllE : 
Then ELFM is an equilateral O, and it is the 
half of the a ABCD- 



For (E. 10. 6.) LMis divided, in K, in the same 

manner as AB is divided in E; •*. KL=:KM; 

•-. {constr. and E. 4. 1 .) EL, and LF, and FM, and 

ME, are equal to one another } and .*. (S. 18. 1.) 
the figure LEMF is a O : And since! (E. 4. 1.) 
^he A ELF is the half of the O AEFD, and the 
A EMF is the half of the □ EBCF, .*. the whole 
figure ELFM is the half of the given □ ABCD. 

But, secondly, let; the given ratio be not a ratio 
of equality : In this case, upon £F describe (S. 33. 
6.) the loctis of all the Zb. having EF for a base, 
and having their sides in the given ratio,, and let 
it cut AD in G ; join E, G, and F, G ; from CB 
cut off CH = AG, and join E, H and F, H : Then 
is EGFH the o which was to be described. 

For {constr. and S. 43. 1 .) EGFH is a o ; and 
it may be shewn to be the half of the? given 



!• 
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ABCD, in the same manner ad £LFM was shewn 
to be the h;ilf of ABCD ; and (consfr.) the adjacent 
sides EG and CrF» are to one another in the given 
ratio. 



Phof. XL. 

48. Problem. Prom a given point, either m&m 
or mthout a given rectilineal angle, to draw a 
straight Une cutting the two lines which contain 
the angle, so that the distances of the two inter*- 
sections from the given pointy shaU be to one 
another in a given ratio. 

Let PAQ be the given rectilineal L , and, first. 




let B be a given point without it : It is required 

to draw from B a straight line cutting AP and AQ, 

so that the distances of its intersections with AP 

and AQ, from B, shall be to one another in a 
given ratip. 
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Throi^h B dri^w BC to any point C in AP ; 
find (£. IS. 6.) a fourth proportional to the two 
straight lines, which exhibit the given ratio, and 
to BC ; and from BC cut off BG equal to that 
fourth proportional ; through 6 draw (E. 31.1.) 
G£ parallel to AC, and meeting AQ in E ; join 
B, £ and produce it to F : Then shall FB be to 
£B in the given ratio. 

For (constr. and E. 29. h) the two /t^ BPC, 
BEG, are equiangular : 

.-. (E. 4. 6.) FB: EB : : CB : GB : 

But (vomir.) CB is to GB in the given ratio; 
•*• FB is to EB in the given ratio. 

And, by the same method of constructioni the 
j^roblem may be solved, when the given point is 
within the given angle. 

49. Cor. It is manifest that the problem 
adinits of the same method of solution if one of 
the given lines, as AP, be a straight line of inde- 
finite length, and if the other AQ be a line of 
any kind, in the same plane with AP. 



Prop. XLI. 

50. Problem. To find^ between two given paral- 
lel straight Unes, the locus of all the points^ from 
each of which if two straight lines be drawn to the 
two given parallels, so as ahcatfs to make with 
them, towards the same parts, given angles] they 
shall be to one another in a given ratio. 
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L€t VW and XY be the two given parallels ; 
V B E il 




let AB and AQ drawn from any point A in XY, 
be in the two given directions : It is required to 

find, between VW and XY, a locuSy from any 
points of which if two straight lines be drawn to 

VW and X Y, the one parallel to AC and the other 

parallel to AB, they shall be to oqe another in a 
given ratio. 

Find (K 12. 6.) a fourth proportional to the two 
straight lines, which ejshibit the given ratio, and to 

AB ;' and from CA, produced, cutoff AD equal to 
that fourth proportional; join B, D; through A 

draw (l£. 31. 1.) AE parallel to DB, and through E 

draw EF parallel to CA, and let it meet AB in F ; 

lastly, through F draw SFT parallel to VW or to 

XY: Then is ST the locus which was to be 

found. 

For take any point P, in ST, and from P draw 

PQ parallel to AB, and PR parallel to ACT ^ 
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And since {consir. and E. 29. 1.) the it^ A£Ft 
A6D are equiangular, . 

.-. (E. 4. 6.) FA : FE : : AB : AD : 

But {constr. and E. 34. 1.) FA = FQ, and FE"= 

PR; also (consir.) AB is to AD in the given 
ratio ; . \ PQ is to PR in the given ratio. 



Prop. XLII. 

51. Problem. To divide a given straight tine 
into two partSy such^ that (he rectangle contained 
hy the whole Une and one of its parts ^ shall have 
a given ratio to the sqtuire of the other part. 

N 

Let AB be the given straight line : It is re- 



^ 



B 

quired to divide it into two parts, such that the 
rectangle. contained by AB and one of the parts 
shall have to the square of the other part a given 
ratio. 

Find (£. 12. 6.) a fourth proportional, L, to the 
two straight .lines, which exhibit the given ratio^ 
and to AB; and divide (S. 81. 3.). AB into two 

parts, in C, so that AC X L = CB* : And since, 

(E. 1. 6.) 5C X AB : ACx L or CB* : : AB: L, 
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it is manifest that AB baa been divided in C^ so 
that AC X AB is to CB* in the given ratio. 



Prop. XLIII. 

52. Problem. One given circle lying within an^ 
other ^ to find a point fiom which^ if two tangents 
be drawn^ one to each of the given circles^ tiiejf 
shall be to each other in a given ratio. 

Iy6t ABC. D£F, be twp given circles, of whicfa 




PEF lies within ABC : It is required to find s 
point from which if tangents' be drawn to toucb 
the two circles ABC, DEF, they shall be to one 
another in a given ratio. 

Praw (E. 17. S.) "^ touching the lesser circle 
PEF in finy .point E, and let 3Xineet the circym- 
ference of ABC in A and B; bisect (EJO. l.) 

AB in G, and from E draw (E. U. 1.) EH j. to 
AB J find (E. 12. 6.) a fourth proportional to the 
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two Straight lines^ which exhibit the given ratioi 
and to AG.; and make EH equal to it ; from the 
centre G, at the distance ,G A or GB, describe the 

circle AKB ; from H draw (E. 17. 3.) HK touch- 

ing the circle AKB in K ; and produce HK to 

meet AB, produced, in L: Then is L the point 
which was to be found. 

« 

For, from L draw LC touching the circle ABC 
in C ; and join G, K ; .\ {constr. and E. 18. 3.) 
the z. GKL is a right z. , as is, also» {constr.) the 
L LEH J .-. (S, 36. 1.) the /t:^ LKG, LEH, ure 
equiangular ; 

.•.(E.4.6.)LE:LK::EH^:GKorGA: 

Bttt» since (E. 36. ^.) AL X LB is equal to LE% 

and also to TJC\ .*. HC = LC ; and {constr.) EH 
is to GA in the given ratio ; .\ the tangent LE is 
to the tangent LC in tbe given iBtio. 



Prop. XLIV. 

53* Peoblsm* From a given point, to draw a 
straight line to cut a groen circle, jso that the dS^ 
stances qf the two intersections ^fivm the given 
pqirity shall be to each other in a given ratio. 

Let CFE be the given circle, and A the given 
point without it : It is required to draw from A 
a straight line cutting CFE, to that the distances 



J 



/ 
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of its two intersections from A shall be to ond 
another in a given ratio. 

From A draw (E. 17. S.) AF touching the cir- 
cle CFE in F; find (S. 21. 6.) a square, which 
shall be to the square of AF, in the given ratio ; 
from the centre A, at a distance equal to the side 
of the square thus found, describe a circle cut- 
tiqg the circumference of CFE in Q ; and draw 

AQ, which is, •*., equal to the side of that square; 
produce AQ to meet the circumference of CFE 
again in P : Then shall AP be to AQ in the given 
ratio. 

For(E. 1. 6.) AP:AQ::APX AQ: AQ*: 

But (E. 36. 3.) ^ X AQ = 5F } and (canstr.) 

AF* is to AQ* in the given ratio; ••. AP is to AQ 
in the given ratio. 
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t»Rop. XLV. 

^4. Problem. Two given circles hfing v>hoIbf 
mihottt one another^ through a given pointy which 
is between the two circles, and which is posited in 
Ae straight Une joining their centres^ to draw a 
straight Une that shall be terminated by the convex 
circumferences^ and divided^ ^ by the given pointy 
into two parts, that are to one another in a given 
ration • 

Let BD and EF be two given circles, and A a 



given point in CK, which joins the two centres 
C and K : It is required to draw, through A^ a 
straight line, which being terminated by the con- 
vex circumferences of the circles BD and £F^ 
shall be divided by A intd two parts, that are to 
one another in a given ration 

Produce CK indefinitely toward X 5 Find (K. 
12.6) a fourth proportional to the two lines, 
which exhibit the given ratio, and to C A, and 

« A 
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from AX cut off AH equal to it ; find, also, a 
fourth proportional to the same two given lines 
and any semi-diameter, CD, of the circle BD; 

imd from HX cut off HI equal to it ; from the 
centre H, at the distance HI^ describe a circle^ 
and let it cut the circumference of EFin 6; draw 

H^, which .•• is equal to HI; draw (E. 31. 1.) 

^B parallel to HG ; and join B, A, and 6, A : 
Then shall BA and AG be in the same straight 
line; 
for {constr. and E. !!• 5.) CA : AH : : CB ; GH ; 

.\ (E. 16. S.) CA : CB : : AH : GH ; 
and (constr. and E, 29. 1.) the A BCA=z AHG, 
and two remaining ^BAC, HAG»of the^CBA, 
AGH, are of the same species, each of them being, 
necessarily, less than a right z. ; /• (£. 7. 6.) the 
iiBAC= zGAH; .•• BA and AG are in the 
same straight line; otherwise (K IS. 1.) the 
greater of two IL would be equal to tjie less: 
And since (E. 7. 6.) the tWo Zb^ CBA, AQH^are 
equiangular, 

'.-. (E. 4. 6.) BA : AG : : CA : AH ; 
that is (constr.) BA is to AG in the given ntb/ 



Prop. XLVL 

J5. Probleh. To Jtnd « pointy Jrom wUch if 
tkree straight lines be drawi to meet as many 
given straight lines^ t»hich cut one, mother^ so ^ 
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I 

tamakcf each with the Une an which it/alls^ an 
angic equal to a given angle; the Unes so drawn 
$haH hep each to each, in giwn ratios. 

Let AB, BC, anct CA, be the three given 




straight lines, and D the given jLt It is required 
to find a point frobi which if three 8traq;ht lines 
be drawn to AB, BC, and CA» each making with 
each an z. equal to the jL D, they shall be to one 
another in given ratios. 

Straight lines being supposed to be drawn at 
the point B making, with AB and BC, angles each 
equal to the z. D, draw (S. ?• 6.) the locus BK 
of all the points from which if parallels be drawn 
to them meeting AB and BC, these parallels shall 
be to QOe another in the firat of the given ratiosr; 
then (E. fl9« U) shall the parallels so drawn malas 
with AB aad BC» anglea each equal to the given 

8 A 2 
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In like ndanner draw the locus CK <tP all the 
points from which* if straight lines be drawn to 
AC and CB» making with them angles equal each 
to the given z. D, they shall be to one another 
in the second of the given ratios : And let BK 
and CK meet in K. It is manifest that K is the 
point which was to be found. 



!»ROF. XLVII. 

S6. FkobIem. To make an isosceles triable, 
which shall be, equal to a scalene triangle^ and 
shaU also have an equal vertical angle with it 4 

Let ABC be the given scalene triangle: Itii 



\ 




required to make an eqiiaV isoscdes A» whidi 
shall have the z. BAC for its vertical angle. 

find (E. 1^^ 6.) a mean proportional between 
the two unequal sides AB and AC, of the given 
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A ABC, and £hom AB, the greater side, cut off 
AD «qual to tBe mean proportional so found ; also 
produce AC to E, so that AE= AD, and join J), 
E : Then is ADE the A which was to be de- 
scribed. 

For (constr.) BA : A£ : : AD : AC j .-. (K 15, 6.) 
the isosceles A APE is e^ual < to the given A 
ABC. 



Prop. XLVIIL 

57* Theorem. If a straight Une^ drawn from the 
vertex qf an isosceks triangle cutting the hase^ be 
produced to meet the circumference of a circk 
described about the triangle^ the rectangle con- 

. tained by the whole line so prodiiced, and the part 
qf it between the pertear and the base, shaU be 
equal to the square of either qf the equal sides qf 
the triangle. 

Let AD drawn from the vertex. A, of the 
isosceles A ABC, inscribed in the circle ABDC, 
cut the base of the A in E; and the circumference 

of the circle in D : Then DA X AE= Afi\ 
For join B, D, and since (%i.) AB= AC", .-. 

(E, 28. 3.) AB = AC, and .-. (E. 27. 3.) the 4 
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BD A, of the A ABD, is equal to the L ABE, of 
the A A£B j and the L BAD is common to the 
twoz^; .•. <S. 26. 1.) they are equiangular; 
••. (E. 4. 6.) DA : AB: : AB : AE; 

,-. (E. 17, 6.) DA X AE=£ A»\ 



Prop. XLIX. 

^8. Theorem. If from a given poitit^ rvitkout a 
ctrckf two straight lines be drfvwn to the concaoe 
tircuin^erentes they shall he rec^nvcally pnh 
portianal to the parts of thembetweeft thfigivm 
p^int md fke eonves arcunfirence. 

For (Kss.S. cor.) the rectangle contained bj the 
one of the lines, so drawn, and the part of it withf 
out the circle, is equal to the rectangle containe4 



J 
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by the other line and the part of it withpot the 
circle; .% (£.16. 6.) the two straight lines so 
drawn are reciprocally proportional to the parts 
of them, between the given point and the convex 
circumference* 



Prop. L. 

<59« Problem. To divide a ghen Jinite straight 

line^ into two parts^ suchy that another given 

straight Uncy not greater than the half of the 

former^ shall be a mean proportional between 

them^ 



Let AC be the given straight line which is to 

A 




be divided into two parts, and let CG, placed at 
right a to AC» be the line which is to be a mean 
proportional between the parts of ACD. 

Upon AC, as a diameter, describe the circle 
ACB; through G draw (E. SI. 1.) GF parallel 
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to CA, and let GF meet the circumference of 
AECF in F; through F draw the chord FDE 

parallel to GC, and .•.>'(£. 29. 1.) x to AC; .-. 

(E. S. S.) FE" is bisected in D ; .♦. (E. 35. 3.) AO 

X DC = DF* J but (constr. and E. 34. 1.) CS = 

DF} .-. AD X DC = CG*; .-. (E, 17. 6.) the 
'given straight line CG is a me^n proportional 

between AD and D6« 



Prop. LI. 

60. Problem. Offoffr straight lines which . are 
continual proportionals, the two extremes being 
given^ and also a line which is eqtuU to the 
difference of the other two^ to Jind those two 
lines. 

* ]Let'AB and BC, placed in thje same straight 
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Ime, be the two given extremes^ and L the given 

difference of the two m^n terms, of four propor- 
tionals: It is required to determine the two mean 
terms. 

fiisect (E. 10. 1 .) AC in D, and from the centre 
D, at the distance DA or DQ describe the circle 
AECF; likewise, upon DB, as a diameter, de- 
scribe the circle D6B ; and> since (S. 4. 5. cor. 
and hyp.) DB is greater than L, in the circle 
D6B place (E* 1.4.) BG equal to the half of L ; 
and produce GB both ways to meet the circumfe- 
rence in E and F : Then are BE and BE the two 
mean proportionals, which were to be found. 

For join D, 6 ; and because the z. DGB is in 
a semicircle, it is (E. 31. 8.) a right z j •*. (E. S. 
3.) GF = GE ; whence it is manifest that BG, 
i^^hich was made equal to the half of L, is the 
difference between BF and BE ; also (E. S5. 3.) 

^XBC = BFXBEj 

.-. (E. 16. 6.) AB : BF : : BE : BC* 

* 

Prop. LII. 

61. Problem* To make a triangle^ "which shall 
hfcoe its two sides equal to two given straight 
lines, each to eachj and shall have its base equal 



* The method used in this proposition furnishes another, and 
^perhaps a neater, mode of solving the problems contained in 
^S. S6. 3. and its<:orollary. 
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to the perpendkubnr iUstance tfthe wrlex ft 
the base* 



Let AC and CB be two given straight lines : It 




is required to describe a A which shaU have its 
base equal to the x drawn to it from the vertex, 
and shall have its two remaining sides equal to 
AC and. CB, each to each. 

Let AC and CB be placed in the same straight 
line ; and from the centre C> at the distance? CA 
and CB, describe the circles ADE, BFG ; from 
the centre A, at the distance CB, describe a cir- 
cle cuttmg the circumference BFG in F ; and 
join A, Fj so that AF=CB; produce FA to 
meet the circumference BFG again in G; upon 
AC as a diameter describe the circle AHC, and 
in it place AH = AG j draw CH and produce it 
to meet tlie circumference BFG in I j lastly, join 
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I, A, and produce I A to meet the circumference 
BFG in K : Then is C AK the A which was to be 
described. 

For, draw (E. 12. 1.) CL i to AK j ••. (E. SK 
d. and S. 26. 1.) the ^ CLI, AHI, are equian- 
gular J and since (E. 35. 3.) AI X AK = AG X 

AF, i. e. (constr.) ATx AK = AH X CK, 
.-. (E. 16. 6.) AI : AH : : CK : AK : 
But (E. 4. 6.) AI : AH : : CI or CK : CL ; 
.-. (E. 9. 5.) AK = CL : 

And the given straight line AC is one of the sides 

of the A CAK j and CK, which (E. 15. def. 1.) is 

equal to CB, is the remaining side. 



Prof- LIIL 

62. Theorem. If from any point in the dkmiUtr^ 
or the diameter produced^ of d given paralklo*, 
gram^perpendicularsbeletfallonthetwooi^acent 
$ideSf produced^ if necessary, ^hich meet the dU 
ameter^ the perpendiculars shall be reciprocal^ 
proportional to the sides on which they fall. 

Let AB be the diameter of the □ ABCD ; 
let P be any point in AB, and Q any point in AB 
produced ; and let PK and QM be i to AB, and 
PL and QN x to BC : Then 

AB:BC::PL:PK::QM:QN. 
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^^^^^^^ M^MaM^^MW M^ia^H^^ 

For draw AC, and AP, and PC ; and let AC 
cut BD in £; 

.-. (S. 4i. 1.) AE=EC. 
.-. (E. 88. 1.) 

, A ABE = ACBE j and A APE == A CPE j 

.•• A APB = A CPB ; 

.'. (E. 41. 1.) AB X PK = BC XPL; 
.-. (E. 16. 6.) AB : BC : : PL : PK. 

Again, since (constr. E. 15. l. E. 32. I.) the ^ 
BKP, BNQ, are equiangular, as are, also, the ^ 
BLP, BMQ, 

.-. (E. 4. 6.) QM : BQ : : PL : PB ; 
andBQ:QN::PB:PK, 
.-. (E. 22. 5.) QM : QN : : PL : PK : 
And it has been proved that AB : BC : : PL : PK ; 
.-. (E. 11. 5.) AB: BC ; : QN: QM. 
In the same manner, also, the proposition may 
be shewn to be true, if perpendiculars be let &XL 
from Q on the sides DA, and DC, produced. 
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Prop. LIV, 

63. Problem. From a given pointy in the base of 
a scalene triangle^ to draw a straight line^ which 
shaU cut off equal segments from the two remain^ 
ing sides, the less of those sides having been pro- 
duced. 

Let D be a given point in the base BC of the 




scalene A ABC : It is required to draw from D a 
straight line which shall cut . off from the greater 
side AC, and from the less side AB, produced^ 
equal segments* 

' From AC cut off (E. 3. 1 .) CE = AB j through 
D draw (E. SI. 1.) DF parallel to AB, and DG 
parallel to AC ; and,^ accordingly as the point F 
falls between E and C, or between £ and A, take 
in AG 9 or in GA produced, AH =: EF ; produce 

HG| or GH, (S. 73. 3. cor.) to kV so that GK X- 

KH = GA X AF } lastly, join D, K : Then shall 
DK cut off from AC a segment CL equal to the 
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segment BK, which it cuts off from AB produced. 
For, since (constr.) GK X KH is equal to GA 

X AF, or (^constr. and E. 84. 1.) to DF X GD, 

' .% (E; 16. 6.) GK : GD : : DF : KH : 
Bttt (cQMtr. £• 29* 1. and S. S6. 1.) the two ^ 
KGDf LFD, are equiangular ; 

.\ (E. 4, 6.) GK:GD: :DFtFL: 
r. (E. 9. 5.)KH = FL: 
But (constr.) BH = CF; to these equals add 
the equals HK, and FL» and it is manifesty that 
the segment CL is equal to the segment BK. 



Pro?. LV. 

64. Theorem. If an angle of a triangle he hi^ 
sected hy a straight lincj which also ctUs the base, 
the rectangle, contained bif the sides of the tri^ 
angle, is equal to the rectangle contained by the 
segments of the base, together with the square €f 
Ae straight line bisecting the angle. 

Let ABC be a A, and let the z BAG be bi- 
aeoted by ADj then BAXAC=lDxDC+ 

Describe (E. 5s 4i.) the circle ACB about the 
triangle ; produce AD to the circumference in B, 

and draw £Cl And, because (£. 21. S.) the L 
ABC = L A£C, and (%p.) the L BAD s= l 
CAE, .*. (E. 32. 1.) the ^ ABD, AEC^ are aqui- 
angidar; 
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/. (E. 4, 6.) BA : AD : : EA: AC; 
.-. {£• 16, 6.) BA X AC = EA X AD } ./. e. (K. 
8. 3.) BA X AC = ED X BA + AD* : But (B. 

s5.3.) ed xda = bdxbc; ••. baxac 
= bdxCC+aD\ 



Prop. LVL 

65. Theorem. XfJ^^^^ ^^ angle of a triangle a 
straight lifte he drawn perpendictdar to the ha^e^ 
the rectangle contained by the sides of the triangle^ 
is equal to the rectangle contained by the perpen^ 
dicular and Ike diameter of the circle described 
about the triangle. 



Let ABCbea A^and ADthexfromthez.BAC 

to the base BC ; then is BA X A^ equal to tbe 
rectangle contained by AD, and the diameter of 
the circle described about the A ABC. 

Describe (E^ 5. 4.) the cirde ACB about the 
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triangle ; -draw its diameter AE, and join E^Ci 
Because the A EGA in a semi-circle is equal (E. 
SI. 3.) to the right Z BDA, and that (E. 21. 3.) 
the A AEC = z ABC, *•. (E. 32. 1.) the Zb. ABD, 
AEG are equiangular, 

.-. (E.'4. 6.) BA : AD::EA: AC ; 

.•. (E. 16.6.) BA X AC = EA X AD. 



Prop. LVII. 

66. Theorem. The rectangle contcdned hy the 
diagonals qf a quadrilateral rectilineal Jigure^ 
inscribed in a circle, is equal to both the rectan- 
gles contained by its opposite sides* 

Let ABCD be any quadrilateral rectilineal 
figure, inscribed in a circle AGB, aiid let AC, 
BD, be its diagonals ; then AC X BD re AB X 

CD + ADxSa 

Make (E. 23. 1.) the z ABE=a Z. DBC ; add 
to each the common z EBD ; ••. the Z ABD = 



\ 

^ 
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Z.EBC J and (E. 21. S.) the L BDA= l BCE ; 
.*. (E. S'i. 1.) the it^ ABD, BCE, are equiangular ; 

.♦. (E. 4. 6.) BC:CE::BD;DA? 
.-. (E. 16. 6.) lex AD=BDXCE: Again, 
because (constr.) the z. ABE = L DBC, and 
{E. 21. 3.) the z BAE a z, BDC, the ^ ABE, 
BCD, are equiangular ; 

.♦. (E, 4.6.) BA;AE :;BD : DC j 
.'. (E. 16. 6.) BA X DC = BD X A E; And it 
has been shewn that__BC X_AD = BD XCE j 
.♦. (E. .1. 8.) 5C X BD = AB X CD + AD X 

BC. 

Paop. LVIIL 

67. Theorem. ff,Jrom the centre qfthe circle, 
described about a given triangle, perpendiculars 
be drawn to the three sides, their dggregate 
shaU be equal to the radius of the circum- 
scribed circle, together voiA the radius qf the 
circle inscribed in the given triangle. 

Let ABC be the given A ; bisect <E. 10. 1.) 

SB 



« 



» 
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AB, BC, and AC in the points D/£t and F; and 
from D, E, and F draw (£• 11. 1,) DG j. to AB, 
EG JL toBC, andFG x to AC; then (S.4,1.) 

these perpendiculars meet in the same point G, 
which is the centre of the circle that can be de- 
scribed about the A ABC ; find, also, (£.4. 4.) 
the centre K, and the semi-diameter KH, of the 
cirple that can be inscribed in the A ABC ; and 
draw G A : Then* GD + GE + GF = QA + 
KH^ _ 

For draw 5E, EF^ and Fi5, .-. (S. 69. 1. cor. 1. 
and E. 34. 1.) ^ AC, CF = ^ AB, and FD = X i 

BC ; draw GB, and GC ; And, since (constr.) the 
a at D, E, F, are right IL^ •'• (E. S2. 1. cor. 1.) 
^e two n DAF, DGF» are, together, equal to 
two right £L i «'• (S. 28. S.) a circle m^ be de- 
scribed abotit the trapezium ADGF ; and in the 
aame manner it mHy be shewn thfit circles. may 
be deficribed about BDGE, and CFGE : 

.-. (S.57.6.) AGXDF+^XDEvt.Q&xF^ = 

* The straight Imes GD, 0£, OF, are wanting m tbe flgme. 
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AFXDG+ADXGF+BDXGE + BEXDG + 

CEXGF+CFXGE: And if to the doubles 

of these equals be added the rectangles GEX BC 

+ GF X AC + GD X AB, which (E. 41. 1 .) make 
up the double of the A ABC, it viQ be manifest, 
from E. K 2. J that the rectangle contained by the 
perimeter of the A ABC, and by GA, together 
with the double of the A ABC, is equal to the 
rectangle contained by the perimeter of ABC, and 
by the aggregate of GD, 6E, and GF : But (S. 2. 
4.) the double of the A ABC w equal, to the rtcfi* 
angle contained by the perimeter of die A and 
the 80iiiudiaitieter, KH, of the circle inaeribed' in 
it; .\ (E. 1. 2.) the rectangle contained by thti 
perimeter^ and by the aggregate of GA and KH^ 
is equal to the rectangle. contained by the perime- 
ter, asd by the aggregate of GD, GE, and GF ; 
.\ GD + GE + GP« GA + KH. 



Prop. LIX. 

68. Problem. To fin^ a pointy from nhkh ^ 
three sirmgkt SncB he Srmm Ax three gio&n 
pointSr their differences shaH be severaVg equal 
to three giceat straight Unes,; the difference (^ 
cay two of the straight lines to be drawn^ not 

^ being greater Ikan the; distance of the two 
poiais $0 winch thof are tb be drawn^ 

Let A». By C, be ^e three ghren. poinits, and R, S^ 

2b 2 
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B 



Mas 



two of the given differences : It is required to 
find a point, from which if three straight lines be 
drawn to A, B, and C, the difference of the first 
and second shall be equal to R^ the difference he^ 
tween the second and third equal to S, and .*« the 
difference between the first and third equal to the"* 
third of the given differences. 

Draw AB, BC, and CA; bisect (E. 10. 1.) AB 
in D, and^BC in £ ; from DB cut off DF, equal 
to a third proportional (E. 11. 6.) to 2AB9 &nd to 
S ; likewise from £B cut off EG, equal to a third 
proportional to 2BC9 and to R ; and through F 
and G draw (E. 1 1- 1.) FH 1 to AB, and GH i 
to BC, and let them meet in H ; find (E« 12. 6.) 

a fourth proportional, (T,) to AB, S, and BC ; 
through H draw (S. 7* 6.) the bcuSf IH, of all the 
points, from which if perpendiculars be drawn to 
AB and BC, respectively, they shall cut off from 
GB and FB segments that are to one another as 
R is to T J lastly, in IH find (S. 96. 3.) a point K, 
such that the difference of its distances from C 



J 



ELEMENTS OF EUCLID. 



378 



and B^ shall be equal to R : Then is K the point 
which was to be found. 

For if not, let P be the point; and, if it be pos- 
sible, let the point P be out of IH ; join P, A, and 
P, B, andP, C; and draw, from P (E. 12. 1.) PL 
1 to AB, and PM x to BC : Th6n (constr. E. 17. 
S. and S. 96. S. cor. 1 •) 

FLXAB=;BPXS'j andGMXBC = BPXR; 
.•. (E. 16. 6. and constr.) 

BP:FL::AB:S::BC:Tj 
andGM:BP::R: BC; 
••. (E. 2S.5.)GM:FL::R:T: 
•*. (constr. and S. 7. 6. cor.) the point P cannot 
be out of IH i .\ {constr. and S. 96. S. cor. 2.) K 
is the point which was to be found. 



Prop. LX. 



vs.,* 



69. Problem. To describe 4i circle^ which shall 
pass through a given pointy and touch two given 
circles. 



Find a point (S. 59. 6.) such that the difference 
between its distance from the centre of the one 
circle, and its distance from the given point, shall 
be equal to the semi-diameter of that cirqle ; and 
that the difference between its distance from the 
other centre, and from the given point, shall like- 
wise be equal to the other given semi*diameter : 
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It is luaiuf'est (8. 6. S.) that the point, 6o deter- 
mined, is tl>e point which wm to be found. 

Otherwise. 
Let BCD and EFG be the two given circles, 




and A a given point without them : It is required 
to describe a circle which shall pass through A, 
and touch the two circles BCD, EFG. 
Find (E. 1. 3.) the centres, K and L, of the 

two given circles ; draw KL and let it, produced, 
meet the circumference of BCD in B, and the 
circumference of EFG in E and G ; and let it 

meet CH, which i3 drawn (S, S2^ 3.) sq as, to touch 
both the circles, in H ; join H, A; £nd (E.,12.6.1 a 
fourth proportional to AH, HB, and HG, and 
from HA cut off HI equal to it; so that (E. 16» 

6.) BH X HG 5; AH X Hlj lastly,, describe {& 
95. s.) a circle AMI, passing through A and I, 
and touching either of the given circles BCD, in 
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some point, M ; it shaB, also, if flM be drawn, 
pass through the point N, in which HM cuts th^ 
circumference of the circle EFG, and shall touch 
EFG m the point N. 

For, if it be possible, let the circutnfi^rence of 
the circle AMI cut HM in some other point, as 

P: Then (E. 36. s.) MH X HP = AH X HT; 

but (cmstr.) AH X HTzi BH X HG, and (E. 36. 

3.) BHXHG=:MHxHN; .-. MHXHP = 

Mli X BN ; .-. HP is equal to HN, the less to 
the greater, which is absurd j •*. the circumfe- 
rence of the circle MIA cannot but meet the 
circle EFG iti the point where it is cut by MH j 
and it touches, the circle EFG in that point. 

For draw KM, KC, KD, LQ, LF, and LP, and 
let MK and PL, produced, meet in R: Then 
since {constr. and E. 18. 3.) the Zfcw HPL, HCK, 
having a common z at H, have the ti HFL, 
IlCK, right Hy they are (S. 26. 1.) equiangular} 
.-. (E. 4. 6.) HL:LF or LQr.HKtKC or KM : 
And the tt^ HLQ, HKM, have a eommon z ^t 
H, and have the two remaining n HQL, HMK 
of the same species; for since MH cuts both the 
circles, the 0. HQL, HMK, are(l£. l6. 3. tcr.) 
each of them less than a right L ; •*. (£• 7. 6.) 
the z HQL = z HMK ; .\(JL IS. def L and £. 
5. L) the z LNQ, or RNM, =: / HMK, or NMR ; 
.\ (E.6. 1.) RMtittRN; but, ^nce thtfc circle 
AMI touches the circle BCD, of which K is the 
centre, .-.(E. 11, or 12. 3.) the centre of AMI 
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must be in MR; and since RM=:RN, that 
centre (E* ?• S.) must be in R; since, .*., the 
diameters of the two circles MAI, EF6, have a 
common extremity at N, the two circles (S. 6. 3.) 
touch one anoUien* 



Prop. LXL 

70. Problem. To describe a circle that shall touch 
three given circles. 

find a point (S. 59. 6.) such that the difference 
between its distances from the centres of the first 
and second of the given circles, shall* be equal to 
the difference of the diameters of those circles, 
and such that the difference between its distances 
from the centres of the first and third of the given 
circles, shall be equal to the difference of the 
diameters of those circles : Then it is manifest, 
that the difference between its distances from the 
centres of the second and third of the given 
circles, will be equal to the difference of their 
diameters } and that, if from the point so deter- 
mined, as a centre^ a circle be described touching 



* It Is evident that Prop. 59 may be deduced from this pro* 
positioB, M it is thus independently demonstrated ; and that the 
proposition immediately following, which is one of some cele- 
brity may be deduced from either of them. 
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any one of the given circles, it will (S. 6. S,) also 
touch the other two. 



Prop. LXII. 

71« Problem. Upon a given Jimte straight Uncy 
to describe an eqtdk^teral ahd equiangtUar ^gurey 
having the number qfits sides equal to four, eighty 
sixteen^ Sgc. ; or to three^ six^ twelve^ ^. ; or to 
Jivej ten^ twenty ^ Sgc. ; or to ^Jieen, thirty , sixty ^ 
S^. sides. 

In any circle inscribe (S. 14. 4. cor* 3.) an equi- 
lateral' and equiangular rectilineat figure of any 
pumber of sides that is specified in the proposi- 
tion ; then upon the given finite straight line 
describe (E. 18. 6.) a rectilineal figure similar to 
it^ and the problem will have been solved. 



Prop. LXIII. 

72. Theorkh. Similar triangles^ and similar po* 

bfgonSy are to one another as any rectilineal 

Jigure described upon arty side qf the one, is to a 

mnUar rectilineal Jigure similarty described upon 

the homologous side^ qf the other. 

For (£• 20*. 6.) the two given figures^ and two 
similar figures thus similarly described^ will have 
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to one another the same duplicate ratio of that 
which the homologous sides harve« 



Prop. LXIV. 

73. Problem. To cut of from a given triangle 
any part requiredf hy a straight line drawn 
parallel to a given straight line. 

Let ABC be the given A, and AX a given 







straight line : It is required to cut o^ from the A 
ABC, an}r assigned part, by a straight line drawn 
parallei to AX. 

Fimf let AX be parallel to BC ; find (S. S K 6.) 
a square which shall be the same pskrt of the 
squarte 6( AB^ that the A , to be cut offf is required 
to be of the giveA Ay and ihake AD equal to its 
side J through D draw (E. 31, I.) DE parallel to 
AX or BC : Thett is ADE the A ivhicli was to 
becut Off from ABC. 
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Eor, (cDfirtir. and E. 29. l.) the ^ ADE, ABC, 
are equiangular '; 

.-. (E. 4. 6. and S. 63. 6.) AD*:AB*:: A ADE: 
A ABC. 

.*. {comtr. and £k 4« 5.) the A ADE is th^ te- 
qmred part of the A ABC. 

Secondly, let AX be not parallel to DC, and 
let it meet BC, produced, if necessary, in F : Find 
(S. 21. 6.) a square which shall be the same part 

of the rectangle FB X BC, that the A, to be cut 
off, is required to be of the A ABC, and make 
BG equal to its side ; through 6 draw GH paral- 
lel to FA: Then is BUG the A which was to foe 
cut' off from ABC» 

For (eofu/r. and E. 29. 1.) the ^ BHG, BAF, 
are equiangular ; 

.'. (E. 4. 6. and S. 63. 6.) 

B5*:BFt: ABHG: aBAF; 
And(E. 1.6. and£. 11.5.) 

BF*:BF X IC :: A BAF: ABAC; 

.♦.(E. 22. 5.) 

BG':BFXBC:;ABHG:ABACj 
.'. {cotistr. and S. 4. 5.) the A BHG is the re- 
quired part of the A ABC. 



Prop. LXV. 

!74h PftOBLEii. . 2V deicribe a pok/gant simUtr to a 
given pofygon, and having a given ratio to it. 
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Upon any side of the given polygon describe 
(E. 46. 1.) a square; find (S«. 21. 6.) a sqi^re 
which shall have to the square first described the 
given ratio ; and upon its side describe (£• 18. 6.) 
a polygon similar, and similarly situated, to the 
given polygon : It is manifest, from £• 20. 6«, 
that it will have to the given polygon the given 
ratio. 



Prop. LXVI. 



75. THBOBBaf.' Any regular pohfgan^ inscribed m 
a circle^ 15* a mean proportional between the 
inscribed and circumscribed regular polygons of 
ludfthe number of sides. 

Let BGFA be a polygon inscribed in the dr. 

.B 




de BG, and let £H and CD be polygons of half 
the number of sides, the one EH inscribed in the 
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circle (S« 14« 4. c(yr. S.) by joining the sides of the 
figure BGFA, and t^e other CD described about 
the circle, by drawing tangents to it through the 
angular points A, B» G, and F ; so that (E. 1 8* 8« 
£. 88. 3. £. 27. S. K 26. 3. and S. 19. 3.) it is 
equilateral and equiangular : Then is the^polygon 
BGFA a mean proportional between the polygons 
EH and CD. 

Find (£. 1. 3.) the centre K of the circle BGFA» 
and join K, B, and K, C : It is manifest, from the 
construction, that KB bisects, at right IL , the 
sides of the figures EH and CD, which it cuts, and 
that KC passes through the angular point £ t 

And (£. 1. 6. and £. 4. 6.) 

A CBKe A £BK::CK:£K::CB:£l.: 
But, the figvre CI) is the same multiple of the A 
CBK» that the figure BGFA is of the A EBK ; 
also a side of CD is double of CB ; and a side of 
EH is double of EL j .-. (E. 15. 5.) CD is to 
BGFA as a side of CD is to a side of EH ; and 
(£. 20. 6.) CD has to EH the duplicate ratio, of 
that which a side of CD has to a side of *EH ; .*. 
CD has to EH the duplicate ratio, of that 'which 
it has to BGFA; i.e. (E. 10. def 5.) the figure 
BGFA is a mean proportional between CD and 
EH. 
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Prop. LXVIL 

76. Theorem. If from two points smihtrh/ 
situatedf one m each qf any two fiomohgom sides 
qftwo similar polygons, two straight lines be 
drawn making equal angles with those side9, 
Oieif shall out off from the polygon;^ two smJar 
^gur^ ; un4 the one shall be the same part qf 
the one pofygon, 4^ ike other isofthet other. 

Let AC a«d FH be two siiBilar polyg^n^ and P 

A 




I- ' 



and Q tina'poinlftstmilaf]^ 8itu£d:ed. in the two. ho« 
mologouy. sides CD' and HK : If from P and Q 
straight lines be drawn, making equal H with.CD 
and HK, they shall, cut off similar figures from the 
polygons i and the one shall be the same part of 
the one polygon that the other is of the other. 

First, let PM and QN, making the z MPD = 
Z. NQK, cut the sides D£ and KL, adjacent to 
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CP atid HK : And since {hyp. ^nd S. 26. 1.) the 
two it^ MPD, NQK, are equiangular, they are 
(E. 4. 6.) similar to one another, and they are to 
one another (£. 1 9. 6^ in the duplicate ratio of 
their homologous sides PD and QK, that is (hyp.) 
in the duplicate ratio of CD and HK ; •*• (E. 20. 
6.)* they are to one another in the same ratio as 
the polygons are, and .*. whatever part the A 
MPD is of the polygon ABCDE, the same part is 
the A NQk of the polygon FGHKL. 

Secondly, let PR and QS cut an^ other sides of 
the polygons, as AE and FL, which are not ad- 
jacent to the sides CD and HK : Draw P£ and 
QL; and since {hyp. and E. 2Q. 1.) the ^ EPD 
and LQK are equiangular, the tt^ RPE and SQL 
are also equiangular ^ whence it may be shewn, (as 
in E. 20. 6.) that RFDE, SQKl., are similar 
%ures ; .*. (^ 20. 6>) they are to one another in 
the duplicate ratio of the homologous ddes DE 
and KL ; or in the ratio of the polygon ABCDE 
to the polygon FGHKL ; .-. RPDE id the s4me 
part of ABCDE that SQKL is of FGHKL. 



Prop. LXVHL 

77* Thsokem. Xfttny two chords <fa^cle m^^ 
sect each other^ the straight Unes joining thdr ew^ 
tremiti/es shail cut off equal segments from the 
chord whkh passes through the common inter- 
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section iif the two former chords and is there 
bisected. 

Let AB and CD be two chords of the circle 




ACBD, cutting one another in £ ; through E draw 
(S. 2. 3.) the chord FG, so that FG is bisected in 
£ ', and join C, B and A, D : Then shall HE = EL 
For through I draw (E. SI. 1.) KIL parallel to 
BC, and meeting CD in K, and BA, produced, 
in L: Then {constr^axid £. 29. l.) the z.CBLs= 
z BLK, and that (E. 21. s.) the l CBA= /. 
CDA, .♦. the Z. ALI = Z. IDK ; and (E. 15. 1.) 
the A AIL, of the A LAI, is equal to the Z. KID, 
of the A DKI i .*. (S. 26. 1 .) these two ^ are 
equiangular, as are also {constr, and £. 29. 1.) 
the two ^ CEH, lEK, and the two /k^ HEB, 
lELj 

.'. (E.4. 6.) AI:IL:;KI:ID; 
.-. (E. 16. 6.) IL X KI = AI X ID : 
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Again (E. 4. 6.) CH: HE : : IK: IE, 

andBH:HE::lL:lE, 
.V (E. 22. 6.) 

CH X BH : HE* : : Tic X IL or Ai X ID : IE*} 

.♦. (E. 18. 5.) 

CH X BH +HE* : HE* :: ATx ID+IE* : IE* } 

.'. (E. 35. 3.) 

FH X HG+ HE* : HE* : : FIXIG+JE* : IE* :_ 

But (Ju/p. and E. 5. 2.) FHXHG+HE*, and FI 

X iG+ IE*, are each of them equal to ET or EG% 
and .*. they are equal to one another ; .*. (E. 14. 5.) 

HE*.= IE* ; .♦. HE = IE; 



Paop.- LXIX. 

78. Problem. Two similar recUUneal figures 
being given, to find a Hard figure also similar 
to ihem and a mean proportional between them. 

Find (E. 18. 6.) a mean proportional between 
any two homologous sides of the given figures, 
and upon it describe (E. 18. 6*) a rectilineal 
figure similar to either of them, and .\ (E/21* 6.) 
similar, also, to the other : Then (E. 22. 6.) will 
the rectilineal figure, so described, be a mean prcH 
portional between the two given figures* 
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Prop. LXX. 

79. Problem. If two sides of a trapezium be 
parallel^ and a straight line be drawn cutting 
them^ and meeting also the other two sides, {am/ 
of the sides being produced, if necessary) the two 
rectangles contained by the reactive segments qf 
the parallel sideSy hxwe to each other the same 
ratio, as the two rectangles contained by the seg- 
ments into which the line, so drawn^ is severalfy 
divided by each of the two parallels. 

Let the side AD, of the trapezium ABCD, be 




parallel to the opposite side BC, and let £F cut 
AD and BC, in G and H, and AB and DC, pro- 
duced, in F and E : Then AG X GD : BH X HC 
::5FxEG:HfFXEH. 
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For (fafp. and E. S9. ].) the ^ A6F, BHF^aod 
the ^ E6D, £HC, are equiangular ; .*. (E. 4. 6.) 

AG:BH::GF:HF; 
andGD:HC::EG:EH; 

.-. (S. 1. 6.) 

AGxGD:BHXHC::GFXEF:HFXEH. 
Which'conclUsion may also, be arrived at by means 
of E. 23. 6. 



Pkop. LXXI. 

80. Problem- To cut off from a given pardUelo- 
gram a rniUar parattelogramy 'which shall he any 
reqwred part of it. 

Let ABCK be the given o : It is required to 




cut off from it a similar Of which shall be any 
required part of it. 

Draw the diameter AC, and from the A ABC 
cut off (S. 64. 6.) by a straight line PE, drawn 
parallel to AK, the A ADE the same part of 
ABC as the C3 to be cut off is required to be of 

2 c « 
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the giveaa; through E draw (Ksi. 1.) EL 
parallel to AB : Then, since (£. 34. l.) the □ 
ADEL is the double of the A ADE, it is (constr. 
and E. 15. 5.) the required part of the o ABCK ; 
and (E. 24. 6.) the CD ADEL is, also, similar to 
the a ABCK. 

sL Coa. Hence, a gnomon may be cut off 
from a' given O, i^irhich shall be any required 
part of it. 



Prop. LXXIL 

89. THEOREikf. A given straight Une being cut $H 
extreme and mean ratto^ if from the greater seg^ 
ment the less be takers the greater segment also 
mil thus be cut in extreme and mean ratio ; and 
\fa straight line^ equal to the greater segment^ be 

. added to the given line^ the Une which is made up 
qf the given Une and this segment^ is also cut in 
extreme and mean ratio. 

Let AB be a given finite straight line ; let it be 

* « 

A 5 r4? -^ • -B. 

t 

cut "{£• 30. 6.) in extreme and mean ratio in the 
point C ; from the greater segment, AC, cut off 
CDsCBj and to AB add BE s AC: Then 
shall AC be cut in extreme and Inean ratio in the 
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point Di and AE shall be cut in extreme and 
mean ratio in the point B. 
' For since (*j(p.) AB: AC:: AC:CB or CD, 
.\ (E- 11. 5.) CBorCD:AC:: AD:CD} 
.-. (S. «. 5-) AC: CD:: CD: AD; 
.\ (E. 8. def. 6.) AC is cut in extreme and mean 
ratio in the point D. 
Again, sinre 
{hfp. and S. 2. 5.) AC or BE : AB : : CB : AC, 
.-. (E. 18. 5.) AE:AB::AB:ACorBE; 
»\ (E. 8. def. 6.) AE is cut in extreme and mcian 
ratio in the point B. 



Prof. LXXIII. 

8S» Problem^ Upon a given straight fine, as an 
hypotenuse^ to describe a right-angled triangle, 
which shall halve its Aree sides continual propor- 
tionals. 



JjA BC be the given finite straight Une : It is 




B ED C 

required to describe upon it a right-angled A, the 
sides of which shall be continual proportionals. 

Cut (E. 90. 6.) BC in extreme and mean 
ratio, ia the point D } bisect (E. 10. 1.) BC in £ ; 
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from the centre £, at the distance EB or EC, 
describe the circle BAG, and let DA, drawn from 
D, (E. 11.1.) 1 to BCy meet its circumference in 
Ay and join A^ B and A, C : Then is ABC the A 
which was to be described. 

For (constr. and E. 31. 3.) the ^ BAG is a right 
Z. ; •*• (constr. and IE. 8. 6. cor.) AC is a mean 
proportional between BC and DC, as is also 
(constr.) ED j \\ AC = BD j .-. but (E. 8. 6. cor.) 
AB is a mean proportional between BC and BD ; 
•\ AS is a mean proportional between BC and 
AC. 



Prop. LXXIV. 

84. Problem. The perimeter being pven x^ a 
right-angled triangle^ hacmg its three sides pro- 
porHohakj to construct the triangle. 

Let AB be a given straight line : It is required 

E 




to describe a right-angled A , which shall have ttt 
^ides continual proportionals, and equal togc»ther 
to AB, 
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Upon AB describe (S. 73. 6.) the right-angled 
A AEBy having its sides continual .propor- 
tionals; bisect (E. 9. 1.) the IL EAB, EBA, by 
two straight lines AF.and BF, which meet in F ; 
and through F draw (E. 31. 1.) FG parallel to EA, 
and FH parallel to EB: Then is FGH the A 
which was to be described. 

For it may be shewn, as in S. 34. 1 ., that the 
perimeter of the A FGH is equal to AB ; and 
since {comtr. E. 29. 1. and S. 26. 1.) the^^ FGH 
and EAB are equiangular, and that the sides of 
the A EAB are proportionals, it is manifest from 
£• 4. 6., and E. 11. 5., that the sides of the A 
FGH will, also, be proportionals. 



Prop. LXXV. 

85. Theorem. The semi^diameter qfa given circle 
having been divided in extreine and mean r^tioj 
the greater segment shall be eqtuU to the side of 
an equilateral and equiangtdar decagon inscribed 
in the circle. 

For (S. 14. 4. cor. 1.) if the semi- diameter of 
the circle be so divided, as that the rectangle, 
contained by the whole and the lesser part, may 
be equal to the square of the greater part, that 
greater segment will be equal to the side of an 
equilateral and equiangular decagon to be in- 
scribed in the given circle ; and (E. 17. 6. E. 3. 
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def. 6 ) when the semi-diameter has beien 
vided, it is cut in extreme and mean ratio. 



Prop. LXXVI. 

86. Thborbm. Aty rectangk is the Mf <if, the 
r&:tangk contained by the diameters qfthe squares 
of its two sides. 

Let ABCD be any given rectangle; produce 

A B ' 




ADtoF, and make DF=DCj produce, also, 
CDto B, and make DE = DA ; join A, EandC, 
F ; .'. AE and CF are the diameters of the squares 
of AD and DC : Then is the rectangle ABCD 

equal to the half of AE X CF. 

YoT(constr. E. .5. 1. and E. S2^. 1.) the two^tw 
ADE, CDF, are equiangular ; 

.♦. (E. 4. 6.) CF : AE : : CD 5 Dl'or D A j 
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.•. the rectangle contained by CF and AE is (E. 1 . 
def. 6.) similar to the rectangle contained by CD 
and DA j and since {hyp. and E. 10. def. 1.) the 

L FDC is a right L , ••. the rectangle CFx AE, 
which is on CF, is equal (E. 31. 6.) to the two 

similar rectangles CD X DA and FD X DE, which 
are on the equal sides CD and DF } that is^ the 
rectangle CF X AE is double of the rectangle 
CD X DA ; or this latter rectangle is equal to the 
liaif of the former. 



Peop. LXXVIL 

87. Problem. Through a given pointy to dram a 
straight line, cutting two given straight lines^ 
which meet one another, so that the triangle con^ 
tained by the segment of that line and the seg* 
merits which it cuts off from the given lines, shall 
be equal to a giveh recHUnealJigure. 

Let AP and AQ be two given straight lines^ 
which meet in A, and, first, let B be a given point 
without the L PAQ: It is required to draw 
thnnigh B a straight line cutting AP and AQ, so 
that the A, contained by the segments of the 
three lines, shall be equal to a given square. 

Through B draw (E. 31. 1.) BR parallel to AQ, 
and let it meet AP in C ; to AC apply (E. 45. l . 
corS) Ae □ ACDE, having t.he l . ACD for one 
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of its ZL 9 and equal to the given figure ; from £ 
draw (E. 11. 1.) £F 1 to AQ, and make it equal 
to BC ; from the centre F, at a distance equal to 
BD^ describe a circle cutting AjQ in G» and join 
F, G; .-. FG = BDi lastly draw BG, cutting 
AP in H : Then is BG the line which was to be 
drawn* 

For, let BG cut ED in K j the ^ BCH, BDK, 
EKGy are (constr. E. 29. 1. and E. 15. 1.) equi- 
angular, and .*. (E. 4. 6.) similar to one another ; 
and {eotuir.) BC = £F, BD s: F6, and the z 
FEG- is a right z $ it is manifest, .*., that the three 
bomologotts sides BCj BD, and EG, of the diree 
similar ^ fiCH, ^DK, EKG, are the sides of a 
right-angled A; .'. (E. SI. 6.) the A BDK= A 
BCH + A EKG \ takie away the A BCH, and 
t}iere remains the trapezium HCDK = A EKG ; 
4dd to both theie the trapezium AHKE, atid it is 



\ 
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evident that the A AHG is equal to the O 
ACDE, or (constr.) to the given square. 

And, in a similar manner may the problem be 
solved, when the given point is within the giv^n 
rectilineal z. PAQ, 

88. Cor. Hence, and from S. 21. 6., a straight 
line may be drawn through a given point, which 
shall cut off from a given A any required part of 
if" 



Prop. LXXVIII. 

8fl« Problem* Through a given point io draw a 
straight lim^ so as to imt qffjrom two straight 
UneSy that m^et one dnqther, two segments^ toward 
their point of concotirse^ which shall contain ' ^ 
rectangle eqtuU to a given square. 

Let the £wo given straight lines AP and AQ 
meet in A ; and let B be a given point either 
within or without the .£. PAQ : It is f equired to 
draw through B a straight line, so. as to cut off 
from AP and AQ two segments, towards A, 



* Hence, and by the help of Trigonometry, any given rectilineal 
figure may be divided into two parts, which are to each other in 
any given ratio, by a straight line 4rawn from A given point,^ 
Mtuated without the given figure. 
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which shall contain a rectangle equal to a given 
square. 

From AP and AQ cut off AC and AD each of 
them equal to a side of the given square, and join 

C, D ; through B draw (S. 77. 6.) BEF cutting off 
the A AEF» equal to the A ACD : Then, since 
the two /i^ EAf, CAD, have the same vertical ^ , 
.'. (S. 5. 6. cor.) 

AEAF:ACAD::EAXAF:CAXADorAC*j 
But (constr.) the A E AF = A ACD j 

.•. EAX AF=AC*; ». e. (constr,) the rectangle 

EA X AF is equal to the given square. 



Prop. LXXIX. 

90. Theoabm. In different circles the semi^Uame- 
ters which bound equal sectors contain angles 
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redprocdlbf proportional ta^ thtir circles ; and 
converse^. 

In the icircles ABC» DEF, of which ABC is the 

A^ ^ ^ ^ 

F 





greater, first, let AKC, DLF, be two equal sectors : 

Then shall the L AKC be to the L DLF, as the 

circle DEF is to the circle ABC. i 

For (E. S3* 6.) 

Z. AKC : four right /L : : sector AKC : circle ABC j 

and, 
four right A : ^ DLF : : circle DEF : sector DLF : 

But (hyp.) sector AKC = sector DLE ; 

.-. (E. 23. 5.) 

z. AKC : z. DLE : : circle DEF: circle ABC. 

Secondly, let the z AKC be to the z DLE, as 
the cirde DEF is to the circle ABC : Then shall 
the sector AKC be equal to tiie sector DLK 

For it may be shewn as before that 
four right JL : z. DLF :: circle DEF: sector DLF ; 
and {hyp. and S. 3. 5.) 

ZDLF: z AKC::circle ABC : circle DEF; 
and' 
z AKC: four right £ :: sector AKC: circle ABC; 
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.*. (E. 23. S.) four right £ : four right g. : : ioctor 
AKC : sector DLF} 

.*. sector AKC = sector DLF. 



Prop. I^X. 

« 

9;. Problem. A given space being bounded by 
two arches qfcircles^ subtending, at their respect- 
poe centres^ angles reciprocal!^ proportional to 
the circles^ to find a square that shaU be equal 
to it. 

Let the gpace ABCDA be boundjed by ardbies 




ABGf ADG, of cirdeft ABCfl, ADCF, the centres 
of which are K and L ; l^t tbez. AKCbe tp fhez 
ALCy as the curde ADCF is to the circle ABCE : 
It is required to find a square that shall be equal 
tp the space ABCDA. 
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Since (hyp. and S. 79. 6.) the sector ABCK is 
equal to the sector ADCL, from these equals take 
away the common part ADCK; and there re- 
nudns the figure ABC DA equal to the rectilineal 
figure AKCL : Find^ .*., (£. 14. 2.) a square equal 
to the figure A KCL, and the problem will have 
been solved. 



Pbof. LXXXL 

92. Problem. To trisect a given circle^ by di^ 
vicSng it into three equal sectors. 

Inscribe (E. l : ] . R 2. 4.) in the given circle 
an equilateral A : Then it is manifest, from £. 28. 
S. and £. 33. 6., that the straight lines drawn 
from the centre of the circle to the three angular 
points of the inscribed A , will divide the circle 
into three equal sectors. 

9^. Cob. In like manner, a circle may be 
divided into any required number of equal sec* 
toTSp in all cases in which an equilateral figure, 
having that same number of sides, can be inscribed 
in the circle. 



Prop. LXXXII. 
94. Thiborem. Ify from (he greater qftwo unequal 
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sides of a given triangle^ be cut qff a part equal 
to the l^ss, that segment shall have to the remain^ 
ing segment^ a ratio greate?' than the ratio which 
the* angle a^acent to the remaining segment^ has 
to the angle adjacent to the segment first cut off. 

Let the side AB, of the triangle ABC, be less 




than the side BC, and from BC let there be cut 
off BD = AB: Then (BD :DC) > ( L ACB : l 
ABC). 

For draw AD, and complete (E. SI. 1.) the □ 
ADBE ; from the centre A, at the distance AB, 
describe the circle BEF, the circumference of 
which, since (£• S4. 1* and constr^ AE=: BD or 
AB, will pass through E ; produce CA to meet 
the circumference BEF in F, and BE produced in 
G; so that (E. 29. 1.) the i2^ QEA, GBC, are 
equiangular. 

Then, since the sector AEF is less than the A 
AEG, and the sector AEB greater than the A 
AEB, 
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.*. (A AEG:sector AEF) >(AAEB:8ectorAEB}; 

.-. (S. 7. 5.) 

( A AEG : A AEB) > (sector AEF -.sector AEB): 

But (E. 1. 6;) A AEG: A AEB:: GE:EB, 
and(E. 4. 6. and E. S4. 1.) GE:EB::BD:DC ; 

.-. (BD : DC) > (sector AEF: sector AEB). 
• Also (E. S3. 6.) 

sector AEF: sector AEB:: z. EAF: / EAB ; 
and (E. 29.1.) 

the 4 EAF = z. ACB, and the Z. E AB = £ ABC ; 
.*. sector AEFrsector AEB:: £ ACB: / ABC j 

.-. (BD : DC) >(z. ACB : Z. ABC). 
95. Cor. If any part BP be taken of BC, 
that is greater than AB, then, much more, is (BP 
:PC)> z ACB: z. ABC.) 



Prop. LXXXIII. 

96. Theorem. The greater of anjf two unequal 
arches, of a given circle, has a greater ratio 
to the less arch, than the chord of the greener 
has to the chord qf the less. 



Let AB and AC be any two unequal arches 

of the circle AECB, and let AB be the greater : 

Then (AB:Sc) > (AB:BC). 

For join A, C j bisect (E. 9. 1.) the z ABC by 
BDE, and let BDE cut AC in D, and the circum- 
ference in E ; join, also, £, C, and E, A ; from 
E draw (E.42. 1.) EF j. to AC . 

.3d 
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And, since (cwmA*. and £. 26. S.) C£ = AE, 

.'. (E. 29. S.) CE =: !SBj and ^ is common to 
the two right-angled ^ AFE, CFE; .-. (S. 73. l.) 

XF=FCi and .*. AD>DC; also (E. Id. 1.) 
IC > ED, and ED > EF; if, .-,, from the centre E, 
at the distance ED, a circle GDH be described, it 

will cut SCi in H, between £ and C, and @V 
produced, in F ; so that^ie sector DEG > ADEF, 
and the sector DEH < ADBC ; 
.•. (sector DEG: sector DEH) > (ADEF: ADEC): 
.*. (E. 33. 6. and E. 1.6.) 

(^DEF: zDEC)>(DF:De)} 
.-. (S. 10. S.) ( /. FEC : z. DEC) > (FC : DC). 
In the same manner it may be shewn that 

( Z AEC : /I DEq > (AC : 5C$ J 
.-. (S. 9. s.) ( z AED : z DEC) > (i[S : 15C) } 

i. e. (E. d$. 6.) (aS: »C) >(AD: DC) j 

.♦. (cotutr, and E. 8. 6.) (AB : BC) > (A5"; BC). 
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Prop. LXXXIV. 

97* Theorem. The greater angle^ at the hose of 
a scakne triangle^ has a greater ^ratio to the less 
angle^ than the greater side has to the Jess side. 

Let ABC* be a scalene A^ having the L BCA 
greater than the L B AC : Then ( z. BCA : l BAG) 

>(An:BC). 

About the A ABC describe (£. 5. 4.) the circle 
AECB : 



Then (E. 33. 6.) l BOA : z BAC :,: AB : 

But (S. 83.6.) (Ai:BC)>(AB:SC)} 
.-.(ZBCA: ZBAC)>(AB:BC). 




Prop. JUXXXV. 

t 

08. Pboblem. To divide a given circle into amf 
required number of equal parts^ hy the drcum* 
Jerences qf circles described within it^ about its 
centre. 

Let ABC be a given circle : It is required to 



»mmm^^mmK0m^»m^m 



* See the figure in p. 408. 

2d 2 
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divide it into any number of equal parts, by the 
circumferences of circles described about the 
same centre with it. 

Find (E. 1 . S.) the centre K of the circle ABC ; 
take any semi-diameter KA; divide (S. 49. 1.) 
K A into as many equal parts, in the points D, .£, 
&c. as those into which the given circle is to be 
divided; upon AK, as a diameter, describe the 
circle AHK; from D, E, &c. draw (E. 11. 1.) 
DG, EH, &c. X to AK, and meeting the circum- 
ference of AHK in 6, H, &c. ; join K, G and K, 
H, &c. ; from the centre K, at the distances KG, 
KH, &c. •describe the circles GF, HL, &c. : Then 
is the given circle divided in the required number 
of equal parts, by the circumferences of the cir- 
cles so described. 
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For, join A^ H, and A, G ; and since (constr. 
and E. SI. 3.) the jf AHK, A6K, are right a^ 
and HE, GD are x to AK, 
.•. (E. 8* 6* and E. 20. 6. cor. 2.) 

AK:KD::AK':KG*: 
But (E. 2. 12. and E. 22. 6.) 

AK' : KG* : : circle ABC : circle GF : 

.-. (E.11.5.) AK : KD:: circle ABC: circle GF: 

Likewise, KE : AK : : circle HL : circle ABC; 

.-. (E. 23. 5.) KE : KD : : circle HL : circle GF ; 
.-. (E.'17. 5.) 

"KD : DE : : circle HL- circle GF : circle GF; 
But (constr.) KD = DE; .-. the circle GF is 



equal to the space included between the circum- 
ferences of GF and HL : And, in the same man- 
ner, it may be shewn that this space is equal to ' 
the space included between the circumferetices 
of HL, and of the circle next described, according 
to the construction; and so on; •*. the circle . 
ABC is thus divided into the required number 
of equal parts, by the circumferences of circles 
that have the same centre with it. 
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99. Problem. To Jind a circle^ which shall be 
equal to the excess of the greater of two given 
circles above the less. 
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Find (S. 75* I.) a square which shall be equal to 
the excess of the square of the diameter of the 
greater circle above the square of the diameter oi 
the less : It is manifest from £, 2. 12. and £• 17. 5.^ 
that the side of the square so found will be the 
diameter of the circlQ> which is equal to the ex« 
cess of the greater of the given circles above the 
less. 



Prop. LXXXVIL 

100» Problem. To find a circle, to which a given 
circle shall have the same ratio, as that which one 
given straight line has to another. 

« 

Find (E. 12. 6.) a fourth proportional (L) to the 
two given straight lines (A) and (B) and to the 
diameter (D) of the given circle ; find, also^ 
(E. 13. 6.) a mean proportional (M) between the 
diameter (D) of the given circle, and the fourth 
proportional (L) first found ; 

.-. (E. 20, 6. cor. 2.) D*:M'::D:Lj - 
and {constr.) D : L:: A : B ; 

.-. (E. 11. 5.) D*:M\-:A:B; 
.•. (E.2. 12) the given circle has to a circle de- 
scribed on My as a diameter, the i^ame ratio as that 
which A has to B. 
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Prop. LXiXVIIL 

101. Theorem. J[f, in any given circle^ two 
chords cut each other at right angles^ the four 
circles described upon their segments^ as du 
ameters, shallf together^ be equal ta the given 
circle* 

For (S. 50. S.) the squares of the four segments 
are, together, equal to the square of the diameter : 
It is manifest, ..%, from £. 18. 5., and E. 8. 12*, 
that the circles described on the ifbor segments of 
the chords are, together, equal to the given circle* 



Prop. LXXXIX. 

102. Theorem. A circle is eqizal to the half of 
the rectangle contained by its semi'diameter and 
by a straight Une "which is equal to its circumfe^ 
rence. 

Let ABCD be a circle, and let F be the half of 
the rectangle contained by its< semi«»diameter and 
by a straight line equal to its circumference : The 
circle ABCD is equal to the rectangle F. 

For if it be not equal, it is either greater, or less» 
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than it. If it be possible, let F < the circle 
ABCD } .% (E. 2. 12.) a polygon ABCDE may be 
inscribed in the circle^ which shall be greater 
than F. 
Find (E/1. S.) the centre G, and from 6 draw 

(E. 12. 1.) GH 1 to any side CD, of ABCDE, 
and join G, D. Then it may be assumed that 
the circumference of the circle is greater than the 
perimeter of the inscribed figure ABCDE i and 

(E 17. and 19. l.),GD>GH} .-. the rectangle 
contained by the circumference and the semi- 
diameter of the circle is greater than that con- 
tained by GH, and the perimeter of ABCDE, 
which latter rectangle (E.41. l.andE. 1.2.) is 
the double of the polygon ABCDE; .•. F> 
ABCDE; and it is also less ; which is absurd. 

But, if it be possible, let F be greater than the 
circle. Then (E. 2. 12.) . a polygon KLMNX 
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' may be described about the circlei which shall be 

^ less than F ; join the centre 6, and any of the 

points of contact O ; and since it may be assumed 

that the perimeter of KLMNX is greater than the 

circumference of the circle, the rectangle con* 

tained by the perimeter of KLMNX and GO, 
which reclangle is the double of KLMNX, is 
' greater than the rectangle <^ contained by the cir^ 
cumference of the circle »nd GO ; •*. the circum- 
scribed polygon KLMNX > F; and it is also 
less; which is absurd. Therefore, the circle 
ABCD can neither be gteatier, nor less, than F; 

L €. it is equal to F. 

103. Cqr. The circumferences of circles are 

to one another as their semi-diameters. 



Prop. XC. 

104. Theorem. A circle is a mean proportional 
between any regular polygon^ described about 
tt^ and a similar polygon^ the perimeter, of, 
which is equal to the circumference of the circle. 

For if there be taken a straight line (P) equal 
to the perimeter of the regular polygon described 
about the circle, and another straight line (p) 
equal to the perimeter of the similar polygon, or 
Xhyp,) equal to the circumference of the circle, 
then (£. 20. 6. and E. 22. 6.) the polygon, de- 
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scribed about the circle^ is to the similar ptfljgon^ 
as P* is top^ : But (S* H. 4* cor. S.) the polygon, 
described about the arclty is the half of the recfe* 
aagle contained by P and the circle's 8emi.-diam&- 
ttt i and (S. 89. 6.) the drde is the half of the 
rectangle contained by pi and by the cirde's 
semi-diameter ; .*• (£» 1 . 6.) that polygon is to the 
cirde^ as P ia to jp; and it has been shewn to be 

to the similar polygon, asTVis to j^* ; .% it has to 
the similar polygon a ratio, the duplicate of that 
which it has to the drcle ; •*. the circle is a mean 
proportional between the two sinular polygons^ 



THE END. 
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